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Single Measurement Vector Model (SMV)

Underdetermined linear model:

= A x + e Greedy approach:
Mx 1 M X N N X1 Nx1 . i
1. ldentify the active
y X e columns of measurement

matrix A, i.e., the support

[

A
[l :
of signal vector x.

— i + 2. Estimate non-zero
||

elements of x via least

squares

Optimization approach:

argmin [ly — Ax[3 + Allx]
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Multiple Measurement Vectors Model (MMV) [DE11]

We acquire L measurement vectors:

yi=Ax;+e;, i=1,...,L
< Y = A X 4+ E

M x L MXx N NXx L M X L

Y= (y; --- yr) = matrix of L
measurement vectors

m X = (x1 --- x1,) := unobserved signal
matrix

m E=(e; --- ey):= unobserved noise
matrix
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Multiple Measurement Vectors Model (MMV) [DE11]

We acquire L measurement vectors: .
Key assumption:

vi=Ax;+e, i=1,....L signals x; are jointly K-sparse:
< M¥L - MéN N)x(L * IW:EX)L ||X||0 = |rowsupp(X)| = K

Y= (y; --- yr) = matrix of L
measurement vectors

m X = (x1 --- x1,) := unobserved signal
matrix

m E=(e; --- ey):= unobserved noise
matrix
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Multiple Measurement Vectors Model (MMV) [DE11]

We acquire L measurement vectors: .
Key assumption:

yi=Ax;+e, i=1,..., 1L signals x; are jointly K-sparse:

< M¥L - AléN N)x(L . IW:EX)L ||X||0 = |rowsupp(X)| =K
mY=(y; - yz):= matrix of L Goal: estimate

measurement vectors ) )
M = rowsupp(X) = (d1,. .., ix)

m X = (x1 --- x1,) := unobserved signal _ _
matrix and signal matrix X

m E=(e; --- er):= unobserved noise given Y, measurement matrix A (, and
matrix possibly sparsity level K).
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Application 1: active user detection for massive random access

m BS with M antennas, N machine type devices (MTDs) e?"f’»w
m |n a coherence interval, only K < N MTD-s are active. \

m a, is non-orthogonal length L pilot sequence unique to
n MTD and known at the BS.

m uplink channel: quasi-static Rayleigh fading
h, ~ CNM(O, I)
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Application 1: active user detection for massive random access

m BS with M antennas, N machine type devices (MTDs) e?"f’»w
m |n a coherence interval, only K < N MTD-s are active. \

m a, is non-orthogonal length L pilot sequence unique to
n MTD and known at the BS.

m uplink channel: quasi-static Rayleigh fading
h, ~ CNM(O, I)

m X, = \/ppfnanh, ;= effective channel Leads to MMV model [SL18]:
m 3, > 0 := large-scale fading component (LSFC) N
m p,, := device's uplink transmission power Y = Z mananhl +E
m activity indicator n—1

o = AX+EeCHM
1, if device n is active
ap= .
0, otherwise X = (x;---xp) " is K-rowsparse
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Application 2: reconstruction of brain activity using M/EEG based brain source

imaging (BSI)

m Y € RM*L .= M/EEG data captures the activity of M L00tials oo trials 20 triale
sensors at L time instants g/

FUN

m X € RV*L .= unknown activity of N brain source signals
at the same time instants

m A € RM*N .= Jead field matrix can be computed using
discretization methods (e.g., FEM) for a given head
geometry and known electrical conductivities.

Heteroscedastic

MCE

m number of sensors M is typically much smaller than the

potential brain sources N.
Auditory evoked field (AEF)

localization results from one
subject [HCG122]

m goal: reconstruct brain activity X fromY given A.
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Application 2: reconstruction of brain activity using M/EEG based brain source
imaging (BSI)

m Y € RM*L .= M/EEG data captures the activity of M L00tials oo trials 20 triale
sensors at L time instants g/

FUN

m X € RV*L .= unknown activity of N brain source signals
at the same time instants

m A € RM*N .= Jead field matrix can be computed using
discretization methods (e.g., FEM) for a given head
geometry and known electrical conductivities.

Heteroscedastic

MCE

m number of sensors M is typically much smaller than the

potential brain sources N.
Auditory evoked field (AEF)

localization results from one
subject [HCG122]

m goal: reconstruct brain activity X fromY given A.

