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mitigation techniques exist, a theoretical analysis on the GNSS MLE performance

degradation under interference, being fundamental for system/receiver design, is a
missing tool. The main goal of this contribution is to provide such analysis, by deriv-
ing closed-form expressions of the misspecified Cramér-Rao (MCRB) bound and
estimation bias, for a generic GNSS signal corrupted by an interference. The pro-
posed bias and MCRB expressions are validated for a linear frequency modulation

chirp signal interference.
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1 | INTRODUCTION

Global navigation satellite systems (GNSS) (Teunissen & Montenbruck, 2017) appear in a plethora of applications, ranging
from navigation and timing, to Earth observation, attitude estimation or space weather characterization. Indeed, reliable position,
navigation and timing information is fundamental in new application such as intelligent transportation systems or autonomous
unmanned ground/air vehicles, for which GNSS have become the cornerstone source of positioning data, and this dependence
can only but grow in the future. But GNSS were originally designed to operate in clear sky nominal conditions, and their
performance clearly degrades under harsh environments. Among the non-nominal operation conditions, multipath, interferences
(i.e., intentional (jamming) or unintentional) and spoofing are the most challenging ones, being a key issue in safety-critical
scenarios (Amin et al., [2016). Interferences degrade GNSS performance, and can lead to denial of service or even counterfeit
transmissions to control the receiver positioning solution. These effects have been reported in the state-of-the-art, and several
interference mitigation countermeasures have been already proposed (Amin et al.l 2017 [Arribas et al.,2019; Borio & Gioia,
2021} |(Chien, 2015|2018}, [Fernandez-Prades et al., 2016} [Liu et al.,2022; Morales-Ferre et al.,[2020; [Pirayesh & Zeng, |[2022)).

It is well-known that an interference impacts the maximum likelihood estimator (MLE) of the signal synchronization parame-
ters (i.e., delay, Doppler, phase), which is the key baseband signal processing in standard two-step GNSS receivers (Teunissen &
Montenbruck, [2017)). While several interference mitigation techniques exist (Morales-Ferre et al.,[2020), as previously stated, a
theoretical analysis on the GNSS MLE performance degradation induced by an interference (or a set of interferences) is a miss-
ing tool, being fundamental for system/receiver design. From an estimation perspective, and because the system of interest can
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be formulated as a Gaussian conditional signal model (CSM) under nominal conditions, it is sound to obtain the corresponding
Cramér-Rao bound (CRB) (Trees & Bell,2007)). Indeed, the CRB gives an accurate estimation of the mean square error (MSE)
of the MLE in the asymptotic region of operation, i.e., in the large sample and/or high signal-to-noise (SNR) regimes of the
CSM (Renaux et al., 2006} |Stoica & Nehorai, [1990). Even if CRBs for different GNSS receiver architectures under nominal
conditions are available in the literature (see (Medina et al.,[2020), (Medina et al., 2021), (McPhee et al.,2023a) and references
therein), such performance bounds have not been studied for the interference case of interest in this contribution.

The main hypothesis is that the receiver is not aware that an interfence is present, and therefore, it assumes that the received
signal is only corrupted by additive Gaussian noise as under nominal conditions. This implies that the signal model at the receiver
input and the assumed signal model do not coincide, that is, there exists a model mismatch. In that case, the MLE is no longer
unbiased, and the theoretical characterization implies to obtain closed-form expressions of: i) the estimation bias induced by the
interference (this result has been first presented in Ortega et al.| (2022)), and ii) the corresponding misspecified CRB (MCRB)
(Richmond & Horowitz, [2015)), (Fortunati et al., 2017)), (Lubeigt et al., [2023), (McPhee et al.| 2023b). The proposed bias and
MCRB expressions are validated for a representative linear frequency modulation (LFM) chirp signal interference. Notice that
once a compact MCRB form is derived, this can be used for: i) the derivation of metrics that allow to compare the robustness
to interference of different GNSS signals, as well as for the design of new GNSS signals, and ii) the design of next-generation
interference countermeasures.

