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Time Scales



What is a clock?

V(t) =V,[1+ a(t)]cos(t + x(t))

X12(t) = xl,p(t) —X2p (t)
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What is a Time Scale?

Time Scale



Time Scale Generation

« For an ensemble of N clocks:
z(t) = Hx, rank(H) = N — 1,
* Introduce constraint
wi®—-x)=0

« Time Scale Equation
N
X (®) = ) wy (0 (26(0) = 2,4(0))
j=1

xip(t) = x;,(£) + W (X —x%)
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Time Scale Equation

* Prediction:
dx(t)
dt

25(0) = x5 p(t—1) + Tyt —1), YO =

- Time Scale Residuals
N
500 = 26 (0 = x,(0),  xip(0) = ) w; (O13:(0)
j=1
1,:(6) = x5 (0) + (£,£(6) — 1;,(0)) = x1, (1) + ;(2)

1,i(t) ~ fP(xi’p GRER)
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10:40 -10:55

Misspecified Estimation
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Model Specification

« Want to choose the correct model

11(t) ~ P(x;,(6),0%,1) or P(u, 02,1

 Under nominal conditions, we assume
1) ~ N(u,0%)

« When faced with anomalies, P # v
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Heavy-tailed Distributions

« Student’s t-distribution ¥ = [ur, 6%, v]

1F<w2r1> MEPIA-S
pr(r;¥) = (mved) 2 ——= (1 +~—=T )
r(3) vor

- Bivariance Gaussian Mixture ¢ = [ugpy, &y, @, €]

Pem (T @) = (1 — &)ps (5 tem, UGZM) + epe (75 Ugm, “U(%M)
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Heavy-tailed Distributions

 Form of the PDFs for different nuisance parameters

« £ =0.1, and a calculated to ensure equivalent 2 order moment

—6—Gaussian (o =1)

021

Probability Density
Probability Density

o
—
()]

.o .
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=0

5 ) 0
BGM-distributed samples

t-distributed samples
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Heavy-tailed Distributions

How

do the tails differ?

BGM tails flatten faster for extreme outliers

%1073

5

N

Probability Density

w
T

N
T

W——0——0—0—0—6—0—0—3—9
10 15

t-distributed samples
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Probability Density

%1073

BGM-distributed samples
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Heavy-tailed Distributions

« Data generation: 500 satellite clocks, 10% with phase jumps Ax att = ¢,

1j i (t) ~ P(Xi,p (1), 0%, 71)

1 T T T T T T

[MResiduals [Residuals
0.8} ——Gaussian PDF |- 0.9r _Stal(jjSSI?n FF?SF i
Student's t PDF i _B(;Me;;:
071 —BGM PDF - 0.8
0.7r
0.6
w
0 05F
o
04r .
0.3 ]
0.2+ _
0.1F _
o= ‘ ! ! —rmm |
-39 -38 -37 -36 -35 -70 -65 -60 -55 -50 -45 -40 -35
7j1(ta) [ns] ria(ts) [ns]

Ax + 1.4 ns Ax = +14 ns 17



Misspecified Cramér-Rao Bound

- Cramér-Rao Bound for estimation of true parameters ¢, = |x; ,(t), ag,n]T

E [”Gbo - $MLE”2] = CRBy,

 |f we instead base our estimator on a misspecified model (MMLE)
_~ 2 2
E|[160 — Bmmizll | = MCRBy(p119) + (80 — 8,14) ",
Where 6, = [x; ,(0), ag]T, and 6,,|, is the pseudo-true parameter vector

18



Deriving the MCRB

Op)1g = minD(p(r; $)l1q(r; 8)) = min E, [log(p(r; §)) —log(q(r; )],
MCRB, = A(eplIq)_lB(epllq)A(epllq)_l'

azlog(q(r; 9))
00007

N
A(Bp”q) _E, alog((a]g‘, 0)) alog(gér, 0))

»B(epllq) = Ly

0=6
pllq _
0=0p)q

2
OplIpg

MCRB, = o



Misspecification Student’s t data

« Data generation: t-dist.

= ~-MCRB, (prl|pc)
2 I'U O B CRBMT7 UV = 3 :
II) — [,UT, or, V] ~ . -e-Gaussian MLE
=t R -x-Student’s t MLE
= -10] Ry o-BGM MLE ||
» Assuming a Gaussian % ol
. , -
« Assuming a Student’s -§ -30 ¢
t-dlStrlbUthn g 40+ "*m.,\ D
@) ®
. 'q _50 A Ll A Ll A | A L
o Assumlng a BGM 10° 10 102 103 10%

Number of Samples
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Misspecification BGM data

« Data generation: BGM

10 —
=) . MORB, (pearlpc).
— _ e=0.1,a=21
¢ — [uuGMi O-gM; a, E] ~ 0 CRB,,, v =3
mi 101 -e-Gaussian MLE
] ] o -x-Student’s t MLE
» Assuming a Gaussian % ol g -¢-BGM MLE
. = ~
« Assuming a BGM ;% -30 ¢
Qv
_ , O 40
e Assuming a Student’s 9
t-distribution 100 0 102 103 104