= MMV model Y = AX + E € RM*L X is rowsparse
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Application 3: (on-grid) sparse Direction-of-Arrival (DOA) estimation using sen-
sor arrays

m Goal: estimate the DOAs 04, ...,0 of K narrowband sources using sensor array

m {0,}Y, := grid of length N covering the location
space O = [—7, ).

m We acquire L snapshots:

u M = # Oi sensors
91 yz yM

m a, € C" is steering vector for 6, (||a,||*> = M)
m e(t) is the noise term.

Uniform linear array (ULA) with d
element spacing
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Application 3: (on-grid) sparse Direction-of-Arrival (DOA) estimation using sen-
sor arrays

m Goal: estimate the DOAs 04, ...,0 of K narrowband sources using sensor array

m {0,}Y, := grid of length N covering the location
space O = [—7, ).

m We acquire L snapshots:

u M = # Oi sensors
91 yz yM

m a, € C" is steering vector for 6, (||a,||*> = M)
m e(t) is the noise term.

= MMV model Y = AX + E € CMxL [
where X is K-rowsparse for on-grid DOA-s.

Uniform linear array (ULA) with d
element spacing
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Sparse Bayesian Learning (SBL): key references

Michel Tipping (2001)

Sparse Bayesian learning and the relevance vector machine 9397
ME Tipping
Journal of machine learning research 1 (Jun), 211-244

David Wipf and Bhaskar Rao (2004) and (2007): analysis and EM algorithm

Sparse Bayesian learning for basis selection 1889
DP Wipf, BD Rao

IEEE Transactions on Signal processing 52 (8), 2153-2164

An empirical Bayesian strategy for solving the simultaneous sparse 1101
approximation problem

DP Wipf, BD Rao

IEEE Transactions on Signal Processing 55 (7), 3704-3716

2001

2004

2007
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Sparse Bayesian Learning (SBL) model

yi:Axi+ei7 ZZI,,L
< Y = A X 4+ E

M X L M X N NX L M x L

Assumptions: o2 known, and
e; ~ CNy(0,0°T) iid.
x; ~ CNn(0,diag(~y)) i.i.d., x; L e;

uncorrelated sources!

= leads to joint Gaussian distribution:

[£) e () (o 7))

I = diag(y), X = Adiag(y)A" +5%1
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Sparse Bayesian Learning (SBL) model

m The posterior distribution:
yi:Axi+ei, Z:L,L

& Y = A X + E p(X|Y,v)=CNyr(vec(X); vee(M,), I,0%,)
M X L M X N NX L M x L
Assumptions: o2 known, and M, = (p; -+ p,) = TAPE 1Y,
e; ~ CN(0,0°T) iid. 3, = cov(Xy | ym,y) =T — TAPS AT

x; ~ CNn(0,diag(~y)) i.i.d., x; L e;

uncorrelated sources!

= leads to joint Gaussian distribution:

[£) e () (o 7))

I = diag(y), X = Adiag(y)A" +5%1
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Sparse Bayesian Learning (SBL) model

yi:Axi+ei, Z:L,L
< Y = A X + E
M x L Mx N NXL MXx L

Assumptions: o2 known, and
e; ~ CNy(0,0°T) iid.
x; ~ CNn(0,diag(~y)) i.i.d., x; L e;

uncorrelated sources!

= leads to joint Gaussian distribution:

[£) e () (o 7))

I = diag(y), X = Adiag(y)A" +5%1

m The posterior distribution:
p(X | Y,~v)=CNyyp(vec(X); vec(M,),I,03,)
M, = (ll’l T I‘I’L) = FAHE?1Y7
¥, =cov(Xp | ym,y) =T —TA"Z AT

m Equivalently:

L

i=1

L
= |2l ] [ exp(—[xi — ] 25 xi — )
=1
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Empirical Bayes approach

Type-1l (empirical Bayes): rather than placing a prior on -y, estimate it directly from
the data by minimizing the marginal negative log-likelihood (NLLF)

my;~CNy(0,X), T = Adiag(v)A" + 021
m The marginal NLLF is

L
() = 7 T[Nuy0,3)

i=1

= tr((ATA" + 6%1)7132) + log |AT A + o1

wH

L
z:yiy';I := sample cov. matrix
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Empirical Bayes approach

Type-1l (empirical Bayes): rather than placing a prior on -y, estimate it directly from
the data by minimizing the marginal negative log-likelihood (NLLF)