2 | TRUE AND MISSPECIFIED SIGNAL MODELS

2.1 | Correctly Specified Signal Model

A GNSS band-limited signal s(¢), with bandwidth B, is transmitted over a carrier frequency f, (4, = ¢/ f,, o, = 2z f,). The
synchronization parameters to be estimated are the delay and Doppler shift, = (z, b)". Under the narrowband assumption, the
influence of the Doppler parameter on the baseband signal samples is negligible, s((1 — b)(t — 7)) ~ s(t — 7) (Dogandzic &
Nehorail |2001). For short observation times, a good approximation of the baseband output of the receiver’s Hilbert filter (GNSS
signal + interference) is (Skolnik, [1990),

x(t;n) =as(t —1)e /D) L1+ (), (1)

with I(#) a bandlimited unknown interference (or set of interferences) within the frequency band of interest, n(f) a complex
white Gaussian noise with unknown variance o-f and @ = pe/® a complex gain. The discrete vector signal model is built from
N=N,—N,+1samplesatT, =1/F, <1/B,
x =aa(n) +n = pe’®a(n) +n = aun) + I +n, 2)
withx = (.., x (kT,),..)", I= (... I (kT,),..)",n=(..,n(kT)), ...)T, N, < k < N, signal samples, and
a(n) = (..., s(kT, — 7)e 27/ OUT,=0) 4 1I(kTS). DT 3)
a
um = (..., s(kT, — 7)e 27/ OUT=n) - T, )

The unknown deterministic parameters can be gathered in vector € = (62, p,®,7") = (0?2, OT), with p € R*,0 < ® < 2x.
The correctly specified signal model is represented by a probability densitiy function (pdf) denoted as p,(X; €), which follows a
complex circular Gaussian distribution X ~ CN (aa(n), 621 ).

2.2 | Misspecified Signal Model

The misspecified signal model represents the case where the interference is not considered, i.e., when a mismatched MLE
(MMLE) is implemented at the receiver. This nominal case leads to the definition of the misspecified parameter vector ' =
[/, '], and the complete set of unknown parameters ¢’ = |o’ 5, p,o.n T] = [6’ i G/T] , yielding the following signal model
at the output of the Hilbert filter,

X (t7) = ' st = )e P 4o 1), (5)
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with n’(¢) a complex white Gaussian noise with unknown variance ¢’ i and o = p’e/® . Again, we can build the discrete vector
signal model from N samples at T, = 1/ F,,

X =d'u)+n, u(n) = (..., s(kT, — t")e /27 /L *T=) 4T (6)

The misspecified signal model is represented by a pdf denoted as f,./(x;€’) which follows a complex circular Gaussian
distribution x’ ~ CN (&' u(n), U'iIN), then

1 —(x—aa@m)! (x-aa@m) 1 —x—a’ u' VH x—o’ u(n'))

2 !/ ’ 2
Pe(X;€) = ———=e % feX's€) = e on @)
e aNg2N ’ e n'Na’iN

Notice that considering the misspecified signal model induces a bias on the corresponding MMLE. These biased estimated

b p,] . Note that for this particular contribution,

parameters are commonly referred to as pseudotrue parameters, 0 [p ot> Pprs Tpros

we are not interested in the noise variance parameter.

3 | MMLE BIAS COMPUTATION VIA KULLBACK-LEIBLER DIVERGENCE

The pseudotrue parameters are simply those that give the minimum Kullback-Leibler Divergence (KLD) (Fortunati et al., [ 2017)
D(p||fe)=E b [ln p(x;€) —In f(x'; € )] , between the true and assumed models, where Epe [-]1is the expectation with respect
to (w.r.t.) the true model’s pdf,

0, = arg mei/n {Dp||fc)} = arg nz)i/n {E, [-Infox:€h]}, ®)

[2N In(e))] + E, (x—aa(m)+aa(n—a’ u(n'))" (x—aaln)+aatm—a’ u(n)) ©)

o"2

E, [-Infs] ==Nln(x) -

Pe Eps

We aim to compute the pseudotrue parameters 9;[ = [ppt, D, Ty p,] then we have to minimize (8) w.r.t. the argument €', the
equation can be simplified as follows,

argmin {E, [~1n fo(5 €]}

== [(x — aa(m) (x — aa(m) + (x — aa(m)" (@a(n) - o’ u(7)
= argming £, +aa(m) — o u(n' )" (x — aa(m)
+(aa(n) — o u(n) (aa(n) — o u(n)))
= arg min {(aa(n) — o' (') (@a(n) — o’ u(n'))} = arg min { ||xa(n) - a’ﬂ(n’)llz} :

