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Working Principle

• GNSS positioning consists in solving a geometric problem from the measured ranges to the visible 
satellites
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Depending on the equipment and the correction services:

• Single Point Positioning (SPP)

• Precise Point Positioning (PPP)

• Real-time Kinematic (RTK)

All navigation techniques have in common:
• The assumption of Gaussian distributed noise
• The use of Least Squares (LS) adjustment



GNSS Challenges
• The performance of satellite – based navigation can be easily

disturbed due to space weather events

• External threats (jamming or spoofing) represent a major
security concern

• Multipath and none-line-of-sight are the most prominent 
error during navigation in cities
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Motivation

• Classical Estimation Methods are designed under the Gaussian assumption

• Relatively easy to derive

• Optimal when the assumption is hold exactly
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But… what happens with the Gaussian assumption fails?

• Heavy-tailed noise have been shown in data collection across multiple fields

• The effect of a single outlier is unbounded → estimation can be completely spoiled!



Motivation

• Robust Statistics aim at deriving estimators which are [Maronna19]:

• nearly optimal when the Gaussian assumption holds

• nearly optimal under heavy-tailed/contaminated distributions
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Ideal / exact distribution               Heavy-Tailed distribution               Normal Mixture distribution 

• There are different ways to express noise distributions:



Robust Statistics Dictionary

• Robustness  [Hampel85, Huber09] → Capability of an estimator that: 
i. Does not suffer a large impact under the presence of an erroneous observation, even if it takes an 

arbitrary value
ii. Remains without catastrophic effects, even when larger deviations from the model occur

• Breakdown point        [Hampel71] → the smallest percentage of contamination that can cause an estimator 
to take on arbitrarily large aberrant values.

• Inlier / Outlier  → healthy observations / observations that are well separated from the majority of the data

• Relative Efficiency  → performance similarity of a method wrt. an optimal method (e.g., the LS) under 
nominal normal-distributed noise
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Working Principle

• Let us consider a linear regression problem:
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Classical Least Squares

Let’s call this loss function

Least Absolute Deviation

[Rousseeuw84]



Robust Estimators (I)
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M estimation
• [Huber73, Huber81] proposed replacing the original loss functions for other that bound the 

influence of contaminated observations



Robust Estimators (I)
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M estimation

How do I solve this…??

This is exactly a weighted least squares!! 
The robust estimation turns the problem  →

Iteratively Reweighted Least Squares (IRLS)



Robust Estimators (I)
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M estimation



Robust Estimators (II)
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S estimator
• [Rousseeuw84, Croux94, Salibian06] intend to minimize the robust scale (or dispersion) of the residuals



Robust Estimators (II)
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S estimator



Robust Estimators (III)
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MM estimator

1) An initial estimate is found with a high BP method (S estimator)

2) The dispersion of the residuals is found using a M-scale

3) A low BP with high Gaussian efficiency (M estimator) is applied

• [Maronna10, Martinez16] MM seeks for a balance between robustness and efficiency  →
MM estimates require estimating the error scale & a constant to controls the efficiency 



Robust Estimators Overview
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Robust Positioning
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Challenges to Robust Positioning
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1. Nonlinear regression problem

2. Not i.i.d → independent and identical distributed noise 

3. Fat data samples → very low redundancy!

4. Theoretical properties of the estimators (e.g., breakdown point, efficiency) are defined 

for linear problems in affine conditions  → we need to assess how robust estimators 

actually perform

Applying the principles of Robust Statistics to GNSS might be challenging…



Test and Results
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Noise distribution



Test and Results
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10 observations



Test and Results
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10 observations



Test and Results
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10 observations

The theoretical breakdown point of the estimators is far away from 
the empirical ones!

What is the problem??
a) Nonlinearity
b) Low redundancy of observations
c) President Donald J. Trump?



Test and Results
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40 observations



Test and Results
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Test and Results
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Analysis on Gaussian Efficiency

• Efficiency is here defined as the loss 
in accuracy of a method in regards 
to the LS

• Not clear whether there is a 
relation between efficiency and 
number of observations
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Test and Results: Real Scenario



Test and Results: Real Scenario
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Test and results

In GNSS-challenging environments…

• Is satellite-elevation a quality indicator?
• Does satellite-SRN matters?
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Test and results
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Test and results
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Test and results

ü Mitigation of 4 simultaneous faults

ü An initial wrong estimation does not 

compromise the performance



Quick Recap

• Robust Estimators have potential to become the de facto estimator for GNSS positioning:

• Capable of handling multiple simultaneous faults  → great for prospective safety-critical applications

• Scalable with the number of observations  → synergy with the deployments of new GNSS and 

frequencies

• But…

• Theoretical properties of the methods, bounds on the positioning performance are to be estimated!