1. Compute 4 = argmin~>o ¢(vy), and
o A H 2 - a Ly>
B yi~ CNu(0, %), 3 = A diag(v)A" + 071 I = diag(d), & = APA" 1 021

m The marginal NLLF is

L
() = 7 T[Nuy0,3)

i=1

= tr((ATA" + 6%1)7132) + log |AT A + o1

wH

L
z:yiy';I := sample cov. matrix
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Empirical Bayes approach

Type-1l (empirical Bayes): rather than placing a prior on -y, estimate it directly from
the data by minimizing the marginal negative log-likelihood (NLLF)

1. Compute 4 = argmin~>o ¢(vy), and

my;~CNy(0,X), T = Adiag(v)A" + 021 I = diag(3), & — APAR + 021
w The marginal NLLF is 2. Estimate of posterior: p(X |Y,%)
| L using
Uy) = 7 HCNM(yi;O72) o el
i=1 X=TA"Y Y
= tr((ATA" + 6%1)7132) + log |AT A + o1 $ T _PA"S AL

as empirical Bayes-estimates of the
posterior mean and cov. matrix. .

wH

L
z:yiy';I := sample cov. matrix
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Empirical Bayes approach

Type-1l (empirical Bayes): rather than placing a prior on -y, estimate it directly from
the data by minimizing the marginal negative log-likelihood (NLLF)

1. Compute 4 = argmin~>o ¢(vy), and

my;~CNy(0,X), T = Adiag(v)A" + 021 = diag(4), $ — ATAP 1 021
= The marginal NLLF is 2. Estimate of posterior: p(X |Y,%)
| L using
Uy) = 7 HCNM(yi;O72) o el _
i=1 X=TA"Y Y <« is row-sparse!
= tr((ATA" + 6%1)7132) + log |AT A + o1 $. P —PAMS AL

as empirical Bayes-estimates of the

L
E yiy';' := sample cov. matrix
=1 posterior mean and cov. matrix. .

wH
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Last step: enhancing the row-sparsity of the solution

m Key assumption of MMV model
Y = AX + E is rowsparsity of X € CM*L:

M = rowsupp(X) C {1,..., N},
K=|M|< N
m Since I' = diag(y) = cov(x;), one has that
M = rowsupp(X) = supp(7y)

m After solving

. "
¥ = argmin ()

compute 3 = A diag(4)A" + 02I and X.
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Last step: enhancing the row-sparsity of the solution

m Key assumption of MMV model The activity index (v, n=1,...,n) computed
Y = AX + E is rowsparsity of X € CM*": using either of the rules to enhance sparsity:

M = rowsupp(X) C {1,..., N}, m Threshold-rule:

K=|M| <N A ) 1 if 4, > ot
Qp = 1{'7n > 'Yth} = {0 n )
m Since I' = diag(7y) = cov(x;), one has that otherwise

th . .
M = rowsupp(X) = supp(~) where v is a fixed threshold.

m top K-rule:
m After solving
G, = 1{v, € the K largest entries of 4}

4 = arg min £(~y)
720 where 1{-} is the indicator function (and

compute 3 = A diag(4)A" + 02I and X. K assumed given /estimated)
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M-SBL [WRO07]

m M-SBL by Wipf and Rao (2007) solves
£(7) using the EM algorithm treating
{(ys,x:)}E | as complete data:

m slow convergence, impractical for N
large
m not sparse: 9; # 0 for any ¢

10
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m M-SBL by Wipf and Rao (2007) solves
£(7) using the EM algorithm treating
{(ys,x:)}E | as complete data:

m slow convergence, impractical for N
large
m not sparse: 9; # 0 for any ¢
= non-sparse Bayesian learning??
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M-SBL [WRO07]

= M-SBL by Wipf and Rao (2007) solves Some alternatives:

£(7) using the EM algorithm treating m Coordinatewise-optimization (CWO)

L :
{(yi,xs)}iz1 as complete data: [FHJC21]: sequential coordinate updates

m slow convergence, impractical for N u Sequential lightweight SBL

(SLW-SBL) [PR25], a greedy approach.

large
m not sparse: 9; # 0 for any ¢
= non-sparse Bayesian learning??

m We need to solve the non-convex objective:

glzilgﬂ(v) = g(v) + f(0),

g(v) = tr((A diag(y)A" + 0> 1)~ 2)
f(y) =log |A diag(’y)AH + o?1].