We define the orthogonal projector ITy = I — I, with IT, = A (A# A)_1 A* | which leads to
2

leatm) — o’ u()||* = H (H,m,/) + H,ﬁ(,,,)) (aca(n) — o' (1))
= [y (@atm) — o' uin'y) ||2 + |1y, (wan) — o’ ) ||2
= ”Hum')a“(") i ”Htm/)“a(")”z

u) " aa(m) a;) ’
u()H u(r')

and then the parameters that minimize the KLD are,

2
) H"(”') < +llaam” = [, zatn)]

ﬂ(n,,ﬁ”a(n)

) ﬂ(n,,,) umy,)
mgmn@mmm—awmwf}é
0 “Hu(n yaa(m) ”

= arg max

L
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with ay =p p,ej ®» and 11; = [rp,, b p,] . This may be connected with the asymptotic MMLE behavior (Fortunati et al., 2017),

uo)"'x &= M) ety _
NI - o Ot
um)HH u(m') umH u(n’) (10)

Yy _ 2\ SNR-w Y _ 2\,
' =arg mﬂa}x I, X n =arg mne}x I, aa(n) =My

~
a =

Because the pseudotrue parameters, obtained as the MMLE without noise, are those that give the minimum KLD between the
true and assumed models, the bias is defined as Aa = a,, —a, An =1, — 1.

4 | CLOSED-FORM MCRB EXPRESSIONS FOR A BAND-LIMITED SIGNAL UNDER
INTERFERENCE

InRichmond & Horowitz (2015), the MCRB was derived as an extension of the Slepian-Bangs formulas, a result that was later
expressed as a combination of two information matrices in [Fortunati et al.|(2017): A(Op,) and B(OP,),

MCRB(6,) = A6,)"'B(0,)A©,)", (11)

_ g H a2api”(rlpt) _
A®,) = SR {(5m) <—aep,ae; B(,),

n

_ 2 aaptﬂ(npl) H aaptﬂ(npt)
-2 () (22}

ém £ aa(n) — a, u(m,) = ap(m + I — a, pu(n,) the mean difference between true and misspecified models.

where

4.1 | Single Source Fisher Information Matrix

In B(6,,) one can recognize the Fisher Information Matrix (FIM) of a single source CSM. A compact expression of this FIM,
that depends only on the baseband signal samples, was recently derived in Medina et al.| (2020). We recalled hereafter for
completeness that

2F, =
BO,) = R {QwQ"} (12)
n
with
. . ja,wb 0 -a
Wi W, Uy ptO " —ja, Opt
W=lw, Wy, w, |.Q= 0% 6” ¢ T (13)
wy wy Wi, a,, 0 0
where the elements of W can be expressed w.r.t. the baseband signal samples as,
1 1 1
w, = Fssﬂs, w, = F—SZSHDS, wy = FSSHVM(O)S,
1 1
w, = ESHDVA’I(O)S, W, = FSHDZS, W;5 = Fs"VA2(0)s
with s, the baseband samples vector, D, V&!(-) and V42(-) defined as,
T
s= (..., s(nT), ---)ngsw; (14a)
D =diag (..., n, ...)n <u<n, » (14b)
V&' @], = _ (cos (n(k — I — q)) —sinc (k — [ — q)), (14¢)
ki k—1-gq
k—1-gq))—sinc(k—1—
[V22(g)],, = asinc (k — I — q) + 2 (( 9)) — sinc ( D (14d)

(k—1—q)
where the reader can refer to Appendix for details on the closed-form expressions of V4!(q) and V22(q).
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4.2 | Model Mismatch Information Matrix

The matrix A(6,,) accounts for the model misspecification. Its elements can also be expressed in a compact form as a function
of the baseband signal and interference samples as,

2F, .
[A(ept)] D.q = 0.2 { [QQ] D WAa } - [B(ept)] pq’