• SPP positioning is just the tip of the navigation iceberg
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Robust Estimation on RTK
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RTK Working Principle • RTK is a differential phased-based positioning → base station of 
known coordinates transmits correction data

• Phase observations are very precise but ambiguous 

• Challenges: 

Complexity of ambiguity resolution and dimensionality 

curse (multi -constellation, -frequency, -antenna) 

Integrity of the system: are the ambiguities right?

• Benefits: 

ü Instantaneous centimeter-level positioning

ü Accurate heading (<0.1° for 1 meter baseline)

GNSS
i SATELLITE

GNSS
PIVOT SATELLITE

BASE
STATION ROVER

ANTENNA
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Code and phase observations

Rover – base observations
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Robust Estimation on RTK
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Robust Estimation on RTK

Solving RTK is non-trivial  → no explicit solution exists to the problem:



Robust Estimation on RTK
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[Verhagen12]

• During the first LS, the effects of the outliers would “leak” to the 
Ambiguity Resolution

• Adapting a robust estimator for Integer LS adjustment is not an 
option 

New Robust Estimators are to be defined, or the most 
successful precise navigation will not be possible in 
challenging scenarios!



Precise Point Positioning
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• PPP Principle
• “absolute” phased based positioning, user do not need a 

reference station, but 
• reference network is necessary do determine orbit, clocks, bias, 

atmosphere corrections etc.

• Other corrections: phase center offset, site displacements 
effects… has to modeled

• for RealTimePPP link to the correction data is necessary 
(broadcast via satellite, NTRIP, digital radio, AIS/VDES) 

• Challenge: Fixing of ambiguities (precise and complete 
correction data are required)

• Accuracy: Decimeter up to centimeter after the convergence 
time (float) 



Navigation 4.0: AP 2200 Real Time Precise Point Positioning (PPP)
• Implementation of necessary a priori correction models for PPP
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Model component Description Magnitude [cm] Correction of …

Earth Tides • Sun and moon causes periodic deformation of the 
solid earth

up to 40 Phase and code 
observation

Pol Tides • Polar motion of the earth causes subtle 
deformation of the earth

2.5 Phase and code 
observation

Satellite antenna offset • Precise orbits are referred to the center of mass
• Correction to the center of phase is required

50 – 100 Orbit 
coordinates

Satellite antenna phase
center variation

• Deviation between ideal and actual/real phase 
front

0.5 – 1.5 Phase and code 
observation

Phase Wind Up • Measured phase is changed due to the satellite
orientation

10 Phase 
observation

hydrostatic troposphere • Can be accurately computed a priori from surface 
pressure, station latitude and height

230 Phase and code 
observation



Navigation 4.0: AP 2200 Real Time Precise Point Positioning (PPP)

• Implementation of an Extended Kalman Filter (EKF) to estimate position, velocity and ambiguites
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Corrected 
phase and 

code 
measurements

Extended Kalman Filter State Vector with covariance matrix

Float Ambiguities

Float position and velocity 

Measurement update

Time Prediction

Correction 
data from a 

network
(PPP-Wizard)

A priori 
correction 
based on 
models

Initial state



Navigation 4.0: AP 2200 Real Time Precise Point Positioning (PPP)

• First results: deviation to a reference station based (Wetzel) on a float PPP solution
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• Using GNSS reduce 
convergence time (< 10 
min)

After convergence time
• East and north accuracy 

<< 1 dm
• Height accuracy 1- 2 dm
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Thank you for your attention!
contact: daniel.ariasmedina@dlr.de
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Precise Point Positioning
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• PPP Principle
• “absolute” phased based positioning, user do not need a 

reference station, but 
• reference network is necessary do determine orbit, clocks, bias, 

atmosphere corrections etc.

• Other corrections: phase center offset, site displacements 
effects… has to modeled

• for RealTimePPP link to the correction data is necessary 
(broadcast via satellite, NTRIP, digital radio, AIS/VDES) 

• Challenge: Fixing of ambiguities (precise and complete 
correction data are required)

• Accuracy: Decimeter up to centimeter after the convergence 
time (float) 



Real-time Kinematic
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RTK Working Principle 

GNSS
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• Differential phased-based positioning → base station of known 
coordinates transmits correction data

• Phase observations are more precise but ambiguous 

• RTK positioning requires a “broad” communication channel 

• Challenges: 

Complexity of ambiguity resolution and dimensionality 

curse (multi -constellation, -frequency, -antenna) 

Integrity of the system: are the ambiguities right?

• Benefits: 

ü Instantaneous centimeter-level positioning

ü Accurate heading (<0.1° for 1 meter baseline)