10
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M-SBL [WRO07]

m M-SBL by Wipf and Rao (2007) solves
£(7) using the EM algorithm treating
{(ys,x:)}E | as complete data:

m slow convergence, impractical for N
large
m not sparse: 9; # 0 for any ¢
= non-sparse Bayesian learning??

m We need to solve the non-convex objective:

min £(y) = g(v) + A7),

=0
g(v) = tr((A diag(y)A" + 0°1)~' 33)
f(v) = log |A diag(v)A" + o> 1.

Some alternatives:

m Coordinatewise-optimization (CWO)
[FHJC21]: sequential coordinate updates

m Sequential lightweight SBL
(SLW-SBL) [PR25], a greedy approach.

Our proposed approaches:

Greedy methods: Covariance learning
matching pursuit (CL-MP and CL-OMP)

Optimization-based: Covariance learning
via MM SCA approaches

Robust CWO and CL-MP methods,
resistant to outliers.

10
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OMP formulation in [Elal0, Table 3.1]:

b=Ax+e= Zajzj+e, X is sparse
J

Initialization: Initialize k£ = 0, and set

e  The initial solution x = 0.
e The initial residual 1’ = b — Ax? = b.
e  The initial solution support 8 = Support{x’} = 0.

Main Iteration: Increment k by 1 and perform the following steps:

e Sweep: Compute the errors e(j) = min,, |ja;z; — r*~'|}3 for all j using the
optimal choice z; = ajT.r"“/||a,-||§.

o  Update Support: Find a minimizer, jo of (j): V j ¢ S, €(jo) < (j), and
update S¢ = S U {jo}.

e  Update Provisional Solution: Compute x*, the minimizer of ||Ax—b\|% sub-
ject to Support{x) = S-.

e  Update Residual: Compute r¥ = b — Ax*.

e  Stopping Rule: If [[r¥||; < &), stop. Otherwise, apply another iteration.

Output: The proposed solution is x* obtained after k iterations.

11



Greedy approaches
BO0O0O00O00

OMP formulation in [Elal0, Table 3.1]:

b=Ax+e= Zajxj+e, X is sparse
J

Initialization: Initialize k£ = 0, and set

The initial solution x° = 0.
The initial residual 1’ = b — Ax? = b.
The initial solution support S° = Support(x’} = 0.

Main Iteration: Increment k by 1 and perform the following steps:

Sweep: Compute the errors €(j) = min;, [la;z; — r*"'|3 for all j using the
optimal choice z; = ajT.r"“/||a,-||§.

Update Support: Find a minimizer, jo of €(j): ¥ j & ¥, €(jo) < €(j), and
update S¢ = S U {jo}.

Update Provisional Solution: Compute x*, the minimizer of ||Ax—b\|% sub-
ject to Support{x) = S-.

Update Residual: Compute r* = b — Ax*.

Stopping Rule: If [|r||, < €, stop. Otherwise, apply another iteration.

Output: The proposed solution is x* obtained after k iterations.

Sweep: at iteration k, solve univari-
ate Gaussian MLE for #" variable

. k—
min £(;, Xy h

keeping other parameters fixed at
previous values.

11
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update S = S U {jo}.

Update Provisional Solution: Compute x*, the minimizer of ||Ax—b\|% sub-
ject to Support{x) = S-.

Update Residual: Compute r* = b — Ax*.

Stopping Rule: If [|r||, < €, stop. Otherwise, apply another iteration.

Output: The proposed solution is x* obtained after k iterations.

Sweep: at iteration k, solve univari-
ate Gaussian MLE for #" variable

. k—
min £(;, Xy h

keeping other parameters fixed at
previous values.

Update provisional solution: solve
the full MLE for new model with
newly added variable:

min /(x) subject to supp(x) = S*

11
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OMP formulation in [Elal0, Table 3.1]:

b=Ax+e= Zajxj+e, X is sparse
J

Initialization: Initialize k£ = 0, and set

The initial solution x° = 0.
The initial residual 1’ = b — Ax? = b.
The initial solution support S° = Support(x’} = 0.

Main Iteration: Increment k by 1 and perform the following steps:

Sweep: Compute the errors €(j) = min;, [la;z; — r*"'|3 for all j using the
optimal choice z; = ajT.r"“/||a,-||§.

