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Single Measurement Vector Model (SMV)

Underdetermined linear model:

y
M × 1

= A
M × N

x
N × 1

+ e
N × 1

y A x e

+

Greedy approach:
1. Identify the active
columns of measurement
matrix A, i.e., the support
of signal vector x.
2. Estimate non-zero
elements of x via least
squares

Optimization approach:

argmin
x
∥y−Ax∥2

2 + λ∥x∥1
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Multiple Measurement Vectors Model (MMV) [DE11]

We acquire L measurement vectors:

yi = Axi + ei, i = 1, . . . ,L
⇔ Y

M × L
= A

M × N
X

N × L
+ E

M × L

Y = (y1 · · · yL) := matrix of L
measurement vectors
X = (x1 · · · xL) := unobserved signal
matrix
E = (e1 · · · eL) := unobserved noise
matrix

Key assumption:
signals xi are jointly K-sparse:

∥X∥0 = |rowsupp(X)| = K

Goal: estimate

M = rowsupp(X) = (i1, . . . , iK)

and signal matrix X

given Y, measurement matrix A (, and
possibly sparsity level K).

2



Multiple measurement vector model Sparse Bayesian Learning Greedy approaches Optimization based approaches Conclusions References

Multiple Measurement Vectors Model (MMV) [DE11]

We acquire L measurement vectors:

yi = Axi + ei, i = 1, . . . ,L
⇔ Y

M × L
= A

M × N
X

N × L
+ E

M × L

Y = (y1 · · · yL) := matrix of L
measurement vectors
X = (x1 · · · xL) := unobserved signal
matrix
E = (e1 · · · eL) := unobserved noise
matrix

Key assumption:
signals xi are jointly K-sparse:

∥X∥0 = |rowsupp(X)| = K

Goal: estimate

M = rowsupp(X) = (i1, . . . , iK)

and signal matrix X

given Y, measurement matrix A (, and
possibly sparsity level K).

2



Multiple measurement vector model Sparse Bayesian Learning Greedy approaches Optimization based approaches Conclusions References

Multiple Measurement Vectors Model (MMV) [DE11]

We acquire L measurement vectors:

yi = Axi + ei, i = 1, . . . ,L
⇔ Y

M × L
= A

M × N
X

N × L
+ E

M × L

Y = (y1 · · · yL) := matrix of L
measurement vectors
X = (x1 · · · xL) := unobserved signal
matrix
E = (e1 · · · eL) := unobserved noise
matrix

Key assumption:
signals xi are jointly K-sparse:

∥X∥0 = |rowsupp(X)| = K

Goal: estimate

M = rowsupp(X) = (i1, . . . , iK)

and signal matrix X

given Y, measurement matrix A (, and
possibly sparsity level K).

2



Multiple measurement vector model Sparse Bayesian Learning Greedy approaches Optimization based approaches Conclusions References

Application 1: active user detection for massive random access

BS with M antennas, N machine type devices (MTDs)
In a coherence interval, only K≪ N MTD-s are active.
an is non-orthogonal length L pilot sequence unique to
nth MTD and known at the BS.
uplink channel: quasi-static Rayleigh fading
hn ∼ CNM(0, I)

xn =
√
ρnβnαn hn := effective channel

βn > 0 := large-scale fading component (LSFC)
ρn := device’s uplink transmission power
activity indicator

αn=

1, if device n is active
0, otherwise

.

Leads to MMV model [SL18]:

Y =

N∑
n=1

√
ρnβnαnanh⊤

n + E

= AX + E ∈ CL×M

X = (x1 · · · xM)⊤ is K-rowsparse

3
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Application 2: reconstruction of brain activity using M/EEG based brain source
imaging (BSI)

Y ∈ RM×L := M/EEG data captures the activity of M
sensors at L time instants
X ∈ RN×L := unknown activity of N brain source signals
at the same time instants
A ∈ RM×N := lead field matrix can be computed using
discretization methods (e.g., FEM) for a given head
geometry and known electrical conductivities.
number of sensors M is typically much smaller than the
potential brain sources N.
goal: reconstruct brain activity X fromY given A.

⇒ MMV model Y = AX + E ∈ RM×L, X is rowsparse

HASHEMI et al.: JOINT LEARNING OF FULL-STRUCTURE NOISE IN HIERARCHICAL BAYESIAN REGRESSION MODELS 617

were approved by the University of California, San Francisco
Committee on Human Research.

