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Signal Model

Unobserved

F1(6) F»(6) Fy
X2

v = Hi(0)x1 + 01 Yi = Hi(O)xi + vk

Observed

{ xp =Fr_1(0)xp_1,
Y, = Hg (0)xy + v,
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Signal Model

Unobserved

F1(6) F»(6) Fy
X2

v = Hi(0)x1 + 01 Yi = Hi(O)xi + vk

Observed
{ xp =Fr_1(0)xp_1,

Y, = Hg (0)xy + v,
Vi H'1(9) Vi
= X1 + :
Vi H';(0) Vk

Vi = H1x(0)x1 +Vig | Vi oy CN(H1:(0)z1, Cr, )
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General Signal Model

w1 w2 W1

Y1 = H1(0)x1 + v, Y = Hi(0)xy + vk
{ xp =Fr_1(0)xp_1+wp_1,
Yie =Hg(0)xg + vg,
vi A1(0) n;
N : X1+ :
Yk A (09) n(0)

Vi = A1k(0)x1 +11.%(0) |, V1. o CN(A1.(0)x1,Cxy ., (0))
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General Signal Model

Consider the general LDSS model,

x =F10)x;_1+w;_1, 2<1<KE,
i =H (0)x +vy, 1<i<k.

‘ Vi = Avk (0) x1 + D1k (6) [x1 ~ CN(0,Cx,)

Twofold Goal:
@ How to solve the hybrid estimation of (x1,0) recursively ?

@ How to evaluate the asymptotic performance of the estimator recursively ?
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Joint MAP-MLE

~ ~ def _
(Rumap; ) = arg H}gaXp(YLkle; 0),
X1,

@ XMAP def X1|5(0): MAP estimate of x;

° 5ML def 9: MLE estimate of 6
argglaxﬁ(?m;)?uk(@),@) = argglaX{Nk(e) — My (0)},

Why recursively? Cz! (0), |Cxg,., (0)]

ny:g

Séminaire TéSA, APRIL 9TH 2024



Sketch of the Recursive Estimation

© Recursive estimation of Xy (6)

y1 = Hi(0)x1 +v;

Yr = [Hx(6), 0] xi. + vy

Fixed-point smoother

© N (0): Kalman filter on the augmented system.
© My (0): Kalman Filter on the original system.
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An illustrative Example: RADAR Application

@ Emission: ep(t)expi27/fet
@ y, =h(0)Bx; +v1 €CV
@ z1: Complex Back-scattering coefficient @ z; x VRCS
@ h(0) = (1,exp??™?, .. .,exij”(Nfl)e)T @ RCS : Radar Cross Section
@ 9= =2vTfe. Normalized Doppler
c
frequency

5
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Swerling 1 (|z1]? ~ x2): #1 ~ CN(0,02,
Partially coherent signals.

2
Tk = fr—1@p—1 + W1, W1 > CN (0,05, )

Vi = hk (G)Ik + Vg, Vi i?d CN(O, CVk)

'\\\ yl:k = 51;]@(9)11 +ﬁ1k(‘9) ‘7

Yik o CN(a1.x(0), Cx,,, (9))
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MAPMLE

MAPofx ., 65 =2,m =0
1 X
1 1
0.26 i 5
0.24 F MAPofx |, ,,f‘:z‘m =0
022 ¢ ] 0.095
0005
= 0.2 | 7] 0.004 B |
2 2 ooms
2,018 [ 12
x z
5 b 15 ooms
Y 0.16 o
s é 00015
5 014 | 0091
u o005
= ol ] 000
w0 700 720 740 70 780 o0
Number of observations (K, Lin)
01 . .
: Efficient but not consistent
10° 10t 102

Number of observations (k, Lin)




An illustrative example:

2D Trajector!
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Joint estimation of (z, z1,
/J),Zl ~ N(07 CZl)

Séminaire T

APRIL 9TH 2024

Projectile motion

Fe

—pv+w,Fy = —mg
Tk
Yk
Zp = x )
Yl
Y
k

2y =Fp_1(0)zp—1+8r_1 +Wr_1
Pr = Hpzp + v
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IT. On Hybrid and Modified Cramér-Rao

Bounds for MDS
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Cramér-Rao Bound

L(0) = Inp(yl|0)

— Var(@)
—— CRB,

If E[0] = 6( wide-sense unbiased)
Var(0) > CRBy

82L(6)
920

CRBQ:E{— }_1 =161
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Cramér-Rao Bound