Update Support: Find a minimizer, jo of €(j): ¥ j & ¥, €(jo) < €(j), and
update S = S U {jo}.

Update Provisional Solution: Compute x*, the minimizer of ||Ax—b\|% sub-
ject to Support{x) = S-.

Update Residual: Compute r* = b — Ax*.

Stopping Rule: If [|r||, < €, stop. Otherwise, apply another iteration.

Output: The proposed solution is x* obtained after k iterations.

Sweep: at iteration k, solve univari-
ate Gaussian MLE for #" variable

. k—
min £(;, Xy h

keeping other parameters fixed at
previous values.

Update provisional solution: solve
the full MLE for new model with
newly added variable:

min /(x) subject to supp(x) = S*

= these steps are available for SBL!

11
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Maximum likelihood estimation results [1/2]:

my; ~ CNy(0,%) with I = A diag(~)AH 4+ 021, A € CM*N, M < N.
m Both v > 0 and 02 > 0 are unknown.
m The neg. log-likelihood:

U(7,02) = tr((A diag(y)A" + o%1)712) + log |A diag(y)A"™ + o21]

where 3 = %Zle yiy! is the sample covariance matrix (SCM).

12
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Maximum likelihood estimation results [1/2]:

my; ~ CNy(0,%) with I = A diag(~)AH 4+ 021, A € CM*N, M < N.
m Both v > 0 and 02 > 0 are unknown.
m The neg. log-likelihood:

U(7,02) = tr((A diag(y)A" + o%1)712) + log |A diag(y)A"™ + o21]
where 3 = %Zle yiy! is the sample covariance matrix (SCM).
The conditional neg. LLF for v; > 0 (with fixed {v;} £, o2) is [FTO1, YLST10]:

;= argmin tr((2; +vaa) "'E) +log [Ty, + yaal|
720

N bH b, L
=max | ——" —
(at‘b7)2 a,'jbi’ ’

where b; = E\_ilai and X\; = 3 — y;a;a! is the array CM without the i* source.

12
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Maximum likelihood estimation results [2/2]:

Suppose current model M* = (i, ..., i) is true: y; ~ CN (0, A pq diag(y)AR, + 1) with
~ € R* and Ay is the M x k matrix of active columns extracted from M x N matrix A.

Then the unrestricted minimizers of the neg. LLF ¢(~y, %) are [SN95]:
1
~2
7 TNk
4 = diag(AL (= — 6°T)A)

tr((I— AmAL)E)

provided that 4; > 0 for all i=1,... k.

Remark. If 4 € R* contains negative elements, then calculate the constrained solution using
Bressler's algorithm [Bre88, Algorithm I].

13
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Algorithm 1: CL-OMP: Covariance Learning Orthogonal Matching Pursuit algorithm

Input  : 3 e CLxXL A eCMXN K
Initialize: & = [tr(3)/p]I, M =0

1 fork=1,...,Kdo

2 |B«X'A=(b;---by)

b
3 'yi<—max<bi2bi - 0),W€ME // Sweep

@)~ alb,’

4 €= (¢e) « (log(l + ’yia'{'bi) - ’yia'{'bi) // value of neg. LLF at solution

Nx1

5 M — MU {4} with 4 <— argmingaq€; // choose source with smallest error
6 o2 M%ktr((I—AMAL)EA]) // Update provisional solution of noise power
7 Y < max ( diag (AL(EA] — UQI)A/J(;')7 0) // Update provisional solution
8 If ¥, has negative elements, compute the constrained MLE-s using Bressler’s algorithm
9 Yo <0
10 | X« Adiag(y)A" + 021
O:;tput M, 7, o? 14
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Application to sparse DOA estimation

. T T I I
T SN . -4 CL-OMP m K = 4 Gaussian sources;
ot < O, -E- IAA-APES m L = 125 snapshots
Wy kBl MUSIC H _
£y - 4+- Root-MUSIC | = M= 20 sensors
clb ——CRLB i m N = 1801 grid size (Af = 0.1°
= resolution)
i
(é) m MC trials = 2000
e m Three of the sources are off-grid:
—30.1°
o —20.02°
—14  —13 —12  —11  —10 -9 -8 0= —10.02°
SNR (dB) 3.02°

15
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Greedy approaches
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2 is known