Lead-fields for each subject were calculated using
NUTMEG [42] assuming a single spherical shell volume
conductor model resulting in only two spherical orientations.
Lead-fields were constructed at a voxel resolution of 8 mm.
Furthermore, each lead-field column was normalized. Neural
responses to auditory evoked fields (AEF) and visual evoked
fields (VEF) stimulus were localized using the FUN algorithm
and other benchmarks. The AEF response was elicited during
passive listening to binaural tones (600 ms duration, carrier
frequency of 1 kHz, 40 dB SL). The VEF response was elicited
while subjects were viewing pictures of objects projected
onto a screen and subjects were instructed to overtly name
the objects [43], [44]. Up to 120 AEF and 100 VEF trials
were collected. For both AEF and VEF data, trials with clear
artifacts or visible noise in the MEG sensors that exceeded
10 pT fluctuations were excluded prior to source localization
analysis.

Both AEF and VEF data were digitally filtered to a
pass-band of 1 to 70 Hz to remove artifacts and DC
offset, and time-aligned to the stimulus onset. Averaging
was then performed across sets of trials of increasing size:
{10, 20, 40, 60, 100} trials for AEF, and {10, 20, 40} trials for
VEF analyses. The pre-stimulus window was selected to be
100 ms prior to stimulus onset. The post-stimulus time window
for AEF was selected to be+50 ms to +150 ms. For VEF data,
we focused on source reconstruction in two time-windows – an
early window ranging from +100 ms to +150 ms around the
traditional M100 response, and a later time window ranging
from +150 ms to +225 ms around the traditional M170
responses [35], [45], [46], [47].

Fig. 5 shows the reconstruction of the AEF for different
number of trial averages for a representative subject using
FUN learning along with Type-I and Type-II BSI benchmark
methods. In addition to heteroscedastic Champagne, two clas-
sical non-SBL source reconstruction schemes were included
for comparison. The minimum-current estimate (MCE) algo-
rithm [48] shown here is an example of a sparse Type-I method
based on �1-norm minimization. Additionally, eLORETA [49],
represents a smooth inverse solution based on �2

2-norm mini-
mization.

Reconstruction performance of all algorithms for different
trial averaging with 10, 20, 40, 60, and 100 trials are shown.
All trials were selected randomly prior to averaging. As the
subplots for different numbers of trial averages demonstrate,
FUN learning can accurately localize bilateral auditory activity
to Heschel’s gyrus, the characteristic location of the primary
auditory cortex, even with as few as 10 trials. In this challeng-
ing setting, FUN outperforms all competing methods.

Regarding the comparison between FUN and the het-
eroscedastic noise learning approach on real data as demon-
strated in Fig. 5, it is not straightforward to evaluate the per-
formance of BSI approaches quantitatively due to the absence
of the ground truth. Therefore, the quality of the reconstruc-
tions is commonly assessed based on prior neurophysiological
knowledge. In Fig. 5, we observed an involvement of both
bilateral Heschl’s gyri, which is expected for localization of

Fig. 5. Auditory evoked field (AEF) localization results from one
representative subject for different numbers of trial averages using
FUN learning, heteroscedastic Champagne, MCE and eLORETA. All
reconstructions of FUN learning algorithm show focal sources at the
expected locations of the auditory cortex. Even when limiting the number
of trials to as few as 10 reconstruction result of FUN learning is
accurate, it severely affects the reconstruction performance of competing
benchmark methods.

auditory cortex. Indeed, qualitatively, FUN is able to localize
both bilateral auditory activities even when the number of trials
is limited to 10. For this setting, the heteroscedastic noise
learning approach was only able to locate the left Heschl’s
gyrus auditory activity. These results highlight the importance
of accurate noise covariance estimation on the fidelity of
source reconstructions.

Fig. 6 shows the localization and time series reconstruc-
tion of VEF activity for a single subject using FUN and
heteroscedastic noise learning Champagne, eLORETA and
MCE. Reconstruction performance is again shown for the
number of trials used for averaging ranging from 10 to 40.
Trials were randomly chosen from the full dataset without
replacement prior to averaging. Within each panel, the top
shows the source localization of the M100 (1st peak) and
M170 (2nd peak) responses, respectively. The time course of
the most prominent source (indicated by the intersecting green
lines) across a +25 ms to +275 ms window is presented
below the source localization results. Blue lines represent
the voxel power with arbitrary units averaged across ten
independent experiments (that is, ten random selections of
trials for trial averaging). Blue shades represent the standard
error of the mean (SEM) across different trial averaging
experiments. We also included three additional benchmark
algorithms, sLORETA [50], S-FLEX [25], and the LCMV
beamformer [51] in Fig. 7. In comparison to MCE and
eLORETA, FUN shows accurate localization capability, while
the former benchmarks did not yield reliable results for
averages of only ten trials. Even when the number of trials
used for averaging was increased to 20, these benchmarks
yielded neither good spatial localization of the two visual
cortical peaks, nor were the expected time courses of activation
reconstructed. Furthermore, FUN detects two salient and clear
peaks in each time window in contrast to other benchmarks,

Authorized licensed use limited to: AALTO UNIVERSITY. Downloaded on February 14,2026 at 08:45:22 UTC from IEEE Xplore.  Restrictions apply. 

