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On the Accuracy Limits of Misspecified Delay-Doppler Estimation
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Abstract

This work derives compact closed-form expressions of the misspecified Cramér-Rao bound and pseudo-true
parameters of time-delay and Doppler for a high dynamics signal model. Those expressions are validated by
analyzing the mean square error (MSE) of the misspecified maximum likelihood estimator. A noteworthy
outcome of these MSE results is that, for some magnitudes of acceleration and signal-to-noise ratios, ne-
glecting the acceleration is beneficial in the MSE sense. The variance performance improvement is obtained
at the cost of a systematic error in the true parameter estimation. This can be seen as a specific case of
the trade-off between bias and variance. Neglecting the acceleration can improve the Doppler estimation
when the error induced on the misspecified model is less than the variance increase due to including an extra
parameter to estimate. Then, for some non-zero acceleration magnitudes and short integration times, the
Doppler estimation using a misspecified model outperforms a correctly specified model in the MSE sense.
Keywords: Misspecified maximum likelihood estimator, time-delay, Doppler, acceleration, misspecified

Cramér-Rao bound

1. Introduction

The estimation of deterministic signal parameters is a key component for several applications such as
Global Navigation Satellite Systems (GNSS) [I], radar or sonar [2]. In these types of applications, a main
objective is to identify several parameters of interest from a noisy signal observation. This problem has
received considerable attention during the last fifty years, both for time-series analysis [3] and array process-
ing [], and merged into the framework of modern array processing [5, [4]. The noisy signal observation can
usually be modeled through a parameterised distribution model, e.g., a Complex-Gaussian distribution with
some mean and variance. In certain circumstances, the parameterised distribution model can be deliber-
ately misspecified to simplify the estimation of the parameters of interest [0, [7]. A possible misspecification

involves choosing fewer parameters to estimate than the ones that truly influence the signal dynamics. For

*Corresponding author
Email address: hamish.mcphee@tesa.prd.fr (Hamish McPhee)

Preprint submitted to Signal Processing November 29, 2022



15

20

25

30

35

40

45

example, a common assumption in the above mentioned applications is that the effects due to the acceler-
ation of the receiver and/or target are negligible. In other words, instead of using a receiver structure that
attempts to perform the joint estimation of the time-delay, Doppler and acceleration, only a joint estimation
of the time-delay and Doppler is performed. Note that there are certain articles in the state-of-the-art where
Cramér-Rao bounds (CRBs) were developed for sparse parameters estimation, where some of the estimated
parameters are set to zero to account for missing observations [8, [9]. In this contribution, we neglect the
acceleration as a method of reducing the estimation demand in the case we still have full observations. Our
work differs from the sparse estimation bounds because we have the ability to estimate acceleration and
choose not to, as opposed to sparse estimation being a case where certain parameters cannot be estimated.

In general, a reduced number of estimated parameters for the same amount of observations will decrease
the demand of the estimator and allow an improvement in variance. The exclusion of acceleration in the
statistical model means that the joint estimation of time-delay and Doppler is misspecified. As a consequence,
the estimates will have a systematic error introduced due to not accounting for the acceleration effects on
the other parameters. We can define a high dynamics scenario as the case where the acceleration magnitude
is sufficient enough that this systematic error is noticeable. The systematic error is represented by the
difference between the expected value of the misspecified estimates and their respective true values.

Compact closed-form expressions of the CRB for parameterised receiver architectures have been pre-
sented for the GNSS and radar systems in [I0] for time-delay and Doppler, and in [11] for time-delay,
Doppler and acceleration, when considering a band-limited signal. In these articles, the performance limits
in a mean square error (MSE) sense were validated thanks to the maximum likelihood estimator (MLE),
which is known to be asymptotically efficient [I2]. However, the specific MSE performance limits when
considering a misspecified receiver architecture [I3], i.e., neglecting a non-zero acceleration, have not yet
been presented. The misspecified MLE (MMLE) performance limit depends on the error induced when
considering a misspecified model, as well as the variance of the associated parameter estimation, which is
bounded by the misspecified CRB (MCRB) |7, [14, [T3} 15, [16]. This article contributes a new compact closed-
form expression for the MCRB of the time-delay and Doppler parameters under high dynamics scenarios.
Since the closed-form equations depend only on the signal samples, reader’s can easily compute the specific
delay-Doppler MCRB for any signal model with acceleration present.

The derivation of the MCRB follows from a generalized Slepian-form of two information matrices A
and B, which depend on the so-called pseudo-true parameters [I4]. The pseudo-true parameters are the
values of the misspecified parameters that minimise the Kullback Leibler Distance (KLD) between the true
and misspecified distribution models. The error on the delay and Doppler estimates due to neglecting
the acceleration is determined as the deviation of the pseudo-true parameter from the corresponding true
value. We analyse the MSE performance of the MMLE with respect to (w.r.t.) both pseudo-true and true
parameters. We can verify the derivation of the MCRB by checking that the MSE w.r.t. the pseudo-true
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parameters converges asymptotically to the MCRB [I7, [I8]. Finally, we compare the MSE of the MMLE
solution with respect to the MSE of the fully specified MLE. A noteworthy outcome of these results is that, for
some magnitudes of acceleration and signal-to-noise ratios (SNRs), neglecting the acceleration is beneficial in
the MSE sense, that is, the Doppler estimation using a misspecified model outperforms a correctly specified
model in the MSE sense, which is a new result of practical importance in several applications.

The article is organized as follows: Section [2] presents the received signal model under high dynamics.
Section [3] details the misspecified signal model and the pseudo-true parameters. In Section [d closed-form
expressions of the pseudo-true parameters are derived. In Section [5] a new compact closed-form expression
of the MCRB for joint time-delay and Doppler is presented. The theoretical expressions of the bounds are
validated and discussed together with MMLE and MLE simulations in Section [f]

Notation

Scalar values are defined in italic (@), vector in bold lower-case (a), and matrices bold upper-case (A).
lIx|| = \/ﬂx? is the L? norm of vector x with N elements and |x| gives the absolute value of the scalar
x. The transpose operation is indicated by the superscript 7, the conjugate transpose by the superscript 7,
and the conjugate operation by the superscript *. Iy represents the identity matrix of dimension N, Re{-}

and Im{-} refer to the real part and the imaginary part.