Algorithm 2: Covariance Learning Matching Pursuit
(CL-MP) algorithm

Input  :SCM 2 € CEXL A e CM*N 5250
Initialize: B = (1/02)A, M =10

for k=1,...,Ndo

b S3b,—al'b, 0

i ¢ max ( FUBERE ) vie MC

€; < log(l + fylaZHbJ — ’yiaz'."bi, Vie MC
M — MU {4} with 4 <= argmin; \c €;
if stopping rule is met (see text) then

Lbreak

B« B Ti 1B

— 41 n ,)/ika'kbik 1Ay

2

OLtput : support M

When ¢? is known, Matching Pursuit
provides better alternative to OMP:
= provisional solution update can be
ignored
= Further speed-up via
Sherman-Morrison formula

72_1aia?2_1

3+ aiaH oyl
( vaa;) 1 +'Ya|;2_1ai
yielding update for B = [X]!A as

B«B- i

—bal'B,
1+ yia; b;

16
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Coordinatewise optimization (CWQO) algorithm versus CL-MP

Running time [s]

40 60 80

m Bernoulli measurement matrix A € CM*N
m Y € CM*L with sample size L = 40
m N = 1000, v, ~ Unif(—15,0) on dB scale.

Probability of miss-detection

—X— CWO K =10 = X~ K =30 -3 - K =40
—O— CLMP K =10 = ©= K =30=@Q = K =40

7
m(rl Ll
A 43

O

Ll | 1111

L (sample size)

M =64, N= 1000

[
(=)

17
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SBL using SCA and MM

Optimization based approaches
BOO000000000

In SBL, we need to solve the non-convex
type-Il likelihood:

min () = g(v) + f),

g(y) = tr((A diag(v)A" + o* 1)~ 33)
f(v) = log |A diag(y)A™ + 21.

where ¢ is convex, while fis non-convex

We propose two fast covariance learning
(CL-)algorithms, both quaranteed to converge
to a stationary point.

CL-MM:

m uses majorization-minimization, majorize
both convex and concave terms, then
minimize the suggogate analytically

m closed-form update per iteration, avoids
the slow convergence of EM-based SBL

CL-SCA:

m linearize non-convex part — minimize

convex approximation

m All N variables updated simultaneously
(parallel).

19



MM algorithm

Optimization based approaches
Oom000000000

\ 1

f(ze1) < fla)

:
T Tirl  Teg2

Figure from [SBP16]

(1) g(z| ze) = fla), Vo
(2) g(@ | 2t) = flz)
m Each MM-iterate guarantees
fl@e1) < fae)
m Convergence to the stationary solution

m With right majorizer, each surrogate
has a closed-form solution, fast
per-iteration updates
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MM algorithm

\ 1
(1) g(z| ze) = fla), Vo
(2) g(@ | 2t) = flz)
m Each MM-iterate guarantees
flw1) < flmy)

<
flan) < flm) m Convergence to the stationary solution

m With right majorizer, each surrogate

T T o has a closed-form solution, fast

per-iteration updates
Figure from [SBP16]

EM is a special case of MM: £(v) < Q(v | v') + ¢, with ¢ constant not dependent on ~.
Qv 17) =Epy [~ Imp{ys,xi} [ ) | {yi}. 7]
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MM algorithm

\ 1
(1) g(z| ze) = fla), Vo
(2) g(@ | 2t) = flz)
m Each MM-iterate guarantees
flw1) < flmy)

<
flan) < flm) m Convergence to the stationary solution

m With right majorizer, each surrogate

T T o has a closed-form solution, fast

per-iteration updates
Figure from [SBP16]

EM is a special case of MM: £(v) < Q(v | v') + ¢, with ¢ constant not dependent on ~.

QY [7) = Epy [ = mp({yixi} [7) | {yi} 7]
For SBL problem above, Q(v | ') does not provide a tight surrogate function 20



Optimization based approaches
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Majorize the convex Trace part

Lemma 1: for D = 0 and ADA" ~ 0,
(ADAY) ' < (F*) 'AD*D'DFAM (F¥) ', F® = ADFAM

with equality at D = D*.

Can we apply Lemma to the matrix £~' = (A diag(y)A" + o2 I)_1 ?

Challenge: v > 0 (not v > 0). Lemma 1 requires D > 0. Loose bound for ~; = 0.
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Majorize the convex Trace part

Lemma 1: for D = 0 and ADA" ~ 0,
(ADAY) ' < (F*) 'AD*D'DFAM (F¥) ', F® = ADFAM

with equality at D = D*.