Auditory evoked field (AEF)
localization results from one
subject [HCG+22] 4
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Application 3: (on-grid) sparse Direction-of-Arrival (DOA) estimation using sen-
sor arrays

Goal: estimate the DOAs θ1, . . . , θK of K narrowband sources using sensor array
{θn}N

n=1 := grid of length N covering the location
space Θ = [−π, π).
We acquire L snapshots:

y(t) =
N∑

n=1
anxn(t) + e(t) ∈ CM, t = 1, . . . ,L

M := # of sensors
an ∈ CM is steering vector for θn (∥an∥2 = M)
e(t) is the noise term.

⇒ MMV model Y = AX + E ∈ CM×L

where X is K-rowsparse for on-grid DOA-s.

1(1)

RSML-PHYS Robust Statistical Machine Learning for Physical Systems
Associate Professor Esa Ollila

1 Aim and objectives

1.1 Significanceof researchproject in relation to current knowledge, research-based starting points:

......

......

...

d

y1(t) y2(t) yl(t) yM(t)

θ1 θ2 θN

x1(t)
x2(t) xN(t)

Figure 1: An ideal ULA ofM sensors receiving plane waves from K far-field and narrow-band point

sources.
Uniform linear array (ULA) with d
element spacing
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Sparse Bayesian Learning (SBL): key references

Michel Tipping (2001)

David Wipf and Bhaskar Rao (2004) and (2007): analysis and EM algorithm
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Sparse Bayesian Learning (SBL) model

yi = Axi + ei, i = 1, . . . ,L
⇔ Y

M × L
= A

M × N
X

N × L
+ E

M × L

Assumptions: σ2 known, and
ei ∼ CNM(0, σ2I) i.i.d.
xi ∼ CNN(0, diag(γ)) i.i.d., xi ⊥⊥ ei

uncorrelated sources!

⇒ leads to joint Gaussian distribution:(
yi
xi

)
∼ CNM+N

((
0
0

)
,

(
Σ AΓ

ΓAH Γ

))
Γ = diag(γ), Σ = A diag(γ)AH + σ2I

The posterior distribution:

p(X | Y,γ)=CNNL(vec(X); vec(Mx), IL⊗Σx)

Mx = (µ1 · · · µL) = ΓAHΣ−1Y,

Σx = cov(xm | ym,γ) = Γ− ΓAHΣ−1AΓ

Equivalently:

p(X | Y,γ)=
L∏

i=1
CNN

(
xi; µi,Σx

)
= |Σx|−L

L∏
i=1

exp(−[xi − µi]
HΣ−1

x [xi − µi])

7
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Empirical Bayes approach

Type-II (empirical Bayes): rather than placing a prior on γ, estimate it directly from
the data by minimizing the marginal negative log-likelihood (NLLF)

yi ∼ CNM(0,Σ), Σ = A diag(γ)AH + σ2I
The marginal NLLF is

ℓ(γ) =
1
L

L∏
i=1
CNM(yi; 0,Σ)

= tr((AΓAH + σ2I)−1Σ̂) + log |AΓAH + σ2I|

Σ̂ =
1
L

L∑
i=1

yiyH
i := sample cov. matrix

1. Compute γ̂ = argminγ≥0 ℓ(γ), and
Γ̂ = diag(γ̂), Σ̂ = AΓ̂AH + σ2I

2. Estimate of posterior: p(X | Y, γ̂)

using

X̂ = Γ̂AHΣ̂
−1Y

← is row-sparse!

Σ̂x = Γ̂− Γ̂AHΣ̂
−1AΓ̂,

as empirical Bayes-estimates of the
posterior mean and cov. matrix.

