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What Time is it?



How can we track time?

* Counting:
—Sunrises (days)

—Grains of sand (seconds)

—Oscillations of an excited atom Time Scale Algorithm
(picoseconds)

—No two clocks will count the same
time! — Time Scale
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Questions Answered

Why is timing important?

How can we make a robust Time Scale?

How can we quantify the improvement?

How does the ATST perform?

What was achieved and how can it be
improved?



ny is timing important?
And what problems need to be addressed?

Context
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Frequency Stability

* Overlapping Allan Deviation (OADEV)
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Oven Controlled Crystal Oscillator (OCXO)
Chip Scale Atomic Clock (CSAC)

* Time scale improves range



Anomalies and Continuity
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Anomalies and Continuity
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Anomalies and Continuity

e Measurement Link anomalies
—Jumps in time scale

* Changes in clock availability
—Jumps in time scale

Context
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D

HOw can we generate a
Time Scale?



Notations

V(t) = Vo(t)(l + a(t)) Cos(vaOt + qb(t))

Absolute time: x; ,,(t) = h;(t) — h,(t) = ig) [s]
0
ax;
Fractional Frequency: y; ,,(t) = xc’li(t) [s/s]

ay;
Frequency Drift: d; ,(t) = y;;(t) [s/s?]

Phase measurements: z; ; (t) = x; ,(t) — x; ,(t) +n; ;(t) [s]

Time Scales
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Clock Predictions

* Clock i is predicted, assuming constant frequency:
Xig(t) =xig(t —71) + 1y, g (t — T)
Vie(t) =yip(t —1)

* Frequency estimation: Smoothing function



Basic Time Scale Equation (BTSE)

* Time scale defined as a reference time: hg (t)

N
X (®) = hi(®) = he(®) = ) wi(®) (%16(0) - 2,())
szl
xip(®) = ) wi(©)ryi(t)
=1

N N
xip(®) = 2ip (0 + ) wi(©) (2100 = %,(0) + ) wi(O)my(8)
=1 =1



Weights

* Inverse of prediction error (AT1/AT2)
1
R 2
(25,:(0) = %,(D))

. Wkl ej (D)
€;(t) = ‘xj,E(t) — xj,E(t)‘: wj(t) = min
l 1 ] (t)

W] (t) —

N
xip(®) = ) wit =) (%00 - ,-,l-<t>)
j=1



How to update the weights?

Phase Frequency Missing
jump jump Anomaly| Data
AT1/AT2 w;(t) adapted xi g(t — LT) Undefined  Not found
when €;(t) > S, recomputed if
Recompute ‘yj,E(t) — yj(t)‘ > S,
x; g (t)
Proposed Automatically Automatically update: Automatically Set relevant
update: w;(t), w;(t), x;j g (t) update: weights to
;5 (6) w;(€), x,5(t)  zero[1]

[1] McPhee, Hamish, et al. ‘Exploiting Redundant Measurements for Time Scale Generation in a Swarm of Nanosatellites'.
Proceedings of the 37th Annual European Frequency and Time Forum (EFTF), Neuchatel, Switzerland, 2024.

Time Scales
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First Contribution:

An Autonomous Time scale using
the Student’s T-distribution (ATST)



Clock Phase Offsets

v BTSE residuals »
v ® = ) w60 - 2:(0) = ) w00
j=1 J=1

“® 1000 2] 1500
=’ P =,
7
A~ A P! :;\
= Tg —
Q =
= 500" 5 51000
| L |
G A -~ - m /‘l-Q\
~= X TR S £
| = Ve E |
S : S
-500 ' T
3 0 1 2 3 ~
Time |[hrs] Time |hrs]

>
Wn
—



Student’s t-distribution
17.(8) ~ N (x;,,(8), 0%(6)) 17,1() ~ T (x0(8), 02 (6), v(1))
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BTSE Residuals

Student’s t-distribution

14(8) ~ N (x0(0), 0 (0))

Time |hrs]

17.1(8) ~ T (x(8), 0% (), v(0))
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BTSE Residuals

rii(t) =

(t) — 2;4(2) [ns)

T

Student’s t-distribution
1.(6) ~ T (x1,(0), 02(0), v (D) )
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Parameter Estimation

* Gaussian data, Maximum Likelihood Estimator (MLE):