Can we apply Lemma to the matrix £~' = (A diag(y)A" + o2 I)_1 ?
Challenge: v > 0 (not v > 0). Lemma 1 requires D > 0. Loose bound for ~; = 0.
Fix: Since 02 > 0, absorb o /n into ~ via BB" =1 — AAH - 0:

o? o?
Y¥=A (diag('y) + 7)1) AP 4+ —]BBH, n=tr (AAH)
1

= D = diag(y) + (,’7]21 >~ 0 while = tr (AA") ensures BB = 0 )



Optimization based approaches
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Majorizing the concave term and the surrogate objective

Linearization of the log-det:
log |2| < tr ((B*)7'%) + const,
where 3 = A diag(y)A" + 02T and =% = A diag(~v*)A" + 21

Combining both majorizations, yields simplified surrogate objective:

N

ko 22/0)2 N
minimize M[b’f]HZb’f + Z’yia?bf , by = (Z*)'a,

720 vt o?/n =1

Solution:

2 KHS Y[ A& 2
k+1 _ E, C [bifXb; o S
Vi - (71"’{’7) 721ku —; 5 Z—l,...,N,

7 7
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Algorithm 3: CL-MM algorithm

Input  : SCM 3, measurement matrix A € CM*V noise variance 62 > 0
max. # of iterations .y, initial power v, € RY,
Initialize: 1) = tr (AA™) (v, = 0) -
1 Y=Y, 6 = 1077
2 fork=1,..., I, do
3 | =% = Adiag(v*)A" + 071,
s | BF=(ZH)T'A = (bh .- bE).
5 For all i€ {1,..., N} solve in parallel:

i Vit a*;'bf B n

(h+1) (k 02) [biHEbl o2
n

+

6 | [[y"t =], /[[7*]], < d then
7 break

Output : 4 = v+ 23




Optimization based approaches
ooooOom00o0o0

Successive Convex Approximation (SCA)

In SBL, we need to solve the non-convex
type-Il likelihood:

min £(y) = g(v) + A7),

¥=0
9(v) = tr((Adiag(7)A" + 0° 1)1 %)
flv) = log |A diag()A" + 01].
where g is convex, while fis non-convex

We linearize non-convex term f(y) and use
SCA framework to minimize the surrogate.

Note: V., f(y) = a'='a;
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Successive Convex Approximation (SCA)

At iteration k+ 1, by linearizing f(v), the N

In SBL, we need to solve the non-convex . R ]
functions to be minimized in parallel are

type-Il likelihood:
(v | ™) = g(vin v + Vo f(YF) (i — ~F
min £(y) = g(v) + f(7), (i | 7) = (v 7%) SOF) (i =)

720 ile lﬂHﬁ:Ck

. ==t _t 4 ia';'bf + const ,
9(v) = tr((A diag(7)A" +0° 1) 2) Tl ek
fly) = log |A diag(v)A" + o> 1. where
where g is convex, while fis non-convex C? (Ek zaH) ta,

kE_ H 2
We linearize non-convex term f(y) and use - Adlag(7 JA" + 07T,
SCA framework to minimize the surrogate. bi-" = (Ek)_lai.

Note: V., fl(y) = ai= !

24



SCA surrogate objective

Optimization based approaches
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The surrogate objective has closed form
solution:

Fi(y") = argmin £;(y; | v
¥i=0

bEHSbE 1
(atbk)®  af'bf

+

with =% = A diag(y*)AH + 21 and
-1

bl = (M) a
Then apply smoothing:

k+1 — (1 *ak)’)’k+04k:)’ (,yk)

="+ ar (F(v") =)

~

ay € (0,1] := step-size sequence controls the
update along d* = 4(v*) — ~*, verifying:

(o] o0
Zak = 00, Z(Ozk)Z < 400
k k=0

We use [SS18]:
ap=0ap1 (1 —eap1)

with € € (0,1) is a constant, and ap < 1/e.