8
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Type-II (empirical Bayes): rather than placing a prior on γ, estimate it directly from
the data by minimizing the marginal negative log-likelihood (NLLF)

yi ∼ CNM(0,Σ), Σ = A diag(γ)AH + σ2I
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ℓ(γ) =
1
L

L∏
i=1
CNM(yi; 0,Σ)

= tr((AΓAH + σ2I)−1Σ̂) + log |AΓAH + σ2I|

Σ̂ =
1
L

L∑
i=1

yiyH
i := sample cov. matrix

1. Compute γ̂ = argminγ≥0 ℓ(γ), and
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Last step: enhancing the row-sparsity of the solution

Key assumption of MMV model
Y = AX + E is rowsparsity of X ∈ CM×L:

M = rowsupp(X) ⊂ {1, . . . ,N},
K = |M| ≪ N

Since Γ = diag(γ) = cov(xi), one has that

M = rowsupp(X) = supp(γ)

After solving

γ̂ = argmin
γ≥0

ℓ(γ)

compute Σ̂ = A diag(γ̂)AH + σ2I and X̂.

The activity index (αn, n = 1, . . . , n) computed
using either of the rules to enhance sparsity:

Threshold-rule:

α̂n = 1{γ̂n ≥ γth} =

{
1, if γ̂n ≥ γth

0 otherwise

where γth is a fixed threshold.
top K-rule:

α̂n = 1{γn ∈ the K largest entries of γ̂}

where 1{·} is the indicator function (and
K assumed given/estimated)
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M-SBL [WR07]

M-SBL by Wipf and Rao (2007) solves
ℓ(γ) using the EM algorithm treating
{(yi, xi)}L

i=1 as complete data:
slow convergence, impractical for N
large
not sparse: γ̂i ̸= 0 for any i

⇒ non-sparse Bayesian learning??

We need to solve the non-convex objective:

min
γ≥0

ℓ(γ) = g(γ) + f(γ),

g(γ) = tr((A diag(γ)AH + σ2 I)−1 Σ̂)

f(γ) = log |A diag(γ)AH + σ2 I|.

Some alternatives:
Coordinatewise-optimization (CWO)
[FHJC21]: sequential coordinate updates
Sequential lightweight SBL
(SLW-SBL) [PR25], a greedy approach.

Our proposed approaches:
1 Greedy methods: Covariance learning

matching pursuit (CL-MP and CL-OMP)
2 Optimization-based: Covariance learning

via MM SCA approaches
3 Robust CWO and CL-MP methods,

resistant to outliers.
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OMP formulation in [Ela10, Table 3.1]:

b = Ax + e =
∑

j
ajxj + e, x is sparse

Sweep: at iteration k, solve univari-
ate Gaussian MLE for ith variable

min
xi

ℓ(xi, xk−1
\i )

keeping other parameters fixed at
previous values.

Update provisional solution: solve
the full MLE for new model with
newly added variable:

min
x

ℓ(x) subject to supp(x) = Sk

⇒ these steps are available for SBL!
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Maximum likelihood estimation results [1/2]: sweep

yi ∼ CNM(0,Σ) with Σ = A diag(γ)AH + σ2I, A ∈ CM×N, M≪ N.
Both γ ≥ 0 and σ2 > 0 are unknown.
The neg. log-likelihood:

ℓ(γ, σ2) = tr((A diag(γ)AH + σ2I)−1Σ̂) + log |A diag(γ)AH + σ2I|

where Σ̂ = 1
L
∑L

l=1 ylyH
l is the sample covariance matrix (SCM).

The conditional neg. LLF for γi ≥ 0 (with fixed {γj}j̸=i, σ2) is [FT01, YLS+10]:

γ̂i = argmin
γ≥0

tr((Σ\i + γaiaH
i )

−1Σ̂) + log |Σ\i + γaiaH
i |

= max

(
bH

i Σ̂bi

(aH
i bi)2 −

1
aH

i bi
, 0
)
,

where bi = Σ−1
\i ai and Σ\i = Σ− γiaiaH

i is the array CM without the i th source.
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Maximum likelihood estimation results [2/2]: update provisional solution

Suppose current model Mk = (i1, . . . , ik) is true: yi ∼ CNM(0,AM diag(γ)AH
M + σ2I) with

γ ∈ Rk and AM is the M× k matrix of active columns extracted from M× N matrix A.

Then the unrestricted minimizers of the neg. LLF ℓ(γ, σ2) are [SN95]:

σ̂2 =
1

N− k tr
(
(I−AMA+

M)Σ̂
)

γ̂ = diag(A+
M(Σ̂− σ̂2I)A+H

M )

provided that γ̂i > 0 for all i = 1, . . . , k.

Remark. If γ̂ ∈ Rk contains negative elements, then calculate the constrained solution using
Bressler’s algorithm [Bre88, Algorithm I].