2. Signal Model

The signal model must be defined to appropriately present the true and the misspecified parameteri-
zations used at the receiver. For this work, we consider the line-of-sight (LOS) transmission of a single
band-limited signal s(r) with sampling frequency fy over a carrier with frequency f. (wavelength 1. = ¢/ f.).
The signal travels from a transmitter at position pr (¢) to a receiver at position pg (), the signal is expressed
in both time and frequency as,

N3 N3

(BJarfal-B) st 3 )ooet Forst

=-N]

s(t) =

s
k=—N}
where = refers to the Fourier transform to the frequency f domain, and N7, Nj € Z. As these values approach
infinity the equations give an exact representation of the analog signal in a discretized formulation.

The radial displacement between transmitter and receiver is proportional to the signal time-delay, which
is in-turn affected by the relative motion between both transmitter and receiver (i.e., Doppler effect and
the relative acceleration if we assume high dynamics scenarios). Thus, the radial displacement between
transmitter and receiver prg(t) = ||pr(?) — pr(¢)|| changes over time depending on the relative velocity v =
vr—vg and relative acceleration a = ar—ag (where pr(f) = pT(O)+th+%aTt2 and pr(f) = pr (O)+vRt+%aRt2).
This distance is used in the ranging equation for tracking of the target prr(t;n) = c¢t1rue (t; ), where c is the

3
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speed of light and 7, (7; ) represents the delay as a function of time and the parameters that impact the
perceived signal. Including the acceleration effect expands upon the typically simplified model by allowing
estimation of the rate of change of velocity, i.e., Doppler rate. The equation which describes the LOS

distance travelled by the transmitted signal is

: (2)

since the radial components v, .4 and a,,q of the relative velocity and acceleration are the only contributors

1
pTR(t;n) = ”pT (t = Trrue (1 '])) — PR (t)” = CTtrue(t;n) = pT(O) - pR(O) — Vyaadl — éaradl‘2

to change in LOS distance. Therefore, 1,,,e (t;7) = T+ bt +dt*, v = HpT(O);pR(O)H ,b = ”_v;“"” ,d = ”_zrc“"H.
The complex analytic signal at the antenna output is then a function of the actual delay and modulated by

the carrier wave, which is also shifted through multiplication with the Doppler and acceleration parameters,
XA(t) — aAej2”fc(t_Ttrue(tW))s (t — Ttrue(t; '])) + nA(t), (3)

with na(t) a zero-mean white complex circular Gaussian noise, @4 an amplitude factor that depends on signal
power, polarisation vectors and antenna gains [19,20], and 5 = [7, b, d]” the fully specified parameters, which
are considered to appropriately represent the true parameterization of the estimation problem.

The complex analytical signal model is considered to be narrowband (f. >> f; > B, where B is the
baseband signal bandwidth and f; is the Hilbert filter bandwidth), resulting in negligible influence of the

Doppler parameter on the signal samples, s(f — T4 (2;)) = s(t — 7). Hence, for short observation times, a

good approximation of the baseband output of the fully specified receiver’s Hilbert filter [10], is [21],

x(1;€) = x4 (1) €25 = ap(rm) +n (1), (4)
/l(t; ’7) =S (t - T) e_jQ”fC(b(t—T)+d(z_T)2)’ (5)

with n(z) a complex white Gaussian noise within f; with unknown variance o2 and @ = ase™/ 2rfet(1+b+dT)

where a4 = pae/®4, containing the complex amplitude and phase. The discrete vector signal model is built
from N = Ny + Nz +1 (Ni/fs > Ni/B, N2/ fs > NiB) samples at Ty = 1/ f,
x=apu(n) +n=pe’®u(n) +n, (6)
x=(..,x(kTy,..)7,
n=(...,n(kTy),..)",
um) = (..., s(kTs - T)e—j27rfc(b(kTv—T)+d(ch—T)2)’ )T
with —N; < k < N, signal samples. The unknown deterministic parameters can be gathered in vector
€= [02p,®,7,b,d]" =[02p,®n"]", with @ = pe/®, p € R*,0 < ® < 27. We underline that the CRBs
associated to the parameters of interest 5 were derived for this particular signal model in [I1]. In the sequel
we focus on developing the theoretical framework which allows to describe what happens in the case of using
a less complex receiver structure, which considers a misspecified signal model. In other words, the receiver

structure assumes only that the time-delay and Doppler effects impact the signal propagation delay.
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3. Theoretical Framework of a Misspecified Signal Model

The signal model parameterised by delay, Doppler, and acceleration is now referred to as the true model
and is the parameterization that would be used by a receiver architecture that considers a fully specified
MLE, that is, a matched filter, i.e., a receiver which aims to estimate the parameter of interest n = [r, b, d]”.
The true signal model is represented by a probability density function (pdf) which follows a complex circular
Gaussian distribution x ~ CN (au(n), 021y), with the covariance matrix being a diagonal matrix. On the
other hand, the misspecified signal model represents the receiver architecture which does not consider the
acceleration parameter, i.e., a MMLE [I3] (mismatched filter) is implemented at the receiver. This particular
case leads to the definition of the misspecified vector of parameter of interest w’ = [7/,5’]", which is contained
in the parameter vector €’ = [0’3 , 0’] with 8" = [p/, @', w’], yielding the following signal model at the output
of the Hilbert filter,

x(1;€) = a's(t — t')e I27 L =) 4 p(p), (7)

with o’ = p’e/®. Again, we can build the discrete vector signal model from N = Ny + Ny +1 (N1 /f; > Ni/B,
Ns/fs > NiB) samples at Ty = 1/ f;,

x' = ad'm(w’) +n, (8)
m(w') = (..., s(kTy —1")e /27 fe(B/(KT=1)) 0 T

The misspecified signal model is represented by x’ ~ CN(e’m(w’),c2Iy). Note that under this particular
scenario, the diagonal covariance matrix of the well specified signal model is the same as the covariance
matrix of the misspecified signal model. Moreover, we assume that the covariance matrix does not depend

on the parameters of interest, yielding to the following well specified and mispecified pdfs,

1 ~(x-—ap (n))’; (x-ap)
p(x;€) = We 7 ) (9)
, 1 —(x—a'm(w'))z’ G-a/m(w"))
f(x;€) = We n . (10)

The estimated parameters of a MMLE are commonly referred to as pseudo-true parameters. We label them
with 6,,; = [pm, Dy, Tyt b,,,]. In the following sections, we will focus on the estimation of these parameters
to theoretically calculate the impact on the MSE of the MMLE implementation.