L(0) = Inp(yl|0)

— Var(@)
—— CRB,
£0)
60 0
k
If E[0] = 6( wide-sense unbiased) 1(0)
Var(0) > CRBy
LO)]™ :
CRBy =E |— =1(0)"
=€ |-T5| =10

Séminaire TéSA, APRIL 9TH 2024



Hybrid Cramér-Rao Bound

L =Inp(y,z|0)
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Hybrid Cramér-Rao Bound for MDS

{ xp = fr_1 (Xp—1, Wi—1(8), @),
Vi = hg (xg, v (@), ),

GT = (ﬁT7aT7“T7AT)7

2 Inp(¥y.4, x40
I 0—E|- 0P(Y 1k Xk 16) }

8(xk—r7 OT)Ta(XkTa HT)
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Hybrid Cramér-Rao Bound for MDS

{ xp = fr_1 (Xp—1, Wi—1(8), @),
Vi = hg (xg, v (@), ),

GT = (ﬁT7aT7“T7AT)7

JxA. o —E|— 52 lnp(y1;k7Xk-|9) :| I o—E [_ 52 lnp(ykyil;k‘e)
> a(ka70T)Ta(ka’gT) N 1:iks 8(i1;ﬂ,GT)Ta(ilsz,eT)
U
Afz:k71 AXE 9
=E )EQ):EF_l )X%kk_l Zzék L Lp
) X xdc
oN [ 0" A9

Séminaire TéSA, APRIL 9TH 2024




Hybrid Cramér-Rao Bound for MDS

{ xp = fr_1 (Xp—1, Wi—1(8), @),
Vi = hg (xg, v (@), ),

GT = (ﬁT7aT7“T7AT)7

JxA. o —E|— 52 lnp(y1;k7Xk-|9) :| I o—E [_ 52 lnp(ykyil;k‘e)
> a(ka70T)Ta(ka’gT) N 1:iks 8(i1;ﬂ,GT)Ta(ilsz,eT)
U
Afz:k71 AXE AP
=E )EQ):EF_l )X%kk_l Zzék L Lp
) X xdc
oN [ 0" A9

= Jx.0 & HCRBy, g = J7'
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Modified Cramér-Rao Bound

y = f(0,v),p(y|0)

82 lnp(y\o)}*l

C; >E |-
6= { 0600 "
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Modified Cramér-Rao Bound

y = £(6,v),p(y]0) y = f(8,%,v),x ~ p(x)
C,>E {—w} - p(yl6) = /p(y,x|0)dx
o= 00060
U
-1
MCRBg = E [_w
0606
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Modified Cramér-Rao Bound

y = £(6,v),p(y]0) y = f(68,%,v),x ~ p(x)
C,>E {—w} - p(yl6) = /p(y,x|0)dx
o= 00060
U
21 —1
MCRBg =E [—M]
0600
|l +Constraint
g el
Txo = { * | MCRBg }

CRBg > MCRBg > MCRBy
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21 unknown deterministic

x Partially coherent signals.

2
T = rxp_1 Fwp 1, w1~ CN(0,05, )
i.1.d -

v = hg(V)xg + vk, vk Yy CN(0,Cy,)

&

=ay.x(V)z1 + 01 (V) ‘7

Yik
yl:k n'.\iJ.d CN(El:k(G)z Cﬁl:k (0))

Goal:
o How to evaluate the asymptotic performance of the
estimator of @ = (x1,v)" recursively ?




Comparison

e Method 1. (Slepian-Bangs e Method 2. Recursive
formula) MCRBg
Sy =2 <§g‘ o 125‘) AT AN A8
Elont ac-1 T2 =
1 —
Tr (C 26, C™1 20, )
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Comparison between the CRB and MCRB
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Comparison between the CRB and MCRB

Recursive MCRB and CRB of v
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III. Modified Cramér-Rao Bound on Lie

Groups
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Estimation on Lie Groups

Lie group G

Intrinsic displacement on G:
metric |[Logi(X 1 X)||

\\

Flat displacement
Euclidean distance
[1X = X|

Lie group
G - Rrxr

Images are courtesy of S. Labsir

Goal: Derive an intrinsic MCRBx =7
@ Statistical Mean 7

@ Bias ?
e MSE ?
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Illustrative Example
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