13
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Algorithm 1: CL-OMP: Covariance Learning Orthogonal Matching Pursuit algorithm

Input : Σ̂ ∈ CL×L, A ∈ CM×N, K
Initialize: Σ = [tr(Σ̂)/p]I, M = ∅

1 for k = 1, . . . ,K do
2 B← Σ−1A = (b1 · · · bN)

3 γi ← max
(

bH
i Σ̂bi

(aH
i bi)2 − 1

aH
i bi

, 0
)

, ∀i ∈M∁ // Sweep

4 ϵ = (ϵi)←
(
log(1 + γiaH

i bi)− γiaH
i bi
)

N×1 // value of neg. LLF at solution

5 M←M∪ {ik} with ik ← argmini ̸∈M ϵi // choose source with smallest error

6 σ2 ← 1
M−k tr

(
(I−AMA+

M)Σ̂
)

// Update provisional solution of noise power

7 γM ← max
(
diag

(
A+

M(Σ̂− σ2I)A+H
M
)
, 0
)

// Update provisional solution

8 If γM has negative elements, compute the constrained MLE-s using Bressler’s algorithm
9 γM∁ ← 0

10 Σ← A diag(γ)AH + σ2I
Output : M, γ, σ2 14
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Application to sparse DOA estimation
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K = 4 Gaussian sources;
L = 125 snapshots
M = 20 sensors
N = 1801 grid size (∆θ = 0.1o

resolution)
MC trials = 2000
Three of the sources are off-grid:
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
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
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Case: σ2 is known

Algorithm 2: Covariance Learning Matching Pursuit
(CL-MP) algorithm

Input : SCM Σ̂ ∈ CL×L, A ∈ CM×N, σ2 > 0
Initialize: B = (1/σ2)A, M = ∅

1 for k = 1, . . . ,N do
2 γi ← max

(
bH

i Σ̂bi−aH
i bi

(aH
i bi)2 , 0

)
, ∀i ∈M∁

3 ϵi ← log(1 + γiaH
i bi)− γiaH

i bi, ∀i ∈M∁

4 M←M∪ {ik} with ik ← argmini∈M∁ ϵi

5 if stopping rule is met (see text) then
6 break

7 B← B− γik

1 + γikaH
ik

bik

bikaH
ik

B

Output : support M

When σ2 is known, Matching Pursuit
provides better alternative to OMP:
⇒ provisional solution update can be

ignored
⇒ Further speed-up via

Sherman-Morrison formula

(Σ+ γaiaH
i )

−1 = Σ−1 − γΣ−1aiaH
i Σ

−1

1 + γaH
i Σ

−1ai

yielding update for B = [Σ]−1A as

B← B− γi

1 + γiaH
i bi

biaH
i B,

16



Multiple measurement vector model Sparse Bayesian Learning Greedy approaches Optimization based approaches Conclusions References

Coordinatewise optimization (CWO) algorithm versus CL-MP
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SBL using SCA and MM

In SBL, we need to solve the non-convex
type-II likelihood:

min
γ≥0

ℓ(γ) = g(γ) + f(γ),

g(γ) = tr((A diag(γ)AH + σ2 I)−1 Σ̂)

f(γ) = log |A diag(γ)AH + σ2 I|.

where g is convex, while f is non-convex

We propose two fast covariance learning
(CL-)algorithms, both quaranteed to converge
to a stationary point.

CL-MM:
uses majorization-minimization, majorize
both convex and concave terms, then
minimize the suggogate analytically
closed-form update per iteration, avoids
the slow convergence of EM-based SBL

CL-SCA:
linearize non-convex part → minimize
convex approximation
All N variables updated simultaneously
(parallel).
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Processing, Communications, and Machine Learning

Ying Sun, Prabhu Babu, and Daniel P. Palomar, Fellow, IEEE

Overview Article

Abstract—This paper gives an overview of the majorization-
minimization (MM) algorithmic framework, which can provide
guidance in deriving problem-driven algorithms with low compu-
tational cost. A general introduction of MM is presented, including
a description of the basic principle and its convergence results. The
extensions, acceleration schemes, and connection to other algorith-
mic frameworks are also covered. To bridge the gap between theory
and practice, upperbounds for a large number of basic functions,
derived based on the Taylor expansion, convexity, and special in-
equalities, are provided as ingredients for constructing surrogate
functions. With the pre-requisites established, the way of applying
MM to solving specific problems is elaborated by a wide range of
applications in signal processing, communications, and machine
learning.

Index Terms—Majorization-minimization, upperbounds,
surrogate function, non-convex optimization.