4. Pseudo-True Parameters Computation

The pseudo-true parameters are simply those that give the minimum KLD D(p¢l|fe) between the true

and assumed models [22] [13],

D(pellfe) = Ep |Inpe(x;€) = Info(x;€)], (11)
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60 = axgmin {D(pellfo)} = argmin {E, [-infu (x; )]} (12)
where E,[-] is the expectation with respect to the true model’s pdf. The formula for the KLD is expanded
in and results in the following function to be minimised.

NH 2
01 = axgmin {lou(n) — ' m(@)|7} = argmin { ) (o 2D )|+ o) = s
(13)
The component of the equation that is minimised by &’ with ap; = pp,ejq’l”:
H
m(w
S ap =a ( pt})l A , (14)
m(wpt) m(wpt)
and the component that is minimised by w’, is equivalent to maximising the negative term:
2
= Wp = argmax {”Hm(w/)ap(l])” } . (15)
These results are effectively the noiseless versions of the MMLE given by [23]
~  m@)fx
AL
© = arg max {”Hm(w/)xHQ} . (16)
wl
x=apun)

Then, through direct numerical computation of the MMLE without noise, one will obtain the pseudo-true
parameters wp,; and a,,;. Also for relatively short coherent integration time and realistic acceleration, the

following closed-form expressions have been derived (refer to for the derivation details):
Upr @, Tp =T, bpr=b+dl,, Ab=b, —b=dT,, (17)

where T, is the integration time, that is, the duration (support) of the baseband signal since we consider
the narrowband assumption (see . The above equations are valid for realistic scenarios but
they are no longer applicable with high values of acceleration (>100 g, with g= 9.81 m/s?) or extensive
signal estimation intervals (> 20 ms). On the other hand, it is well known that for the conditional signal
model in this work, the MMLE converges asymptotically (at high SNR) to the pseudo-true values [24] with a
covariance matrix equal to the MCRB. Thus, in the following section we derive a compact MCRB expression

for joint time-delay and Doppler estimation.

5. A Compact MCRB for Joint Time-delay and Doppler Estimation

A general equation to compute the MCRB, represented with the Huber covariance [15] 24 [16], has been
derived for specific types of parameterised distribution models. We can define the MCRB as:

MCRBy,, = A(6,:)"'B(0,)A(0,,)"", (18)

6

pt



where the matrices A(6,,) and B(8,;) depend on the pseudo-true parameters and the partial derivatives of
the misspecified signal model. A simplification of the MCRB equation, that suits the models considered in
this work, is given in the Slepian-Bangs form with a constant covariance w.r.t. estimated parameters [14],

H
B(0,:) = %Re {(%prar;lgum)) (3%;;1;:0,”))}, (19)

H 2
A8, = —%Re {(aa’ptm(wm)) (3a/ptm(wpt))} + %Re {(6m)H (3 aptm(a)p,))}

2 00, 00 2 69,,,69;,
2 0%a,m(w,,;)
= —Re! (6m) | —2Z—22 11 —B(6,,), 20
0_3 (7 {( m) ( aaptaagt ( PI) ( )

where ém = au(n) — apm(w,,) is the difference between the means of the misspecified model and the true
model. The computations of partial derivatives for the matrix B(ép,;) have been detailed in
following the methodology of [10]. Actually, B(6,,) is equivalent to the Fisher information matrix for a fully
specified model with parameters 6,,. By factorising the partial derivatives, we then express B(6,;) in a

matrix form

2fs
B(,,) = ?Re {QwQ"}, (21)
n
where
—JPpt 0 0 «
w1 %) W3
-1 0 0 ‘
Q: s W= wao W2,2 W§’2 ’ (22)

—ch,Opszz 0 Ppt
] wz Wsa Wi
0 Jweppr 0
with W derived in [10] and also detailed in [Appendix B|to give the expressions w.r.t. the baseband signal

samples. The product Re {QWQH } is presented in , which gives the terms required required to compute
(1)),

w1p? 0 p*webwy — p*Im{ws} —p*wews
0 w1 —pRe{ws} 0
p*webwy — p?Im{ws} —pRe{ws} w2p?b?wy+p°Ws3 - 2w p?bIm{ws} -wZpbwy+ p*w Im{Ws 2}

—p*Wews 0 —w2p?bws + pPw Im{Ws o} w2p?Wa s
(23)

Now, we aim to derive the terms of the MCRB that come from the misspecified model. First, we compute
the matrix A(60,;). Based on the pseudo-true values in obtained from the KLD minimisation, we can
substitute the following equivalences: 1,; = 7, @p, = @, and b, = b + dT, into the misspecified signal model
and find that

om = ppy (e‘y(t) - 1) e /P gH (1 - Tp,)ej“’“b"‘(t_ﬂ, (24)
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where W(t) = —jw(dT,(t — 7) — d(t — 7)?) (see|Appendix CJ.
82ap,m(w,,,)
36,,,00},,

Secondly, the tedious computation of is also detailed in|Appendix Cl Then, we compute the

product,

2 2
(6m)H 0 a’ptm(‘:Pt) = ppr (e\P(z) _ 1) e—jcbptsH(t _ T)ejwcbp,(;_-r) 0 ap;m(aipz) . (25)
60pt(90p, 60pt60pt

The result above can be expanded into a matrix made up of common terms with QWQ, and simplified as

shown in leading to,

2fs 8?2 ot (W) 2fs
ABp) = 2£Re {(om)" (Tl ) - QWQ| = L Re (x}. (26)
We, P JWe, —PWcbWe, — jpWe, PWcWe,
jwe1 _% jwcbwe1 — Weg _].cheg

—PWebWe, — jpWe,  JWebWe, — We, ngbQWel +PWepy = 2jWeph - We, ngbweg +JPWcWey, + JOWeWe,

PWcWey —JWcWe, ngbwez FJPWcWey, + JPWeWe, _PWgWez,z
(27)

Within matrix y, the new terms w, have not been previously computed. Following the same procedure as in
[25, [10L [IT] (detailed in|Appendix D)), these new terms can be resolved using properties of Fourier transforms.
Matrix y can be decomposed into a similar combination of matrices as in , with some modifications to

ensure the new matrix W, includes the newly derived integrals as well as wy. y = -Q.W.Q with,

. We, 0 We,  We, 0
-jp 0 0 0 0
0 wp 0 0 0
-1 1 0 0 -1
Q. = s We=|we, 0 We, We, 0 (28)
—jpwsb 0 0 p 0 0w 0
We esn Weym
0 0 jwep 0 0 ’ >
0 0 0 0 We,

These relatively simple matrices are more convenient to implement than . Then with this closed-form,

the MCRB for a specific signal can be simply computed using only the signal samples.