WA = [wh wh WAL @ = (pe/®, 1, —p,e/®n) ", (15)
with w =1... 1[, T =1... 21, ...]" and w =1... 3,, ...]T forl € (1, -, 6), and where [Qq]p_ is the p-th row
of the matrlx Q (refer to Appendlx.for Q). With AT =t—1,andAb=b-b,, WA is obtained from,

Ay = LgH SADN Cao (AT w.bAT
Wiy = 2o (S ) VA ) sermiie, (162)
L JAbY Cao (AT w.baT
wh, ()" = 7 DU< ) V(T )se (16b)
At = LgHp? JADY Cao (AT w0, bAT
wiy@" = £5s"DU ( ) VT ) e (16¢)
A * H f.Ab Al [ AT
b = (10 (52 ) v (5 )
jw,.Ab Ab )
leg—s”U <fF > VAo <ATT> s) ofocbAT (16d)
Ab Ab
whm* = (-—=s"U JeAb vao At iSHDU JeAb yal A7)
: Fb °F, T, F, F, T,
Ab Ab )
+j 2 226Hpy <f )VA’O <£> s> eiocbAT (16¢)
Fs FS TS
Ab Ab
wh () = (—F,s"U JeAD ar (A7) o oy apstiy ((Le20) yau (A7)
’ FS TS FS ]_Z?
Ab)? Ab .
ORI Gy (L2 yao (A7) 5} ponar (16f)
F; F; T;
T f.b
wh, = FLIHVA’O (Ti’> U < F”’> s, (16g)
A T fcb
wh, = %IHVA’O (T—”’> U < F”’) Ds, (16h)
T f.b
wh, = %I”VA’O (T—”’ U <T”’> D%, (16)

<

fcbpt cbpt t fcb t
Hyao [ 2 p 16i
U< Fs>s+ F \Y <Ts U F s, (16j)
U <f”b”’> s+ LrHVA! <@> U <f‘b’”> Ds
FS FS TS FS
b
(@_”’) Ds) , (16K)

T f.b T f.b
A Hy7A2 pt cpt HvyA,l pt c“pt
wz,é - <_FAI V <TS > U < FS > ° +12waptI V <Ts ) U < Fs > ®

(w,.b,)* T /.
SRR CA VAUl (RUIRR  § f (Rl IO (161)
EY TS FS
A A A A
W3 =W, Wy, =W, Wy, = W,,, Wiy = W3, Wy =Wy, Wye= Wi, (16m)
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with
U (p) = diag (..., e/, --~)N15n5N2’ (17)
(V20 (9] g =sinc (k=1 —q) (18)
Proof. See Appendices [A]and [B] O

4.3 | Implementation of the Bias and the Misspecified CRB expressions

In this section, we explain step by step how to perform the calculation of the bias and the MCRB of the synchronization
parameters of the received signal:

x(t;p) =as(t —1)e /D) L1+, (19)

First of all, it is necessary to calculate the parameters a,, = p, e’ ®» and 11; = [Tp,, bp,] from from equation (I0).

Then, we compute the bias of the synchronization parameters as Aa = a,, — a, Ap =1n,, — 1.

To compute the MCRB, we start by computing the single source Fisher Information matrix B(6,). This process is
described in Section [4.11

Then, we have to compute the model mismatch information matrix A(Op,). To do this:

We compute & from equation (13).

To compute WA, we define A7 = 7 — 7, and Ab = b — b,,. Then, we compute the elements of the matrix given by
the equations (T6a)-(T6m).

Now, we compute the matrices Qq, with ¢ = {1, 2,3,4}. Those are included in Appendix

paq’

Finally, we compute [A©,)],, = 2% {[Q,], WA | - [B©,,)]

e The MCRB is then computed MCRB(0,,) = A(Hp,)_lB(Gp,)A(Gpr)_l.