1
= = ) 134() = x1(6)
=1

- NZ NOREFO))

e Student t-distributed data, no closed form MLE



Expectation-Maximization (EM)

* Initialize iy (t), & (t), Do(t) with Gaussian MLE, then use EM algorithm
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Expectation-Maximization (EM)

* Initialize iy (t), & (t), Do(t) with Gaussian MLE, then use EM algorithm
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Expectation-Maximization (EM)

* Initialize iy (t), & (t), Do(t) with Gaussian MLE, then use EM algorithm

while gy — fi,_4 > S

Vk—1 +1 u; (t)
() = 5w =55 u; (¢)
o (u® - ) L
V-1 1 =
Ok —1

N
B () = ) wi(O774(8) = 20(0)
j=1



ATST algorithm

At each time t, the ATST steps include [2]:
1. Predict clock phase and frequency

2. Obtain measurements — BTSE residuals
!

3. Recursive EM algorithm — Equivalent to BTSE A |
. Weights adapted for anomalous clocks L

4. Frequency estimation — Equivalent to AT1 (tuning) M

[2] McPhee, Hamish, et al. ‘A Robust Time Scale for Space Applications Using the Student’s t-Distribution’.
Metrologia, vol. 61, no. 5, Sept. 2024, p. 055010.




How good is ATST in theory?



Second Contribution:
Misspecified Cramér-Rao Bounds
applied to a Robust Time Scale



Heavy-tailed distributions

e Student’s t-distribution
—Number of degrees of

freedom: v

Bimodal Gaussian Mixture
(BGM)
Proportion of anomalous
data: €
Anomalies with inflated
variance: ko ?

Probability
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What is a Cramér-Rao Bound?

* Theoretical lower limit of estimation error for parameter vector 6

1
CRBy = — - E,

0% log(p(z; 9))

00007 =N"

N Pl 00

1 |o log(p(z;; 0)) 0 IOg(P(Zu 0)) l

 MSE of the MLE is known to asymptotically approach the CRB

* Closed-form expressions for Gaussian and Student’s t-distributions

CRR — 0 CRR — v+ 3\ /v—-2)\o2
LN AT \y + 1 Y, N




Misspecified Crameér-Rao Bound

* Misspecified = Incorrect assumption on statistical model

1 _ _
MCRBy (p|lq) = NA(HP) 1B(9p)A(9p) 1' A(BP) = Ep 00007

0% log(q(z; 9))‘

B(0,) = E, [a log(q<zl, 0)) alog(q@, 0)) ]

= minKLD(p|[q)

mmmm

Gaussian CRB vV MCRB v'* MCRB v'*
BGM MCRB ? CRB V MCRB ?
Student’s t MCRB ? MCRB ? CRB V

* Derived during my PhD MCRB 30



Results — Derived Bounds

. . T T
General derivation of 8,, = [,up,ag] = [Ep [z;], var, [Zi]]

_fr 0
N
MCRBy (prllps) = v — 1)\ 20,
0 T
(V — 4) N
2
Opem 0

N

MCRByg (pem|lpe) = ) ( Q(e(k — 1)) )ZO-I;LGM
2(e(k—1)+ 1)) N



MCRB Student’s t-distribution

* Presented at EUSIPCO 2024 (3]

[2] McPhee, Hamish, et al. ‘Misspecified
Cramér-Rao Bounds for Anomalous Clock Data
in Satellite Constellations’. Proceedings of the

32nd Annual European Signal Processing
Conference (EUSIPCO), Lyon, France, 2024.
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MCRB — Bimodal Gaussian Mixture
* Yet to be published
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How does the ATST
perform?



Simulation Setup

 Swarm of 50 satellites * Baseline AT1 oracle

—Perfect detection of anomalies
* Homogeneous clock types —Weights forced to zero

. . —Recomputation of x; = (t
* 6 hours of simulation P l,E( )

e Performance Metrics

* 10 second minimum interval —Phase continuity in hg(t) = x; 5(t) —
xi,p (t)

—Frequency continuity

—OADEV

—Weights

e Anomalies occur once on each
clock
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Phase jumps
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Phase jumps
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Frequency jJumps
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Measurement anomalies
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Measurement anomalies
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A new method to
tell the time?