Default: ag = 0.99, € = 0.06

25



Algorithm 4: CL-SCA algorithm

Input  : 3, AcCMN 5250, 7, € Rgfo)
Initialize: ap = 0.99, € = 0.06 (, ¥inie = 0)
E=0,9" =~ 6 = le72,

for k=1,..., L. do

»F = Adiag(v*)AP + 021

B = (S9)1A = (b} ---b)

For all i€ {1,..., M} solve in parallel:
KHSHk
I B [bi]"¥by 1
OO g

+

Y = k4 apdb with dF = 4 (vF) — ~F
if [|d*]2 <0 then
Lbreak

|k =ap1 (1 —eay)

Output : ¥

Optimization based approaches
oo00o00oomoo0

[ Complexity: O(NM?)

Same order as CWO, CL-MM, but fewer
iterations.
m CWO: ~ 2x slower
m MSBL using EM: > 10x slower, 100s
of iterations

26
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CL-SCA

CL-MM

Input 3, A e CMXN 52 5, Yinit € RI‘Z/IO)
Initialize: ap = 0.99, € = 0.06 (, ¥ = 0)

1 k=0, =7, 6 =1le 2

2 fork=1,..., 1.« do

3 >k = A diag(v*) A" + 021

o BE=(5571A = (b b

5 For all i € {1,..., M} solve in parallel:

+

6 | Y =%+ apd” with dF = J(vF) — 4*
7| if [d*[|2 <4 then
8 Lbreak

9 ap = Qp—1 (1 — eazk_l)
Output : ¥

-

Input  : 3, AcCMN 520, 5, € RY,
Initialize: n = tr (AA") (v, = 0) -
¥ = Yinier = 1077

for k=1,..., [L. do

>k = Adiag(v*)AR + 021,

Bt — (%) A = (bk .- b)),

For all i€ {1,..., N} solve in parallel:
L (,yl;+ Uj) [biHSb;  o?
¢ Yooy atbk i

if [y =AM, /[l < 0 then
tbreak

Output : 4 = v+,

27
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Comparison to M-SBL of Wipf and Rao (2007)

Initialization: Set T = diag(~°) for
some initial v € RY), and set k= 0.

E-step:
>k = ATFAM + 671,
Xk = kAR (k- ly,
»F=1% - FAM(ZH) AT
M-step:
k= diag(L‘lxk(X’“)H + 2’;).

Convergence check: If not converged,
increment k and repeat steps 2-3

CL-MM
o2 bsHSbE o2
’}/;H_l _ ,ylk e [ z]H ~ i 2
i a’'b; n
+
CL-SCA:
. b*H bk 1
%‘(’Yk) = L SL TN
(a'-"b’?) a; b;
3 1 +

28
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References

CL-MM:

Majorization-Minimization Covariance Learning Algorithm for Sparse Signal Recovery
Majdoddin Esfandiari, Esa Ollila and Daniel P. Palomar
Proc. EUSIPCO-2026, pp. 1-5, August 31-Sept. 4 2026, Bruges, Belgium.

CL-SCA:

Joint Activity Detection and Channel Estimation for Massive Random Access Using SBL
and SCA

Esa Ollila, Majdoddin Esfandiari, and Daniel P. Palomar

Proc. SPAWC-2026, pp. 1-5, Sept. 6-9 2026, Athens, Greece.
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n

Conclusions

m (M-)SBL is versatile empirical Bayes approach for sparse approximation in MMV model.

m Applications: device activity detection in loT, sparse DoA estimation, reconstruction of
brain actitivity using EEG, etc.

m EM algorithm for SBL has slow convergence and does not provide sparse solution

m We proposed greedy approaches (CL-MP and CL-OMP) and optimization approaches
(CL-MM and CL-SCA) that are fast to compute, outperform the state-of-the-art in diverse
settings and applications.

m Robustness was not mentioned, deep learning was not mentioned!
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Conclusions
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Conclusions

m (M-)SBL is versatile empirical Bayes approach for sparse approximation in MMV model.

m Applications: device activity detection in loT, sparse DoA estimation, reconstruction of
brain actitivity using EEG, etc.

m EM algorithm for SBL has slow convergence and does not provide sparse solution

m We proposed greedy approaches (CL-MP and CL-OMP) and optimization approaches
(CL-MM and CL-SCA) that are fast to compute, outperform the state-of-the-art in diverse
settings and applications.

m Robustness was not mentioned, deep learning was not mentioned!

m For robust generalization of CWO and CL-MP methods, see:

Jobust Activity Detection for Massive Random Access
Xinjue Wang, Esa Ollila, Sergiy A. Vorobyov
IEEE Transactions on Signal Processing, vol. 73, pp. 3513 - 3527, 2025.
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