I. INTRODUCTION

IN the era of big data, we are witnessing a fast development
in data acquisition techniques and a growth of computing

power. From an optimization perspective, these can result in
large-scale problems due to the tremendous amount of data and
variables, which cause challenges to traditional algorithms [1].
For example, apart from trivially parallelizable or convex prob-
lems where decomposition techniques can be employed, solving
a general problem with no structure to exploit calls for a large
amount of computational resources (time and storage). Diffi-
culties also arise when data is stored on different computers or
is acquired in real-time. In these cases, it can be inefficient or
even impossible to first collect the complete data set and then
perform centralized optimization. Besides the aforementioned
issues caused by the scale, a problem with a complicated form
may lead to numerical problems as well. For instance, the second
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Fig. 1. The MM procedure.

order derivatives, which are required by Newton-type nonlinear
programming algorithms, can be costly to compute under this
scenario. Facing these obstacles, devising problem-driven algo-
rithms that can take advantage of the problem structure may be
a better option than employing a general-purpose solver. This is
where MM comes into play.

The MM procedure consists of two steps. In the first majoriza-
tion step, we find a surrogate function that locally approximates
the objective function with their difference minimized at the
current point. In other words, the surrogate upperbounds the ob-
jective function up to a constant. Then in the minimization step,
we minimize the surrogate function. The procedure is shown
pictorially in Fig. 1. A parallel argument can be made for max-
imization problems by replacing the upperbound minimization
step by a lowerbound maximization step, and is referred to as
minorization-maximization.

MM has a long history that dates back to the 1970s [2], and is
closely related to the famous EM algorithm [3] intensively used
in computational statistics. As a special case of MM, EM is ap-
plied mainly in maximum likelihood (ML) estimation problems
with incomplete data, which was systematically introduced in
the seminal paper [4] by Dempster, Laird, and Rudin in 1977.
MM generalizes EM by replacing the E-step, which calculates
the conditional expectation of the log-likelihood of the complete
data set, by a minorization step that finds a surrogate function.
The surrogate function keeps the key property of the E-step
by being a lower bound of the objective function. As a con-
sequence, MM shares most of the convergence results of EM.
Compared to EM, which relies on a missing data interpretation
of the problem, MM is easier to understand and has a wider
scope of applications.

The idea of MM appears in statistics and image process-
ing in early works including [5]–[9], and started taking shape

1053-587X © 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications standards/publications/rights/index.html for more information.

Figure from [SBP16]

(1) g(x | xt) ≥ f(xt), ∀x
(2) g(xt | xt) = f(xt)

Each MM-iterate guarantees
f(xt+1) ≤ f(xt)

Convergence to the stationary solution
With right majorizer, each surrogate
has a closed-form solution, fast
per-iteration updates

EM is a special case of MM: ℓ(γ) ≤ Q(γ | γ′) + c′, with c′ constant not dependent on γ.

Q(γ | γ′) = E{xi}
[
− ln p({yi, xi} | γ) | {yi},γ′]

For SBL problem above, Q(γ | γ′) does not provide a tight surrogate function
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step by a lowerbound maximization step, and is referred to as
minorization-maximization.

MM has a long history that dates back to the 1970s [2], and is
closely related to the famous EM algorithm [3] intensively used
in computational statistics. As a special case of MM, EM is ap-
plied mainly in maximum likelihood (ML) estimation problems
with incomplete data, which was systematically introduced in
the seminal paper [4] by Dempster, Laird, and Rudin in 1977.
MM generalizes EM by replacing the E-step, which calculates
the conditional expectation of the log-likelihood of the complete
data set, by a minorization step that finds a surrogate function.
The surrogate function keeps the key property of the E-step
by being a lower bound of the objective function. As a con-
sequence, MM shares most of the convergence results of EM.
Compared to EM, which relies on a missing data interpretation
of the problem, MM is easier to understand and has a wider
scope of applications.

The idea of MM appears in statistics and image process-
ing in early works including [5]–[9], and started taking shape
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(1) g(x | xt) ≥ f(xt), ∀x
(2) g(xt | xt) = f(xt)

Each MM-iterate guarantees
f(xt+1) ≤ f(xt)

Convergence to the stationary solution
With right majorizer, each surrogate
has a closed-form solution, fast
per-iteration updates

EM is a special case of MM: ℓ(γ) ≤ Q(γ | γ′) + c′, with c′ constant not dependent on γ.

Q(γ | γ′) = E{xi}
[
− ln p({yi, xi} | γ) | {yi},γ′]

For SBL problem above, Q(γ | γ′) does not provide a tight surrogate function
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Majorize the convex Trace part

Lemma 1: for D ≻ 0 and ADAH ≻ 0,

(
ADAH)−1⪯

(
Fk)−1ADkD−1DkAH (Fk)−1

, F(k) = ADkAH

with equality at D = Dk.