S | VALIDATION

Let us consider the case where a GPS L1 C/A signal is interfered by a jammer that is generating a LEM chirp signal, which is
defined as

. . A for0<t<T
I(t) = TL(f) X ™+ T ()= 7 =, 20
@) r(f)xe () 0 otherwise (20)
with @, the chirp rate, A; the amplitude and T = NT, the waveform period. The instantaneous frequency is f(f) =

i% (mxctz) = a,t, and therefore the waveform bandwidth is B = «,T. We consider the case where, after the Hilbert filter,
the chirp is located at the baseband frequency, i.e., the central frequency of the chirp is f; = 0. Then, the chirp equation can be

rewritten as,
A for0<t<T

21
0 otherwise @D

I1(t) = I (t) X ej/ra(,(t—T/2)2+j¢’ () = {

The MSE and bias results for the parameters of interest 87 = [p, ®, g’ ] are shown in Figures w.r.t. the SNR at the output
of the matched filter (i.e., SN R,y ) and considering the following setup: a GNSS receiver with F;, = 4 MHz and a chirp
bandwidth equal to 2 MHz, with initial phase ¢ = 0 and amplitude A; = 10. The number of Monte Carlo is set to 1000 iterations.
In the results one can observe that i) the Root MSE (\/ M S E) of the true parameter converges to \/ M CRB + Bias?, ii) the
VM S E of the pseudotrue parameter converges to the v/ M CRB, and iii) the value \/ M CRB is always higher than v/CRB
(refer to (Medina et al., 2020)), which represents the asymptotic estimation performance of the parameters without any source
of interference. Such results validate and prove the exactness of the proposed MCRB and bias expressions. Finally, we would
like to underline that the MCRB characterizes the misspecified MLE asymptotically and is therefore unable to evaluate what
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FIGURE 1 MML estimator root MSE for the time-delay
T estimation w.r.t. the true and pseudotrue parameters, F, estimation w.r.t. the true and pseudotrue parameters,
and the corresponding bounds. The interference is a chirp and the corresponding bounds. The interference is a chirp
signal with B = 2 MHz, A; = 10 and initial phase ¢ = 0.

signal with B = 2 MHz, A; = 10 and initial phase ¢ = 0.
Integration time set to 2 ms. Integration time set to 2 ms.

FIGURE 2 MML estimator root MSE for the Doppler

happens before the convergence region. Therefore the calculation of the MSE of the MMLE also indicates the threshold from
which the MCRB theoretically characterizes the MSE of the MMLE.

In a second example, we evaluate the degradation caused by a single tone located at a frequency f; = 0.5MHz. For this

particular case, the interference samples are given by I = I(---, A,e/?"/iT:+j¢ ...\ which is a complex function, and can be
rewritten as,

I =1(, A/ oy = [ (o, A, (cosQr fikT, + @) + j sinQr fikT, + @) , ) (22)
with ¢ the initial phase of the tone and A, the amplitude of the tone. For our particular scenario we set the initial phase to 7 /2
and A; = 10. In Figures 9 Hi1 | we illustrate the MSE and bias results for the parameters of interest 87 = [p, ®, "] as a
function of the signal to noise ratio at the output of the match filter SN R,r. We set F, = 4MHz and the integration time equal
to 2ms. Note that the MSE converge to the theoretical result, re-validating the closed-form expressions. Moreover, in Figures
[6 H8 HIO HIZ'] we also include one scenario where the integration time is set to 4 ms. Note that for this particular case, the
bias is lower and Doppler estimation perfomance has been improved. Note that this can be proved theoretically thanks to the
closed-form expressions of the Fisher information matrix which allows us to understand how the different design parameters

affect the calculation of the MSE of the MLE. For this particular case, increasing the integration time increase the dimension of

the matrices D and D?, which are related with the Fisher matrix parameters of the Doppler. The longer is the integration time,
the better estimation performance is obtained.