Number of Samples
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Robust Estimators
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Expectation Maximization

 MLE maximizes likelihood of true distribution p(r; u)

) o
e [Z?Ll —log(p(r; u))] = 0, solve for u to obtain fiy; ¢
« For both heavy-tailed distributions, fi,,; has no closed form

* Minimize the complete log-likelihood

N
fgy = arg mﬂinz lc(rj,vj;,u)
—
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Expectation Maximization

- Representation of Heavy-tailed distributions with latent variables v;

2
- Student’s t distribution: r; ~ T(ur, of,v) = rj|v; ~ N (MT'%) v~ G (gg)
J

N(#T} O-GZM ); vj — O

, V; ~ Binomial(1, )
N(#T} aO_GZM ); vj =1 l

- BGM: 17 ~ GM (ugpy, Oéu, O, E) = rilvj ~ {

24



Expectation Maximization

» E-step: Calculate E[v;|1;], E, |1 (75,v)] = (s 1)

Ve—1 +1 e — 3 k-1, Qr_107—

Er[v|r;] = Vg1 T — Eau[vi|ri] = €k 1?9.6’\(7"] Hle af 1O_kA 1)
(T' — Uk - 1) pGM(T}' :uk—l'o-k—l'ak—l)gk—l)
vk—l + ~0
Ok-1
« M-step: Minimize cost function i, = arg mI}n Q(r;u) = 1W(r f—1)7;
Equlv

WT(TJ' - 'ak—l) X ET[UJ'|TJ']' WGM(Tj — .ak—l) o EGM[U]'|T]'] + GI;}E_JJ ]
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Misspecification Student’s t data

« Data generation: t-dist.
¢ — [HT' 0-’12'1 V]
« Assuming a Gaussian

« Assuming a Student’s
t-distribution

 Assuming a BGM

Location MSE,, (dB)

-38 1

40t

42+

~-MCRB,; (pr|pe)]
CRB,,,v=3
-e-Gaussian MLE -
-x-Student’s t MLE
-¢-BGM MLE
-»-Student’s t EM
-¢-BGM EM

Number of Samples
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Misspecification BGM data

« Data generation: BGM

¢ — [.uGM' O-C%M' a, E]

« Assuming a Gaussian

« Assuming a BGM

« Assuming a Student’s
t-distribution

Location MSE,, (dB)

-30 . S
_A_MCRBMG (raumllpa),
.32 e=01,a=21
CRB,,;,v=3
_34)_‘ ::;:\ -e-Gaussian MLE
TN -%-Student’s t MLE
-6-BGM MLE
S ™ . -x-Student’s t EM
" i -e-BGM EM

-38 [ N\,(\::I‘S;\ D

40}

42 r RCN
3

44 )

10° 10

Number of Samples
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M-estimators of Location

 MLE maximizes likelihood of true distribution p(r; u)

N N
Amie = arg mﬁlxnp(ﬁ:u) = arg mﬂirIZP(rj — )
j=1 j=1

 Where p(rj — ) = —log (p(rj; ,u)) = c(rj — ,u)z for Gaussian p(rj; u)

N N
n . 2 A 1
HmrLe = ar'g mﬁni(rj — .U) =  HMLE = Nz Tj
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M-estimators of Location

 M-estimators minimize different loss functions
N N
fiy = arg mgnzp(n — W) 2 iy = 2 w (1 — fp)7;
j=1 j=1
(p'(x)

W(X) =3 x
p"(0),  x=0

x#*0

« lteratively Reweighted Least Squares (IRLS)
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Robust Loss and Weights

Tukey’s Bisquare Loss Student’s Loss
( 02\ () = Slog(x? +v) — ~log(v)
— — | — X) = —109 X V) ——102\V
pto) = {1 (1 (b))’ x| = b PRI 28
X 1, x| > b
Tukey's Bisquare Weights _
Student’s Weights
( 2\ 2
1— (f) x| < b 1
w(x) = 1 b ’ = w(x) = =
X<+ v
\ 0, x| > b
b = 4.685 — 95% efficiency v =7 - 95% efficiency

30



Robust Loss and Weights

Loss Functions <1073 Weight Functions (Normalized)
— 5 i
2 Loast Squares Least Squares
) Bisonare . Bisquare
q ’ 4l ~£-Student’s Loss, v=3
15 —A—Student’s, v=3 —-Student’s Loss, v=12
: —-Student’s, v=12 ~7Student’s Loss, v=40
= —7#Student’s, v=40 a3l
| > |
S x>
< 52|
\
0.5
1
0 N 0 ' ' | |
-10 -5 0 3) 10 -10 -5 0 5 10
ri — K ri —H

=
I

N N
arg minz p(r; — 1) fx = Z w(r; — fg-1)7;
o 31



Comparison M-estimators vs. EM

 Nominal Efficiency

-o-Student EM, vy = 100 M, estimator, v = 12
M, estimator, b = 4.685 -4-M,, estimator, v = 3
~7#M, estimator, v =40 —%Student EM, 1, = 2.01