Conclusions
* ATST Robust time scale algorithm

—Same weighting method for many anomalies
—Restricted by number and type of clocks

* MCRB to assess performance of robust estimation
—Defines required number of clocks
—Equivalence of Heavy-tailed distributions
—Not universal



Future Work
e Combine AT1 and ATST
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e Combine AT1 and ATST

* Machine Learning

Future Work

5%7; (t, 7'2) — Zlij,l(t) [IlS]
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e Combine AT1 and ATST

* Machine Learning

* Transient Anomalies

Future Work
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e Combine AT1 and ATST

* Machine Learning

* Transient Anomalies

 Real data

Future Work
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Collecting Real Data
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Real Data



Thank you for
vour time!

Real Data
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https://perso.tesa.prd.fr/hmphee/all_times.html
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Clocks In space

* Important constraints for * Oven Controlled Crystal Oscillator (OCXO)
nanosatellites:
—Size (volume) * Chip Scale Atomic Clock (CSAC)
—Weight
—Power
1U Cubesat
1 kg
* Mission requirements: ocxo | 2™ | csac
—Frequency Stability 3Ot4mgw 14305,§

—Continuity



Clock noises

Noise Types n AVAR

White Phase 3fu hy
4102 T2
Flicker Phase 1 1.731 — log(2) + 3log(2mfyT) h,4
472 T2
White Frequency 0 1 hg
21
Flicker Frequency -1 2log(2)h_4
Random Walk Frequency -2 217
i

Backup
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Clock Simulation

From AVAR, get h, then generate random noise according to
associated variances Q ()

2 S _ N
SN = ) haf®  S(D=7lrr= ) gaf”
B=—4

(21f)?
9p
2(2m)Brh

Note: Q () is multiplied by a randomly generated real number to
simulate uniqueness of independent clock behaviours

a=—2

Qa(p) =



Calculating OADEV
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Weights
» Kalman Filter (GPS Composite clock)

x(t) = K(z(t) — Hx(t))
K%,1 K1,{V—1 l lzm.(t)l (rLE(t) N 551,15(15)])
KN.—l,l KN—;,N—l ZN,1.(t) Xy g () .—551,13 (t)

N
xip(®) = ) wi?) (%600 - 2,(0)
j=1

leE. (t)

xN,L::' (t)

—1
K = Pyx_1H (HPx_1H" + R)



Weights
* Inverse of frequency variance (ALGOS), expanded in [PTTI 23]

1
Wl(t) — 5'3% (t)

52(0) =7 Z n (315 = m) = 7,(0)

-1
1
yi(t) = Z 2 meLS(t — mTt)
0

Z(t) — X g(t — 7)
T

Vi,s (t) —
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|- -Limit

* Synchronization metric

TDEV o,(7) |ns|

* CSAC provides larger operational range

* Time scale improves range




Continuity Measure

Maximum Time Interval Error (MTIE)

MTIE(7) = max{x;(t) — x;(t — 1)}

Max. for coherent networks [ITU]
MTIEZ 30 ns

Frequency continuity equally important
CSAC provides larger operational range

Time scale improves range

J??;?p (t)/IlS

-11

1124 X X
114}
on x
1167 —/ X
L X
11.8} —
> X
12}
12.2 v =
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Time/s
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Continuity Measure

 Maximum Time Interval Error (MTIE)

MTIE(7) = max{x;(t) — x;(t — 1)}

 Max. for coherent networks [ITU]
MTIEZ 30 ns

* Frequency continuity equally important
* CSAC provides larger operational range

* Time scale improves range

MTIE [ns|

- - -Limit

102 10°

Sampling Interval 7 [s]
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Scaling factor (k)
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Equivalence of Heavy-tailed distributions
Equating CRBs:
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MCRB - Estimating Sigma
* Yet to be published
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Significance for a Time Scale

* Time Scale phase is related to estimation error
Ep[(xig(t) — x;p(t))?] = Eplxz,(t)] = MCRB,(t) = CRB,(t)

m (ta - T) (ta) (ta)

Gaussian 0_2 (e(k — 1) + 1)%2 ( v )02
N v—2/ N

BGM a2 k a2 Equivalent
TN k—e(k—1)) N (k,€),v

Student’s t g° Equivalent v + 3\ g°

N (k, &), v v+1/ N
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Significance for a Time Scale