6 | CONCLUSION

It is well documented in the literature that interference signals may have a huge impact on the GNSS receivers’ performance, but
to the best of the authors’ knowledge, from an estimation perspective, the theoretical analysis of the impact of such intereferences
on the first GNSS receiver stage (i.e., time-delay and Doppler estimation) is an important missing point. In practice, at the
receiver there exists a model mismatch, and an interference induces both i) an estimation bias and ii) a variance degradation. In
this contribution, we provided the theoretical closed-form expressions that characterize the MSE for the maximum likelihood
estimates of the GNSS synchronization parameters, that is, bias and MCRB. Comparing these results to the standard CRB,
associated to the unbiased maximum likelihood estimates without any interference, allows to theoretically characterize the
performance degradation on the time-delay and Doppler estimation. The exactness of the proposed expressions was validated
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for a representative case of a chirp interference jamming a GPS L1 C/A signal. Results were provided to show such validity and
the impact on both time-delay and Doppler estimation. It is important to notice that such analysis may be the starting point for
both the derivation of robustness metrics or new GNSS signals, and the design of interference countermeasures.
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APPENDIX
A ON THE COMPUTATION OF A(0,;)
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FIGURE 12 MML estimator root MSE for the phase
@ estimation w.r.t. the true and pseudotrue parameters,
and the corresponding bounds. The interference is a tone
signal with f; = 0.5 MHz, A; = 10 and initial phase
¢ = n /2. Integration time set to 4 ms.

To compute A(6,), continuous time expressions are considered, u(t;1) = s(t — 0)e /0D sm(t) = au(t;n) + 1) —
@, pu(t:,) = A()@, with A(r) = [ ), 1(t), p(t:n,,)| and @ = (pe/®, 1, —pp,ej‘bw)T, which leads to the discrete expression
om=Aa = [[.4(11), I y(r]p,)] a. The second derivative of interest can be written in a matrix form as:

Paypu(tiny,)

—=[Q Q Q
69pt09pt
with
- ptwfbi, 0 0 —j2a,w.b, O
Q = jap,a)c apta)fbp, 0 O Jay,w,
! je"bwwcbp, 0 0 —e/% 0
I —a, b, 0 0 —ja, 0
jejd’wa)cbp, 0 0 —e/® 00
0 —je!®w, 0 0 00 _
Q= 0 0 0 0 oo %=
jel®n 0 0 0 00
s(t —1,) 1 [ 4, 7
(t- Tp,)zs(t —T,) d, (1)
t—7,)s(t—1,) d; (1)
D(t: = p p =
(t, Tpt) S(l)(t _ Tpt) d4(t) 5
- Tp,)s(l)(t —Tp) ds(t)
sO@ — TP,) AGE

Q4 ] (D(t; npt) ® 14) e_jwcbl’f(t_"pr),

ay Joyw, aptwfbpt 0 0ja,m 0
O,sz 0 % —ptwa 0 0’
0 0 —je®rw, 0 0 0 0
0 0 a, W, 0 0 0 O

ayw.b, 0 0—ja, 00

0 ayov, 0 0 00
jel®n 0 0 0 ooOf
- 0 0 0 00
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where s(-) and s@(-) refer to the first and second time derivatives, respectively. A way to write the product of the mean

difference term and the Hessian matrix, under its discrete form is,
0%, u(1,,) ~ \H T
H pri™ipt _ ~ . —jw.b, (kT,—7,)
m — | =(Aa) ([Qq],,,, [ s DT sy )e /@O0 ]y ) ;
09p,6(9pt b { 2

which can also be written as,
O, u(,) N A
om | 200N gl Y.
00,00 P
pt .q
with
By = o u(kT ;) dy(KT)e ™/ n ) 1 (KT, ) dy (KT, )e ™ @ w %) — oo p(KT s 1y, )* dy (KT, )e ™ @b T =)

When the number of samples tends to infinity, each g, is the sum of three integrals,

N2
1 . * —jwc by (kTi—7,) — . * —jw.b, (1-T,) = A
o Jim T D kT d (kT e 2T =tn) = / (e d (e dE = w

k=N, 4
NZ

lim T I(KT) d,(KT.)e 7@ ® T = | [(1)*d, (1)e I Ln=) dt = wh

o Jim sk_EN) (KT,)d,(KT,) (0" dy(1) 2
—v1

R

N,
lim Ts z M(kTs; ﬂpt)*dl(kTS)e_jwcbpt(kT:_Tm) = / u(t; ﬂpt)*dl(l)e_jwfbw(t_fm)dt =t

3.0
N,|,N;)—(—o0,+ ’
(N N=(eoton) oY J
which leads to the expression in (T3)),
A A A
2 w w w
hm 5mH J apt”(npt) =F [Q ] -1’1 .2’1 .3’1 &*
(N}, Ny)= (=00, +00) 90 007 T s Uealp : :
pt %% pt wh o wh o wd
Pa 1,6 2,6 3.6