6. Validation and Discussion

The matrices derived above are computed using synthetically generated GPS L1 C/A signal samples
without noise. The validation of our closed form equations is possible by observing the convergence of the
appropriate estimator’s MSE to the associated bounds under different levels of noise. To that extent, we
have setup Monte Carlo simulations that will provide the estimation performance of an MLE assuming
the misspecified model defined above. The simulations include the generated signals, which have the true

8
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propagation effects of delay, Doppler, and acceleration applied. The misspecified estimator (MMLE) is
created by searching for the MLE solutions for only delay and Doppler. The MSE of the delay and Doppler
parameters are the only values analysed as they are of primary interest for navigation applications. We choose
different integration times and magnitudes of acceleration to apply on the true signal as these parameters
are seen to directly effect the Doppler bias. Only high dynamics scenarios with (|a| > 50g [I, Chapter 32])
are considered in the analysis. The results are still relevant for low acceleration targets that result in lower
Ab. The tested integration times do not exceed 20 ms to fit within standard GNSS values and satisfy the
constraint derived in . We expect the true MSE of an MMLE to converge to Ab?>+MCRB at the high
SNR regime [24], i.e., the bound for the misspecified estimator is a combination of the parameter bias and
minimum variance provided by the MCRB. The true MSE refers to the error of the misspecified estimate
w.r.t. its corresponding true value (\/WEb MMLE w.r.t. byrye, light-blue dashed cross). Note also that
the MSE of the misspecified estimate w.r.t. the associated pseudo-true value (VMSE, MMLE w.r.t. bpts
orange dashed plus) is expected to converge to the MCRB [13, 24 [T5]. The signal parameters we analyze are
delay and Doppler because they are more important for navigation purposes. The impact of misspecification
bias would be greater for delay and Doppler than if the amplitude or phase are biased by the acceleration.
The misspecified delay estimation is seen in Fig. [l to converge to the same bound as the fully specified
case. Fig. [TJalso shows that the magnitude of acceleration has no effect on the asymptotic MSE. Additional
simulations can be made to observe an equivalent independence from integration time.

Fig. [2 shows that the MMLE has its true MSE (light-blue dashed cross) converge to the Ab?+MCRB
curve (green circles) and remains below the fully specified CRB (red diamonds) for a significant window of
SNR values. The MSE convergence of the misspecified estimator validates the closed forms of the MCRB
and Ab. Tt is also seen that the MSE of the fully specified estimator (magenta stars) converges to the
fully specified bound, so we can analyse the differences in magnitudes between each specification model.
Fig. [ shows that for short observation intervals of the signal, even a high dynamics scenario does not
benefit from a fully specified model until SNR values greater than 33 dB are achieved. Typical, every-day
tracking scenarios (usually with SNR >25 dB [26]) do not reach an acceleration as high as 50g, so lower Ab
is expected and the best receiver architecture to choose in general would be the misspecified delay-Doppler
estimation model. This result is an example of the trade-off between the systematic error introduced by
misspecification and the variance increase due to including an extra parameter to be estimated. It is not
immediately apparent that improving the specification of a signal model for high dynamics can cause a loss
in performance. In general, we can already say the inclusion of acceleration estimation is not necessary for
applications which experience low magnitude accelerations.

We would now like to see a case where inclusion of acceleration estimation is advantageous. For certain
SNR values where Ab?+MCRB (green circles) has higher magnitude than the fully specified bound (red
diamonds), it can be considered worth including the acceleration estimation. This goes into the niche

9
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—a—/MCRB-
ok --u-=/MSE, MMLE w.r.t. Ty, a =100 g
&:\ .
Y «@ /CRB; for parameters in 7
45 \*::.~_~. —-+-—\/WET MMLE w.r.t. Ttrues @ = 50 g

Figure 1: MCRB and MSE for the misspecified MLE of the time-delay parameter with respect to true time-delay value

(accelerations = 50 and 100g, duration = 10 ms).

classification of high dynamics scenarios with limited SNR. A real-world application to consider can be
tracking of objects entering the Earth’s atmosphere such as large spacecraft or intercontinental ballistic
missiles. These targets experience a very high magnitude negative acceleration due to drag forces and can
be susceptible to interferences, either natural ionisation or synthetic jamming. There can be an upper limit
of approximately 100 g of instantaneous acceleration considered for ballistic atmospheric reentry, a scenario
that represents some of the highest dynamics observable [27]. In limited SNR scenarios, it makes sense that
the integration time of the signal is increased. As well as acceleration, a longer signal duration contributes to
increasing the magnitude Ab as it is shown in . Hence, the next scenario considers double the acceleration
and double the integration time. Fig. [3] shows the convergence of the MSE to the appropriate bounds. For
an acceleration of 100g, Doppler frequency set to 10 kHz and signal duration of 10 ms, the region where a
misspecified estimation is preferred has been reduced.