* Change in bounds relates to possible change in Time Scale phase

0 0
10+ -10 1
m m
= =
q ~20 - -20
P P
= =
30t -2-MCRB,,, (pr||pc) -30
CRB,,, v =3
CRB,, |
10Y 10’ 102 103 10* 10Y 10’ 102 103 10*

Number of clocks Number of clocks



Expectation-Maximization: Student’s t-distribution

while 8, —0,_; > S

V-1t 1 U ()
uj (1) = ~, wi () = =% e
(O - e ) L
Vk-1 T )
Ok —1

N
Be() = ) wi(O713(6) = x;(8)
=1



Expectation-Maximization: Student’s t-distribution

while 8, —0,_; > S

N
1
520 =~ 1w (1(0) = x5 (0))
=1

v, (t), solve:

¢ (?k(t)) + Z{\Ll uj,k(t) — Y (vk_lﬂ) + log (v"_lﬂ) —1=0

2 2 Zu]"k(t)



Expectation-Maximization: BGM
while 8, —0,_; > S

él—191(7}',i(t)iﬁl 1,671,k 1)
(1-— él—l)go(ﬁ,i(t);ﬁl—ljﬁl—l ) T 61—191( 17 (8); fAy—1, ey Ky 1)

2 2
go(ﬁ,i(t)iﬂ» 0.2) — exp( (G,i(;)ﬂz ,Ll) ),91(7}',i(t); U, O'ij) — eXp( (rJ',L(ZtlZO-Z ,Ll) )

uj(t) =

W]l(t) =1 _ujl(t) | ijél(t)
(-1




Expectation-Maximization: BGM

while @, —0,_; > S
?I=1 w; (£)7;;(t)

N
1
526 = -y (@) (0 = Au))
=1

i (t) = = X g ()

N N ~ 2
o =1 (E) L 2= (t) GHORST)
El(t) — N ’ kl(t) — 6'13(15) Z?’zluj"l(t)



Treating Missing Links

* Redundant measurements [3] 1231 1 0 O nyq
231 0 1 O Xo 1 ns1
Z41 _ 0 0 1 x3,1 N N4
232 —1 1 0 x4'1 ns»
24,2 -1 0 1 ’ YT,
24,3 0 -1 1 Ny 3

[3] McPhee, Hamish, et al. ‘Exploiting Redundant Measurements for Time
Scale Generation in a Swarm of Nanosatellites’. Proceedings of the 37th
Annual European Frequency and Time Forum, EFTF, Neuchatel,
Switzerland, 2024.
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Treating Missing Clocks

* Maintaining continuity in the Time Scale [3]
* N,,, clocks lost at time t,,,: set weights to zero and renormalize
* N, clocks returning at time t..: set weights to zero

* Weights must gradually increase after reintroduction

[3] McPhee, Hamish, et al. ‘Exploiting Redundant Measurements for Time Scale Generation
in a Swarm of Nanosatellites’. Proceedings of the 37th Annual European Frequency and
Time Forum, EFTF, Neuchatel, Switzerland, 2024.



Treating Missing Clocks
* Maintaining Continuity in the Time Scale [3]
ot (tm) = i (tm) | = Xip(tm) |

Ng
= 2 Pitm —O1,i(tn),  pj(tm —17) = Wity — T)/z Wj(tm — 7)
j=1

N, N

O (tm) = ) (Wit =0 = pj(tm = D) 15 (tm) + ) Wit = D7)

Jj=1 j=Ng+1



Missing Data

-10

xX10
50} 1.5 —~AT1R N,, = 10
| -0-AT1 N,,, =0
: -=AT1 N,, = 10
)
h

1 &6-ATSTR N, = 10

N—" :|‘
§ 250l [-e-ATIR N,, = 10 BN
—+AT1 N,, =0 '
2300+ --AT1 Nm =10 : . 0.5
-<%-ATSTR N, = 10 ! ' "
3501 | | | . Ll | | | | | [
5000 6000 7000 8000 9000 5000 5500 6000 6500 7000 7500 8000
time/s time/s
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OADEV o, (1)