Can we apply Lemma to the matrix Σ−1 =
(
A diag(γ)AH + σ2 I

)−1 ?

Challenge: γ ≥ 0 (not γ > 0). Lemma 1 requires D ≻ 0. Loose bound for γi = 0.

Fix: Since σ2 > 0, absorb σ2/η into γ via BBH = ηI−AAH ⪰ 0:

Σ = A
(
diag(γ) +

σ2

η
I
)

AH +
σ2

η
BBH, η = tr

(
AAH)

⇒ D̄ = diag(γ) + σ2

η I ≻ 0 while η = tr
(
AAH) ensures BBH ⪰ 0
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Majorizing the concave term and the surrogate objective

Linearization of the log-det:

log |Σ| ≤ tr
(
(Σk)−1Σ

)
+ const,

where Σ = A diag(γ)AH + σ2I and Σk = A diag(γk)AH + σ2I.

Combining both majorizations, yields simplified surrogate objective:

minimize
γ≥0

N∑
i=1

(γk
i + σ2/η)2

γi + σ2/η
[bk

i ]
HΣ̂bk

i +

N∑
i=1

γiaH
i bk

i , bk
i = (Σk)−1ai

Solution:

γk+1
i =

(γk
i +

σ2

η

)√
[bk

i ]
HΣ̂bk

i
aH

i bk
i
− σ2

η


+

, i = 1, . . . ,N,

22
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Algorithm 3: CL-MM algorithm

Input : SCM Σ̂, measurement matrix A ∈ CM×N, noise variance σ2 > 0
max. # of iterations Imax, initial power γ init ∈ RN

≥0
Initialize: η = tr

(
AAH) (,γ init = 0)

1 γ0 = γ init, δ = 10−3

2 for k = 1, . . . , Imax do
3 Σk = A diag(γk)AH + σ2I,
4 Bk =

(
Σk)−1A = (bk

1 · · · bk
N).

5 For all i ∈ {1, . . . ,N} solve in parallel:

γ
(k+1)
i =

(γk
i +

σ2

η

)√
[bk

i ]
HΣ̂bk

i
aH

i bk
i
− σ2

η


+

6 if
∥∥γk+1 − γk∥∥

2 /
∥∥γk∥∥

2 < δ then
7 break

Output : γ̂ = γk+1. 23
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Successive Convex Approximation (SCA)

In SBL, we need to solve the non-convex
type-II likelihood:

min
γ≥0

ℓ(γ) = g(γ) + f(γ),

g(γ) = tr((A diag(γ)AH + σ2 I)−1 Σ̂)

f(γ) = log |A diag(γ)AH + σ2 I|.

where g is convex, while f is non-convex

We linearize non-convex term f(γ) and use
SCA framework to minimize the surrogate.

Note: ∇γi f(γ) = aH
i Σ

−1ai

At iteration k + 1, by linearizing f(γ), the N
functions to be minimized in parallel are

ℓ̃i(γi | γk) = g
(
γi,γ

k
\i
)
+∇γi f

(
γk) (γi − γk

i )

= − γi[ck
i ]

HΣ̂ck
i

1 + γi aH
i ck

i
+ γi aH

i bk
i + const ,

where
ck

i = (Σk − γk
i aiaH

i )
−1ai,

Σk = A diag(γk)AH + σ2I,

bk
i =

(
Σk)−1ai.
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SCA surrogate objective

The surrogate objective has closed form
solution:

γ̂i(γ
k) = argmin

γi≥0
ℓ̃i(γi | γk)

=

γk
i +

√√√√ [bk
i ]

HΣ̂bk
i(

aH
i bk

i
)3 −

1
aH

i bk
i


+

with Σk = A diag(γk)AH + σ2I and
bk

i =
(
Σk)−1ai.

Then apply smoothing:

γk+1 =
(
1− αk

)
γk + αk γ̂

(
γk)

= γk + αk
(
γ̂(γk)− γk)

αk ∈ (0, 1] := step-size sequence controls the
update along dk = γ̂(γk)− γk, verifying:

∞∑
k

αk =∞,

∞∑
k=0

(αk)
2 < +∞

We use [SS18]:

αk = αk−1
(
1− ϵ αk−1

)
with ϵ ∈ (0, 1) is a constant, and α0 < 1/ϵ.