The magnitude of the bounds are decreased for all SNR by increasing the integration time; however, Ab

also increases because it is proportional to the integration time. This effect is seen in Fig. where the

10
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£ 5] ok /MISE, MLE w.r.t. by
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SNR oyt (dBio)

Figure 2: MCRB and MSE for misspecified ML Doppler estimator with respect to true and pseudo-true Doppler and the

convergence to appropriate bounds (acceleration = 50g, duration = 5 ms).

acceleration and integration time are both doubled, resulting in a 6 dB increase of the Ab while the CRB
and the MCRB have both decreased by 3 dB. Hence, increasing the integration time will both increase the
true MSE of the MMLE and improve the fully specified bound enough that it becomes worth including
estimation of acceleration. In the case of Fig. [3] the fully specified CRB is preferred for SNR values higher
than 15 dB, which involves the entire GPS C/A operational system [28]. Another example of misspecified
Doppler estimation is shown in Fig. [ where the integration time has been taken to the limits of GNSS
operations and the acceleration magnitude has been reduced to a relatively low value. This case indicates
that even the less extreme cases of acceleration have a noticeable effect on the Doppler estimation when the
integration time is high enough. The SNR threshold where it is preferable to use the fully specified estimator
is at approximately 29 dB, again within a realistic operating range. This presents a similar scenario to Fig.
[2 where the misspecified estimator achieves better MSE performance for low SNR values due to the bias
being less extreme than the demand of an additional estimated parameter.

Finally, we present results of the MSE of the Doppler MMLE as a function of acceleration and fixing

11
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—A—-Ab = bpt — brue
—o—+/Ab% + MCRB,
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0 |—6—+/CRB,, for parameters 7
--%-=1/MSE;, MMLE w.r.t. biyye
-—+-+/MSE;, MMLE w.r.t. byt
-4-=+/MSE, MLE w.r.t. bsye

5 10 15 20 25
SNR‘OUt (dBlo)

1 1

Figure 3: MCRB and MSE for misspecified ML Doppler estimator with respect to true and pseudo-true Doppler and the

convergence to appropriate bounds (acceleration = 100g, duration = 10 ms).

the SNRoyr = 25dB in Figure o} This allows visualisation of the acceleration threshold at which the fully
specified estimator is preferred in realistic noise environment. Figure [5] suggests that the threshold is at 32
g for a signal integration time of 10 ms. We can expect this threshold to be lower for higher integration
times based on the relation presented in Equation for Ab.

Hence, specific scenarios exist where the use of the fully specified MLE is convenient and others where the
MDMLE is more optimal. It is easy to recompute these bounds and compare for different signals, acceleration
values, and integration times since this work has provided compact formulations of the MCRB and Ab. All
that is needed are synthetic signal samples and the true values of delay, Doppler, and acceleration. An
easy method to decide which of the parameterizations should be used for a specific application of Doppler

estimation is to:
e Determine the limiting (or expected) values for acceleration and integration time.

e Calculate the closed-form expressions of the MCRB and Ab.
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Figure 4: MCRB and MSE for misspecified MLE of the Doppler parameter with respect to true and pseudo-true values

(acceleration = 5g, duration = 20 ms).

e Find the fully specified CRB using [I1].

e If the intersection point between the CRB and the Ab?+MCRB is within your field of operational SNR

values, use the matched filter

e Otherwise, use the mismatched filter that neglects acceleration.

17zs 7. Conclusion

This work derived compact closed-form expressions of the misspecified CRB and pseudo-true parameters
of time-delay and Doppler for a high dynamics signal model. The results of this work provide an insight
into the decisions for defining the parameterisation of a signal model. For most of the realistic scenarios
with non-zero acceleration and short integration times, the misspecified MLE Doppler estimation can be

1.0 reduced in the MSE sense at the cost of a systematic error induced in the true parameter estimation. On the

other hand, certain limits cases were found, such as an acceleration magnitude of 100g and integration time
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Figure 5: MCRB and MSE of the misspecified MLE of the Doppler parameter at SNRoyr = 25 dB as a function of the

acceleration (duration = 10 ms).

of 10 ms, where the MLE estimator including the acceleration estimation achieves a lower MSE for SNR
higher than >15 dB. At this point the well specified MLE converges to the CRB including acceleration and
avoids the larger systematic error Ab due to the high dynamics. The fact that two different architectures
with asymptotic performance limits that change from scenario to scenario validates the need to calculate
the theoretical limits presented in this article, in order to decide which is the optimal estimator, in the MSE

sense, for each particular scenario.
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Appendix A. Pseudo-True Parameter Derivation

This appendix includes the expansion of the KLLD equation and consequently the minimization process
to derive the pseudo-true parameters. It is seen that the pseudo-true parameters for delay and Doppler
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(wpy) require a further maximization process, which is also detailed in this Appendix.

_ o "\H
E, [—lnfe,] = —Nin(n) — 2NIn(oy) + LQE,, (- ap(n) + apln) - a'mie) . (A1)
In |- (x—ap) +ap() - o'm(w’))

To minimise (A.1) w.r.t. the argument 6’, the equation can be simplified as,

argmin {E [ ~infu (x: ") |

(x —apm) (x - apu(n))
+(x —ap(m)? (ap(n) - o'm(w’))
+(ap(n) — 'm(w)? (x - ap(n)

arg rré;n E

+(apu(n) — o'm(w))? (ap(n) - ’'m(w))
arg min {(on () - o'm(@)" (e () - @'m(w))}

= arg Héi,ﬂ {llen(n) - a'm(w)|?} . (A.2)
We define the orthogonal projector Iy = I —TIx with ITy = A (AHA)_1 A" which leads to

() — o/ m(@) P = (T + i) (@) — o/meo )|

2
M ) (apa(p) = a'm(a))|

= M) (@a(m) = @ m(@ )| +|

1

2
= My pe(m) = @ m(@) [+ [ 115 )|

B ~(m@)aum
- Hm(“’ ) (m(w’)Hm(w') ma )

We continue the derivation from to develop the equation for w,,;. The goal is to derive the equations

2
+ [l () = Mgy e[ (A.3)

for the pseudo-true delay and Doppler in a form that depends on the true parameters.

Wpr = argmax {”Hm(w/)aﬂ(q)HQ} (A.4)
My 2| = (@) M) (@), (A.5)
(ep(m) " m(w)m(@)" (@p()

My 2t (m)||” = (A.6)

m(w)”m(w)
(A.6) can now be presented as a squared value. The sampling period T is also included for later conversion

to an integral,
2

‘m(a))H (@nm)| _|zm@ (epm) T 2 (A7)

Vvm(w)?m(w) %\/m(w)Hm(w)Ts .