10

Missing Data

—-4-0OCXO —4-ATST
—+-AT1 oracle +AT1

-13

10

10

10710
1.5 -~ AT1R N,, = 10
-0-AT1 N,, =0
-=AT1 N,, = 10

1 &6-ATSTR N, = 10

|

5000 5500 6000 6500 7000 7500 8000
time/s
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Missing Data

—-0CXO
—+-AT1 oracle +AT1

—+ATST

0.07
0.06
0.05F
1 0.04¢

£ 0.03f |

0.01r

Backup

e ;i ‘
), KN “\
\XIE
|
K
2

5000 6000 7000 8000 9000 1000011000
time/s

== AT1 oracle
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Future work — Joint AT1+ATST

Wj atsT (1)
HO

N WiATST (t)
= g0

w; aty(t) =




A

- AT1 wye, = 4/N
-5-ATST
2= ATJ wyer = 4/N

5000

5500

time/s

6000

Phase Jump

6500

Backup

Future work — Joint AT1+ATST

- AT1 wpee = 4/N
& ATST
= ATJ wpee = 4/N

5500 6000 6500
time/s

Frequency Jump

5000

W\~~~ v )
- B

/4



Future work — Machine Learning

e Qutlier Scores

—Detection
—Weights

* |solation
Forest

e Local Outlier
Factor

e And more

&i(t, 7)) — x;1(t) [ns]

(a) Phase jump, t =t, — 1.

-26 [ a
3 27T a o : :
5, %o
= . cede”
h_—_.g 'EE' ™ " a - U; o
I Ega . a
- _Eg R au n:
" Pl » Normal data
3.'“ o Qutlying data
=30+
_31 1 1 1 1 1
-29.5 -29 -28.5 -28 -27.5 -27

-EE- [ o
o ) @
— -2f [ . . :
£ *
:_c -25 i * nn e %ﬂ -]
| nzu I 8
.-—:G _Eg L ﬂn ﬂ':
g 8 . * Normal data
= » Qutlying data
+ 30f
31 - - - ' -
-29.5 -29 -28.5 -28 -27.5 -27
ai(t.m) — @i (t) ns)
(d) Frequency jump, t =t, — 1.

Ei(t, 1) —xi(t) ns

(e) Frequency jump, t = t,.

167 BT ;
& = Mormal data
-18 1 18+t = Qutlying data
ool ° Normal data 5_20 I
o Qutlying data —
221 —- ool
24| 24t
|:‘:J
-26 ﬂJ;p : o8t - . %a
i Fo ©
28} g 28t AT LU
b o ? ’
_30 1 1 1 _Sﬂ i 1 1 1 1
-30 -25 -20 -15 -29 -28.5 -28 -27.5 -27 -26.5
& (t, 1) — x;1(t) [ns] #i(t,m) — x1(t) [ns)
(b) Phase jump, t = t,. (c) Phase jump, t =%, + 1.
-16 1 5r -
18} -
—-10F
20t ° Norrn_al data =S
= Qutlying data -y
i =-15
22 g = Normal data
i I ¢ Cutlying data
24 =20
-26 1 o :
E _25
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"bnﬂ' [ I‘;ﬁl
-30 ' ' -30 £ ' ' '
-30 -25 -20 15 -30 -25 -20 -15

Zi(t, 7 ) —xj1(f) [ns

(f) Frequency jump, t =1t, + 1.



Future work — Transient Ahnomalies

Examples

* femporary Frequency Jumps e e 7
10 ~ ¢ OCXO AT1
i —+-AT1 oracle - - -Limit

| -ATST




Future work — Transient Ahnomalies

Examples

* femporary Frequency Jumps 10,

7)

10[ -~
< 10 "

e Periodic effects

1012{4-0cxo0  +AT1
'—+—AT1 oracle - - -Limit
|4-ATST

10" 102 10°
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Future work — Transient Ahnomalies

Examples
* femporary Frequency Jumps

e Periodic effects

* Frequency Drift

OADEV o,

107

1—$—-0CXO —4—AT1
'——AT1 oracle - - -Limit
|4-ATST

10’ 102

T/8



Future work — Transient Ahnomalies

Solutions?
* Machine Learning 10
e Robust Frequency =
. . S
Estimation -
(]
A |
é 10°12H4-0cx0  —+-AT1
'—<4—AT1 oracle - - -Limit
|—<4-ATST
10-13 C S L
10’ 102 103 10*

T/8
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