0.75
10"

102 10° 10%
Number of clocks

10°
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Comparison M-estimators vs. EM

 Robustness

Gauss. MLE -»-M,,, v =12
-e-EM, vy = 100 -4-M,, v =3
*-EM, 1y = 2.01 = CRDB Student
1073} +-M,, b = 4.685 - MCRB
-v-M,, v =40

10’ 102
Number of Clocks
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Comparison M-estimators vs. EM

Without anomalies

o ' -o-Student EM, vy = 100 -4-M,, estimator, v = 3
A ol ~#M, estimator, v = 40 M, estimator, b = 4.685
g-' 10 4 M, estimator, v = 12 —<&Student EM, vy = 2.01 |
S : ]
k=
O
E
-+
» 107
o0 Bt
> i
< >
. ¥
« Complexity '
10° 10° 10°

Number of clocks
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Comparison M-estimators vs. EM

With anomalies

Q)
2. 0b
g_' 10
< |-e-Student EM, 1y = 100
k= |=+~M,, estimator, v = 40
Q |-M,, estimator, v = 12
g |4-M,, estimator, v = 3
4_? M, estimator, b = 4.685
EO - Student EM, vy = 2.01
< 107t A
« Complexity >
V ‘ aa e ' ' —
10’ 102 10°

Number of clocks
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Comparison M-estimators vs. EM

©
SXC
Q O

Efficiency High v, - Nominal v =12 for 95%
efficiency
Robustness Low 7, - Greatest
Anomalies robustness loses
efficiency
Complexity Autonomous Autonomous
High comp. Constrained

budget comp.
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Real Data
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Clock Location Estimate — 10 ns jump

Synthetic Chip Scale Atomic Clocks Real Chip Scale Atomic Clocks
1009‘ 101
i -©-Gaussian MLE|; -©-Gaussian MLE|]
—Student's t EM|| —Student's t EM||
. --BGM EM 1 . -<-BGM EM
) P & 10%
Lﬂi 10 1 Lﬂi
N N
= =
10
= =
.S .S
3 3 10
10'3 ' ' - 10'3 ' ' ' —
10 20 30 40 50 10 15 20 25

Number of clocks Number of clocks 38



Time Scale performance — 1 us jump

Absolute Phase Absolute Frequency
120 - | | %Ensemble ITime 40F %Engemme Speled
100+ -©-Robust Ensemble Time 35| -©-Robust Ensemble Speed||

Clock time x(t) [ns]




Time Scale performance - Stability

» Overlapping Allan Deviation O SR I
oo s L e
— o
- Stability constraint: S SR |
S S ~$-0CXO
fops = 100 MHz 2 1o LA it |
() < — <
TOy\T) = - l
4 27Tfobs < 12 I
107 “ ¢
10" 102 10° 10*
- Time scale improves range Integration Time 7 [s]
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Conclusion

* Time scales for distributed
systems

* Asynchronous
Measurements

* Robust detection
X methods

« Misspecified Estimation

 Robust estimators

41



Time Scale Exercise

Scan the QR code with your phone or go to
https://perso.tesa.prd.fr/hmphee/timer.html

Enter your name and click submit,

Your task is to time the appearances of the
newly discovered alien!

After pressing Start, watch the video on
your screen.

Press Time as soon as you see a new Alien

YA

Ok
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p,
O
k=
—

Let’s look at your timing performance!

https://perso.tesa.prd.fr/hmphee/all times.html
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Questions
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Estimating v

To update the estimate of the number of degrees of freedom, find the zero of:

N 2
. Vp Vg V-1 +1 (. (zj — fik-1)
f(¥,) = Ny (7> — Nlog <?) — Nl/)( > ) — N+ z u; + log > Vi1 + 4 ) (A1)

= Ok-1
['(x)
Newton’s method is used to iteratively converge to the zero:
D — 7 f(f)k,n)
kn+l = Ven ~ A N
" " f (Vk,n)
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Closed Form MCRBs

T
General derivation of 0, . = [Upipe: Tpipe ]T = [Ep |z;], var, [zl-]]

pr 0
N

MCRBy(pr|lpg) = v —1) 20}

T

<v—4> N |
- 2

Opem 0

N

MCRBg (peumllpe) = ) ( Q(e(k — 1)) >ZU§GM
2k -1 +1)2) N
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Misspecified Heavy-talls

Pseudo-true location parameter is equal to true location

Horlipem = EPT 2], Hpemllor = EpGM 2],

Pseudo-true scale parameter requires numerical methods to solve minimum KLD

MCRB not available in closed form
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Joint estimation of Student’s t

parameters

Jointly estimating u, a2, v:

3 (v + 3) 4y
CRB,z = 20* ~— <1 T 4v)

fW)=2v2(v+ D@+ 3)éW)+ v+ 5@+ v

2

1 1 d
£) = Z(‘/" (” - ) — (%)) W' () = 5 log(r()

Fixing v, and estimating u, a2

(v+3)

CRBO.Z = 20‘4 N
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