For conciseness in equations, we denote the received signal after some delay 7 as s; = s(t — 7). Moreover,

note that it is simple to verify from the MMLE in a noiseless environment considering short signal length
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200

H
(in the order of the 10-20 ms) and accelerations in the order of the 50 g that _mlep) ) g Then for

m(wpt)Hm(wpt)
those particular scenarios we can set a,; ~ @. We expand ([A.7) to obtain the following

2
Ial f:siptsTe-"‘“C(be“*TPf’*”“*T>*d(’*”2>d1

Moy e ()|* = —
NS

(A.8)

2
dt

STpr

We say that /_:O |s())|*dt = E, the energy of the signal and we shift the integration variable from ¢ to
(t — 7) with 7 constant. The difference between the true and pseudo-true parameters, giving the respective
misspecification errors are At = 7,; — 7, and Ab = b,, — b. We substitute these values to continue the

simplification of (A.8)), obtaining,

+00

Moy enl” = 25 |5 s

2
. 2 .
. ATsOejwc(Abtfdt )e*‘]a)(.bl,tATdt| . (AQ)

The assumption A7 = 0 is made based on results from numerical computation of 7,,. The numerical
computation was conducted by simultaneously finding the 7 and b values that maximise (A.7)), 7, was

found to be approximately equal to the true delay 7,

||Hm(w)a/.t(1])n2 |a| '/ s Sgel e (AbI d’2)dt (A.10)

The time interval over which to integrate is shifted to the total time of the signal observation T.
Mooy e ()| = la' ‘/ (S0l 00 gy B (A.11)
¢ (z; bpe,b,d) = w. (Abt — dt* - Cy) . (A.12)

Where Cy is a definite integral in ¢(¢; b, b, d), which gives an arbitrary integration constant and is removed
whenever taking the square of the norm by multiplying conjugates of complex exponentials We compute the
definite integral in a closed-form to obtain Cy = T—le /OTe (Abt — dt?) dt = = [ b’2 dts] =C; = Abﬁ—d_
Since the objective is to maximise w.r.t. the pseudo-true parameters, we note the upper bound of the
integral in is the point that it equals the signal energy:

2

T, _
/ sZTsoem(“bI”’b’d)dt <E, (A.13)
0

/|sA|dr/

Equality only holds for when the complex exponential has the exponent go to zero. This means we

T, 2
syel (b bd)’ gt < (/ |SO|2d,) . (A.14)
0

can define another function, which we aim to minimise instead of maximise.
2 1 [l 2
73 (bpr,b.d) = o /0 6 (1:bpn by d)2 dt, (A.15)
e

o2 = w? (Ti /Te ((abr - ar)*) ar - (c,)2) . (A.16)

0
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Solving the remaining integral in 0'3) and simplifying,

1 T, 9 T2 T4 T3
— Abt — di?)” ) dr = Ab? =% + d%> =% — 2dAb <. A7
T, /0 (( ) ) 3 795 4 (A17)

Now, substituting C; and (A.17) into (A.16)) and simplifying,

o2 (bpt,b,d) T2

¢ \Tpt> ™ e 2, 2523

—— = = |[(Ab - dT, T:—1. Al
” 12((b dT,)*+d 645) (A.18)

Finally, we see the value of the Doppler parameter that minimises (A.16]) and hence maximises ,

A 2 3
0'35 (bpr.b.d) = wfl—; ((bpt - (b+dT,)) +d2Te2£)
U
argrilin {0'3) (bpes b,d)} =b+dT,. (A.19)
pt

By substituting the solution for b, back into (A.16)), we can see the dependence on d and T,

1 a 2 2
2 (p+dT,. b,d) = (w.dT?)* — = | =712 =, A2
7y (b +dle, b, d) = (wedT?)” o5 = | -T2 | oo5 (A.20)

For this solution to be appropriate, we need the exponential in (A.14) to approach 1. We see from (A.15))

that for 0'3) (b+dT,,b,d) <1 = |¢p(t;b+dT,,b,d)] < 1. This means that with the computed value of
pseudo-true Doppler, the upper bound of (A.14]) is met with,

Te 2 Te 2
‘/ SZTsoem(“bf’”b’d)dt = / SxpSodt (A.21)
0 0
Equating (A.21)) to the signal energy obtains the value of A7 =0 that consequently maximises (15),
2
arg max {[[ Moo cnm[*} = 7. (A.22)
pt

The maximisation of this term is dependant on the assumption that 0'35 < 1. Therefore, the expressions for
pseudo-true delay and Doppler can be stated under a certain condition on the acceleration and integration
time. We can substitute realistic but high magnitudes into to see if the condition is satisfied in true
applications. We take a = 100 g and T, = 20 ms to consider a high dynamic scenario with the maximum
coherent integration time for GNSS signal processing. The condition is true for realistic magnitudes of

acceleration or T,.

|a 2) y T;n =T
= =<1 . (A.23)
(/lc V220 b, =b+dT,
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Appendix B. Computation of B(6,,)

The first degree partial derivatives have been previously defined [I0]. They are presented again in this

appendix for completeness of the results for the closed-form MCRB, which also requires these computations.

dapm(w ) _ [dapm(@p)  dapmwp)  dapm(@p)  dapm(@p) (B.1)
90 ,; Bppe 3%, BTpy by ’ :
oap,m(w . )
M = eJd)Pts([ — Tpt)efjwcbpt(thPt)’
0ppr
oa,m(wy,;) . )
# - jppte]<ppts(t _ ~I-pt)e_]‘“cbpt(l‘_Tpt)7
0P,
aa’ptm(wpt) D (1) —jwebp (t=Tpr) | Jjo —Jjwebp (t=Tp;)
(9— = —Ppt€ Pty (t_Tpt)e crpt pt +chb,,,Ppt€ Prs(t _Tpt)e copt pr,
T
pt
Oa,m(wy,,) . )
pt pt . b, —jwebp (t=1p
—ar. —Jjwe(t = Tpr)ppre’ P s(t —Tp)e ™ pe(1=Tpe)
pt

The matrix W contains more previously computed terms that should be defined due to their appearance in

B(6,,) and hence the MCRB. These integrals are shown to be closed form and dependant only on the signal

samples.
0 1 © 1
w1 =/ ls(t;m)|? dt = FsHs, W =/ (t—1)|s(t;p))? dt = FSHDS, (B.2)
oo © 2
w3 =/ s (t;q)s(t;p)de = sH As, Wy 3 :/ |s(1)(t;7])| dt = f,sVs, (B.3)
Wao = / (t—1)%|s(t;p)|? drt = FSHDQS, W30 = / (t = 7)s D (t;m)s* (1;)dt = TSHDAS, (B.4)
—00 Ky —00 s
with
D:diag([Nl,Nl+1,...,N2—1,N2]), (B5)
n#n: (—1)‘““# n#n: (_(rll)_‘:}; |
(V)n,n' = s (A)n,n' = s (B6)
n=n: %2 n=n:0

and s(M(r) the first derivative of the signal s(¢). The methodology of this appendix is repeated with more

complicated derivatives and integrals to compute the new closed-form MCRB.

