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I. On Hybrid Estimation for Linear Discrete
State-Space Models
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Signal Model

{
xk = Fk−1 (θ)xk−1,
yk = Hk (θ)xk + vk,

 y1

...
yk

 =

 H′
1(θ)
...

H′
k(θ)

x1 +

 v1

...
vk


y1:k = H′

1:k(θ)x1 + v1:k , y1:k ∼
i.i.d

CN (H′
1:k(θ)x1,Cv1:k

)
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Séminaire TéSA, April 9th 2024 3/25



General Signal Model

{
xk = Fk−1 (θ)xk−1+wk−1,
yk = Hk (θ)xk + vk,

 y1

...
yk

 =

 A1(θ)
...

Ak(θ)

x1 +

 n1

...
nk(θ)


yk = A1:k(θ)x1 + n1:k(θ) , y1:k ∼

n.i.d
CN (A1:k(θ)x1,Cn1:k(θ)

)
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General Signal Model

Consider the general LDSS model, xl = Fl−1 (θ)xl−1 +wl−1, 2 ≤ l ≤ k,
yl = Hl (θ)xl + vl, 1 ≤ l ≤ k.w� (1)

y1:k = A1:k (θ)x1 + n1:k (θ) ,x1 ∼ CN (0,Cx1 )

Twofold Goal:

How to solve the hybrid estimation of (x1,θ) recursively ?

How to evaluate the asymptotic performance of the estimator recursively ?
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Joint MAP-MLE

(x̂MAP; θ̂ML)
def
= argmax

x1,θ
p(y1:k,x1;θ),

x̂MAP
def
= x̂1|k(θ): MAP estimate of x1

θ̂ML
def
= θ̂: MLE estimate of θ

argmax
θ

L(y1:k; x̂1|k(θ),θ) = argmax
θ

{Nk(θ)−Mk(θ)},

Why recursively? C−1
n1:k

(θ), |Cn1:k
(θ)|
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Sketch of the Recursive Estimation

1 Recursive estimation of x̂1|k(θ)

Fixed-point smoother

2 Nk (θ): Kalman filter on the augmented system.

3 Mk(θ): Kalman Filter on the original system.
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An illustrative Example: RADAR Application

Emission: eT (t) expj2πfct

y1 = h(θ)βx1 + v1 ∈ CN

x1: Complex Back-scattering coefficient

h(θ) =
(
1, expj2πθ, . . . , expj2π(N−1)θ

)T
θ = −2vTfc

c
: Normalized Doppler

frequency

x1 ∝
√
RCS

RCS : Radar Cross Section
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Swerling 1 (|x1|2 ∼ χ2): x1 ∼ CN (0, σ2
x1

)
Partially coherent signals.

xk = fk−1xk−1 + wk−1, wk−1 ∼
i.i.d

CN (0, σ2
wk−1

)

yk = hk(θ)xk + vk, vk ∼
i.i.d

CN (0,Cvk )

y1:k = a1:k(θ)x1 + n1:k(θ) ,

y1:k ∼
n.i.d

CN (a1:k(θ),Cn1:k
(θ))
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MLE of θ
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MAPMLE of x̂1|k(θ̂)
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An illustrative example: Projectile motion
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2D Trajectory

Joint estimation of (zk, z1,
ρ),z1 ∼ N (0,Cz1 )

Fc = −ρv +w, Fg = −mg

zk =


xk

yk
vxk
vyk

 ,

zk = Fk−1(ρ)zk−1 + gk−1 +wk−1

pk = Hkzk + vk
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MAPMLE of ẑ1|k(ρ)
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II. On Hybrid and Modified Cramér-Rao
Bounds for MDS
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Cramér-Rao Bound

L(θ) = ln p(y|θ)

If E[θ̂] = θ( wide-sense unbiased)

Var(θ̂) ≥ CRBθ

CRBθ = E

[
−
∂2L(θ)
∂2θ

]−1

= I(θ)−1

I(θ) ≥ I(θ)
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Hybrid Cramér-Rao Bound

L = ln p(y, x|θ)

If Ey,x|θ

[
x̂− x

θ̂ − θ

]
=

[
µ(θ)
0

]
,

[
V ar(x̂2) Cov(x̂, θ̂)

. V ar(θ̂2)

]
⪰ Ey,x|θ

[
− ∂2L

∂2x
− ∂2L

∂x∂θ

. − ∂2L
∂2θ

]−1

=

[
HCRBx ∗

∗ HCRBθ

]
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Hybrid Cramér-Rao Bound for MDS

{
xk = fk−1 (xk−1,wk−1(β),α) ,
yk = hk (xk,vk(µ),λ) ,

θ⊤ = (β⊤,α⊤,µ⊤,λ⊤),

Jxk,θ = E

[
−

∂2 ln p(y1:k,xk|θ)
∂(xk

⊤,θ⊤)⊤∂(xk
⊤,θ⊤)

]

⇒
Jx1:k,θ = E

[
−

∂2 ln p(yk,x1:k|θ)
∂(x1:k

⊤,θ⊤)⊤∂(x1:k
⊤,θ⊤)

]
⇓

= E

∆
x2:k−1

x2:k−1
∆

xk
x2:k−1

∆θ
x2:k−1

(.)⊤ ∆
xk
xk

∆θ
xk

(.)⊤ (.)⊤ ∆θ
θ

Lk

J ⪰ Jxk,θ ⇔ HCRBxk,θ ⪰ J−1
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Modified Cramér-Rao Bound

y = f(θ,v), p(y|θ)

C
θ̂
≥ E

[
−
∂2 ln p(y|θ)

∂θ∂θ⊤

]−1

y = f(θ,x,v),x ∼ p(x)

p(y|θ) =
∫

p(y,x|θ)dx

⇓

MCRBθ = E

[
−
∂2 ln p(y,x|θ)

∂θ∂θ⊤

]−1

⇓ +Constraint

J−1
x,θ = E

[
∗ ∗
∗ MCRBθ

]
CRBθ ≥ MCRBθ ≥ MCRBθ
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x1 unknown deterministic
Partially coherent signals.

xk = κxk−1 + wk−1, wk−1 ∼
i.i.d

CN (0, σ2
wk−1

)

yk = hk(ν)xk + vk, vk ∼
i.i.d

CN (0,Cvk )

y1:k = a1:k(ν)x1 + n1:k(ν) ,

y1:k ∼
n.i.d

CN (a1:k(θ),Cn1:k
(θ))

Goal:

How to evaluate the asymptotic performance of the
estimator of θ = (x1, ν)

⊤ recursively ?
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Comparison

• Method 1. (Slepian-Bangs
formula)

Ji,j = 2Re

(
∂µ

∂θi

H

C−1 ∂µ

∂θj

)

+ Tr

(
C−1 ∂C

−1

∂θi
C−1

∂C−1

∂θj

)

• Method 2. Recursive
MCRBθ

Jx2:k,θ =

∆x2:k
x2:k

∆x1
x2:k

∆θ
x2:k

∆x1
x1

∆ν
x1

∆ν
ν

.

Séminaire TéSA, April 9th 2024 20/25



Comparison between the CRB and MCRB
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Comparison between the CRB and MCRB
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Séminaire TéSA, April 9th 2024 22/25



III. Modified Cramér-Rao Bound on Lie
Groups
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Estimation on Lie Groups

Images are courtesy of S. Labsir

Goal: Derive an intrinsic MCRBX =?

Statistical Mean ?

Bias ?

MSE ?
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Illustrative Example
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