Default: α0 = 0.99, ϵ = 0.06
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Algorithm 4: CL-SCA algorithm

Input : Σ̂, A ∈ CM×N, σ2 > 0, γ init ∈ RM
≥0)

Initialize: α0 = 0.99, ϵ = 0.06 (, γ init = 0)
1 k = 0, γ0 = γ init, δ = 1e−2.
2 for k = 1, . . . , Imax do

3 Σk = A diag(γk)AH + σ2I
4 Bk = (Σk)−1A = (bk

1 · · · bk
N)

5 For all i ∈ {1, . . . ,M} solve in parallel:

γ̂i(γ
k) =

γk
i +

√√√√ [bk
i ]

HΣ̂bk
i(

aH
i bk

i
)3 −

1
aH

i bk
i


+

6 γk+1 = γk + αk dk with dk = γ̂(γk)− γk

7 if ∥dk∥2 < δ then
8 break
9 αk = αk−1

(
1− ϵ αk−1

)
Output : γ̂

Complexity: O(NM2)

Same order as CWO, CL-MM, but fewer
iterations.

CWO: ∼ 2× slower
MSBL using EM: > 10× slower, 100s
of iterations

26



Multiple measurement vector model Sparse Bayesian Learning Greedy approaches Optimization based approaches Conclusions References

CL-SCA

Input : Σ̂, A ∈ CM×N, σ2 > 0, γ init ∈ RM
≥0)

Initialize: α0 = 0.99, ϵ = 0.06 (, γ init = 0)
1 k = 0, γ0 = γ init, δ = 1e−2.
2 for k = 1, . . . , Imax do

3 Σk = A diag(γk)AH + σ2I
4 Bk = (Σk)−1A = (bk

1 · · · bk
N)

5 For all i ∈ {1, . . . ,M} solve in parallel:

γ̂i(γ
k) =

γk
i +

√√√√ [bk
i ]

HΣ̂bk
i(

aH
i bk

i
)3 −

1
aH

i bk
i


+

6 γk+1 = γk + αk dk with dk = γ̂(γk)− γk

7 if ∥dk∥2 < δ then
8 break
9 αk = αk−1

(
1− ϵ αk−1

)
Output : γ̂

CL-MM

Input : Σ̂, A ∈ CM×N, σ2 > 0, γ init ∈ RN
≥0

Initialize: η = tr
(
AAH) (,γ init = 0)

1 γ0 = γ init, δ = 10−3

2 for k = 1, . . . , Imax do
3 Σk = A diag(γk)AH + σ2I,
4 Bk =

(
Σk)−1A = (bk

1 · · · bk
N).

5 For all i ∈ {1, . . . ,N} solve in parallel:

γk+1
i =

(γk
i +

σ2

η

)√
[bk

i ]
HΣ̂bk

i
aH

i bk
i
− σ2

η


+

6 if
∥∥γk+1 − γk∥∥

2 /
∥∥γk∥∥

2 < δ then
7 break

Output : γ̂ = γk+1.
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Comparison to M-SBL of Wipf and Rao (2007)

1 Initialization: Set Γ0 = diag(γ0) for
some initial γ0 ∈ RM

>0, and set k = 0.
2 E-step:

Σk = AΓkAH + σ2I,
Xk = ΓkAH(Σk)−1Y,

Σk
x = Γk − ΓkAH(Σk)−1AΓk.

3 M-step:

Γk+1 = diag
(

L−1Xk(Xk)H +Σk
x

)
.

4 Convergence check: If not converged,
increment k and repeat steps 2-3

CL-MM

γk+1
i =

(γk
i +

σ2

η

)√
[bk

i ]
HΣ̂bk

i
aH

i bk
i
− σ2

η


+

CL-SCA:

γ̂i(γ
k) =

γk
i +

√√√√ [bk
i ]

HΣ̂bk
i(

aH
i bk

i
)3 −

1
aH

i bk
i


+

γk+1
i = γk

i + αk (γ̂i(γ
k)− γk

i )
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Conclusions

(M-)SBL is versatile empirical Bayes approach for sparse approximation in MMV model.
Applications: device activity detection in IoT, sparse DoA estimation, reconstruction of
brain actitivity using EEG, etc.
EM algorithm for SBL has slow convergence and does not provide sparse solution
We proposed greedy approaches (CL-MP and CL-OMP) and optimization approaches
(CL-MM and CL-SCA) that are fast to compute, outperform the state-of-the-art in diverse
settings and applications.
Robustness was not mentioned, deep learning was not mentioned!

For robust generalization of CWO and CL-MP methods, see:

Jobust Activity Detection for Massive Random Access
Xinjue Wang, Esa Ollila, Sergiy A. Vorobyov
IEEE Transactions on Signal Processing, vol. 73, pp. 3513 - 3527, 2025.
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