Appendix C. Computation of A(6,,)

The matrix A(6,,) is component of the MCRB that takes into account the misspecification. The first

term to derive is 0m, which depends on the difference between the means of the misspecified signal model
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and the model including acceleration.

om = OlS(f _ T)e*jwc(b(t*'f)'*'d(t*T)Z) _ a/p,s(t _ Tpt)e*jwcbpt([*'rpt)

=as(t—1) (e

—jwe(b(t=T)+d(1-7)?) _ e—jwc<b+dn>><t—r>)

= s(t — 7)e @ (b+dTe) (1=7) (ejwc<dre<w>fd<zfr>2> _ 1)

= pprel®is(t — 7)o IVebr (1=7) (ejwc(dTe(z—r)—d(z—rV) _ 1) ,

(C.1)

The first derivatives w.r.t each parameter have been computed in (B.1)). The process of going from each

of these first derivatives to the following second derivatives is simple but results in too many equations

to keep in the main body of this article. Therefore, this Appendix is a list of the second derivatives that

have been substituted into (C.2). As the equations for A(8,;) and B(6,) involve multiplication of complex

conjugates, it is useful to note that every non-zero derivative includes a common complex exponential. The

same complex exponential has been factored in (C.1) to simplify through conjugate multiplication. This

common factor is therefore removed from the final form of the MCRB.

-62ap,m(wp,) 82aptm(wp,) 62(zptm(wp,) azm(ﬂp,)
611)?,, aq>pl‘6ppt 6q>pra7-pt aq)ptabpt
9 8% apm(wp;) 8%m(0,,,) apm(wp)  02apm(wpy)
6 a’plm(wlil) _ apptaq)pr 6p12,r 6P[)tant apptabpr
aoptath Bzaprm(wpt) azaptm(wpt) 62m(0pt) i aptm(wpt)
P 071 00, O p1 Oppr a2, 071 0D ps
52‘thm(wpt) azaptm(wpt) 62m(91)t) o? a’ptm(wpr)
Obp Dyt 0b i 0pp: 0bp 0Tps Bb?,t
0%, m(w,,) . )
pt pt J®pt —Jjwebpt (t=7pt)
o =P st —Tpr)e P P
D> P P ’
pt
2
O apm(wpr) O st = 1) eI bon =Tp0),
aq)ptappt
0%a, m(w,;) . . ) )
— P TR _jpptejq)prs(l) (t - Tpt)e—Jﬂ)cbpt(f—Tpt) _ U)cbptppte]q)ms(t _ Tpt)e—]wcbpr(l—‘rpt)’
Bq)p,a‘rpt
0%a,m(w,,) . .
— - wcpptejd)”’ (t = 1pr)s(t - Tpt)efjw‘"b’”(tﬂ’”),
2
) aptm(wpt) — jejll),,,s(t —r t)e_jwcbpt(t_‘rpt)
0P p1 0D P ’
PptODPpy
2
0apm(wpy) 0
2 - Y
appt
0%, m(w,,) . ) ) )
# - _ejd)prs(l) (t _ Tpt)efjwcbpt([*'fpt) + jwcbptel(bpts(t _ Tpt)efjwcbpt(t*'fpt)’
PptOTpt
0%a,m(w,;) . .
LML)~ Jarelt = e )T (s = Tyl =T,
PptODpt
620 [m(w t) . . . .
p Pt/ _ _J‘pptej(bpts(l) (l _ Tp[)e—chbpt(f—Tpt) _ (Ucbptppte](bms(t _ Tpt)e—chbpt(l—sz)’
anta(I)p;
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2
a aptm(wpt) = jq)pt (2) _ _jwcbpt(t_‘rpt) — 27w .. jq)pt (1) _ _jwcbpt(t_‘rpt)
Ppte st =T1pr)e 2jwebpippre St —Tpr)e

6712”
- pmwfbitejq’"’s(t — Ty )e IOl 1=Tp0) (C.13)
(92ap,m(wpz) i® 1 jweb j o jwebpe (t )
T 0t,,0b,, Jweppre? TP (t = Tp,)s( (- Tpr)e /e pr 1= Tpr) + jWeppre! TP S(t = Tpp) eI TP
TptObpt
+ Ppr2b et (t —1p)s(t - T e J@ebpi(t=Tpr) C.14
pt@WcOp P p
0%a,m(w . )
Bbpt B(QD o) = weppr e P (t = Tp0)s(t - Tpt)e_jwcbpt<t_Tpt)» (C.15)
ptOPpr
0%a,m(w . .
L A ) (C.16)
ptOPpt
Papm(wp) i (1) —jwebpi (t=Tps) | i® —jwebpi (t=Tpr)
6[9 (9‘1' =J¢Ucht€j pt(t_Tpt)S (t_Tpt)e JWeDpt pt +]wcppte] ’”S(Z—Tp,)e J @Wept pt
ptOTpr
+ Ppr2b et ®ri (1 —1p)s(t - T ,)efj“"'bf”(t’Tf”), C.17
pt@WcOp P p
0%a,m(w . )
Patb2( pt) = _Pptwiejq)’"(t - Tpt)QS(f - Tpt)efjwcbpt(tqw)- (C.18)
pt

Note that we can express (C.2) as a product of the exponential terms and a matrix product,

azamm(wm)

5090 = e/ Prt eI 0bp (Tr) Qr (P @ 1y) (C.19)
ptOUpt

with ® the Kronecker product, and Qr = [Ql Q: Q3 Qi Qs Qgl|- Each matrix Q; is multiplied by

the i’ element of the signal sample vector,

s(t—Tpr)
(t- Tpt)s(t - Tpt)
) (s —
go| U™ , (C.20)
(t- Tpt)s(l) (t- Tpt)
st - 1)

| (t- Tpt)zs(t - Tpt) ]

—Ppt J _(Ucbptpp[ 0 0 0 0 WePpr
J 0 Jweb e 0 0 0 0 —jwe
Ql = . c 217 , ‘ s Q2 = ) s
~Webpippr  jwebp: _pptwcbpt JWcPpt 0 0 0 Pptweb
0 0 JWePpt 0 WePpr —jWebpr  Ppiwbpy 0

0 0 _]'sz

0
0 0 -1 0

Qs=| '
—jppr —1 =2jwcbpippr 0
0

0 0 0 jweppr 0
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00 0 O 0 0 0 0
00 0 O 0 0 0 0
Qs = , Qs =
0 0 ppr O 0 0 0 0
00 0 O 0 0 0 —ppw?
Finally, we write the product in a shorter form for concise equations,
M=Qr(¥#1,). (C.21)

The steps to get a presentable form of the MCRB matrix are not trivial but consist of large and tedious matrix

equations. The goal of this Appendix is to provide a closed-form for by substituting and simplifying the

result of (C.1). For the sake of shorthand notations and highlighting the key terms to simplify, we note the
2 . .

second derivative as BBZZ;TIHG(:?) = ¢/ ®p1 e/ @ebpi(1=Tp )M, where M is the matrix from (C.21). The product

between this simplified form and can be easily simplified,

6201,,,m(w,,t)

5 H
(om) ( 96,100 ;"

) = ppest (1 = 1) ("OM - M) (C.22)
With this simpler form, we can compute A(8,,;) as,

A6,) = Qf:r%Re {eT(’)sH(t —Tp)M = sH (1 - T,,,)M} - %’;’”Re {QWQH}

= 260t Re {05 (1 - 7, )M} = 22521 Re {sH (1 — 7, )M + QWQ"}

0 0 00
0 X o 0
= 2Lei Re {¥ () 5H (1 — 1, )M} — 2oLee |7 po = 2100 Re {x} (C.23)
" "o 0 00 "
0 0 00

where Re {sH(t - T,,t)M} is given in (C.24) with wys defined in the following To obtain a

closed-form expression of A(6;), the final step is to derive a closed-form of the new integrals that arise from

the definition in .

—wWip 0 —pwebwy + plm{ws} PWcW2
0 0 —Re{ws} 0
—pwebwy + pIm{ws} —Re{ws} —w2pb?wi+pwp +2wepb-Im{wz} w2pbwy — pw Im{W5 2} '

PWeWo 0 w2pbwa — pw Im{Ws 2} _pWEWQ’Q
(C.24)

Appendix D. Derivation of the y Coefficients

The first new term to be derived is wys. It requires the definition of the second derivative of the signal
s(t), which is expressed as s(2)(r). We use a property of Fourier transforms to convert the integral to the
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ot
frequency domain: s(r) = S(f) and s® (r) = —4x2f2S(f). Moreover, S(f) = %Y kNle s(kTy)e 72 %% and

. o
SW(f) = L= 52, ks(kTy)e ™ 7. Then,

. 5
w= [ sa-0s®e-nare [ - psursga

z_fsf

1
2

vl

4 ISP — fy / 4 P2l (f)s[P= — fysM Vs = ~Wi s,

NI

(D.1)

. ) ion T 1
withv(f) = (eJQ”le, oo, @f2m S0 el sz) and V = 4n? fj Fv(f)v(f)H with closed-form defined in .
2
To compute a closed-form of Re{x}, the integral terms in can be computed in terms of the existing

integrals defined in [10],

We, / sT(t=1)s(t = T)e_j“"‘d(Te(t_T)_(t_T)Z))dt

/ s*(t=1)s(t —1)[1 = jwedT,(t — 7)]dt = wy — jwdT,wa,

(o)

where the exponential term has been approximated as emJwed(Te(t-7)=(t-7)%) o 1 _ JwedT,(t — 7). We

emphasize that this approximation is valid since the product d - Te and the value t — 7 are small. Making

the same approximation to derive the remaining terms,

We, / (t=71)s*(t = 7)s(t - ‘r)e_j‘”"d(T"(I_T)_(’_T)2)dt

/ (t=7)s"(t—1)s(t —7)[1 - jwdT,(t = 7)|dt = wo — jw.dT, W3 o,

We.

00 —00

w3 — jwcheWS,Q’

W,

€3,2

/00([ —0)s*(r—1)sV (1 - T)ffjwcd(Te(’_T)_(’_T)z)dt

/ (t—1)s"(t = 1)sV (1 = T)[1 = jwedT, (t — 7)]dt = W3 9 — jwdT W3,

/s*(t—T)s“)(t—T)e—fwvﬂ”Te<f—f>—<f—f>2>dt:/ s* (1 = 7)sV (1 = 7)[1 = jwedT,(t - 7)]dt

with Wy 3 = = (s DADs - s# Ds), following the notation used in [I1], and derived for first time in [25].

fSQ
We,, = f (t = 7)25* (1 = T)s(t — T)e Fwed Te(t=1)=(1=7)%) g
= / (t—1)%5"(t —=1)s(t =) [1 = jwedT,(t — 7)]dt = Wao — jwedT Wy 2,

with Wy o = # (s"D?s) derived in [I1].

(o8]

ey = /0o (1 = 7)5@) (1 = 7)o T @ed Tel=1)=(=)%) g

= / s (t - T)S(Q)(t —7)[1 - jwdT,(t — 1)+]dt = W3 3 — jo.dT.wp 2,

(o8]
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225

235

250

with wys 2 computed using the same property of the Fourier transform from (D.1)),

WM,2

[Ce-nsu-nsu-na= [ (;—ﬂs(”(f)) (cdn £25()) df

—'/§ (Ds)2v(f) (4ﬂ2fzsvH(f)) df = -sfDVs. (D.2)

N|=

This marks the last integral term needed to compute the closed-form MCRB for joint delay and Doppler

estimation. For the acceleration parameter d = 0, the integral equations simplify to the existing CRB

equations for joint delay and Doppler estimation.
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