Then, the computation of A(Gp,) reduces to three sets of integrals. The first set of integrals is,

wi () = / 5t = 7,)s(t — 7)* e IO nt=5)=b=0) gy, wi, () = / (t = 7,)5(t = 7,)5(t — 7)*e I bult=1)=00=0) g1
R

R

w%(n) = /(t - Tp,)zs(t _ Tp,)s(t _ T)*e—ja}c(bpr(t—fpl)—b(t—‘[))dt’ w‘i4(’1) = / s(l)(t _ Tpt)S(f _ T)*e—jmc(bp,(t—rp,)—b(t—r))dt’
R R

W) = / (t = 7,050t = 7,)5(t — 1) eIl gy () = / SOt = 7,)s(t — 7)o Bult=)=b=D) g
R R

and the corresponding closed-form expressions are given in (T6a)-(16f). The derivation of w‘?l(n), w‘?z(n) and w‘? ,(m) can be
found in|Lubeigt et al.|(2020) (equations (A.27), (A.28) and (A.29) respectively). The rest of the terms are derived in Appendix
The second set of integrals is,

A -j - A —jw,b (1—
w}, = / S =) (@) ot dr, wh, = / (1 = 7,5t = T,) [(1)" eIt d1,
R

R
A 2 x _—jw.b, (1— A 1 —jw.b  (1—
wy; = / (1 = 7,)2s(t = T, )T (0) eI, wh, = / st = 7, I (@) e o= d1,
R R

A 1 —jw. b, (t— A 2 % —jw.b, (1—
w5 = / (t = 7,)sV(t = T, ) IO e 0dr,  wh o = / SO = 7)1ty et dt,
R R
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and the corresponding closed-form expressions are given in (I6g)-(16I) The derivation of these terms is done in Appendix [B]
The last set is,

wh = / S(t = T,)3(t — 7,,)* eI =bu=50) g = 1,
R

wh, = / (t = 7,)5(t = 7,)5(t — 7,,) e Cu=T=bn=50) g1 = g,
R

w?ﬁ - /(t - sz)zs(t - Tp,)s(t - Tpt)*e_jmc(b”’(t_f”’)_b”’(t_rp’))dt =W,,,
R

Wy, = / sV = 7,)5(t = 7,) e 2 nt=m=bu=00) g1 = g,

R
A 1 —jw (b, (t—1,)—b,(1—
Wi s = /(I - TPI)S( )(t - Tpr)s(t - Tp,)*e Jooc B t=5)=by(t=50) 1 = Wy,
R

wyg = / SOt = 1,)5(t = 7,)" e 0I5 gt = W7, ;.
R

B DERIVATION OF INTERFERENCE CONVOLUTION TERMS USING THE FOURIER
TRANSFORM PROPERTIES
B.1 Prior Considerations

First the Fourier transform of a set of functions are to be evaluated. Remembering that the signal is band-limited of band B < F,,
one has:

NZ
s(t) = FT {s()} (/) & S(f) = <Fi > s(nﬂ)e—fZ”f"Ts) I n] B1)
s n=N, 2°2

In order to tackle the issue that may come from the spectral shift due to Doppler effect. One simply needs to take F, large enough
so that % > 2+ f.max {|b], b, |b—b,l}.

A first expression is a simple application of the frequency shift relation when using the Fourier transform of a signal multiplied
by a complex time-varying exponential.

s/ = FT {s(e/> '} (f) £ S(f = f.b) (B2)

Then, let s, be defined by s,(#; b) = s(t)e/>"/<¥ it is known that

J d
ts,(t;b) = ZESFT {5,(t:0)} (f)l (B3)
B2

therefore id
jeafbt o J G _ B4
ts(t)e mdf (S(f - f.b) (B4)

Similarly
i\ &

sty = () — (S(f - f.b B5
s()e <2ﬂ> df2< (f = f.b) (B3)

Besides, with the superscript (V referring to the first time derivative,
s\ b) £ (%(sla; b)) = sV 1 (j2m f,b)s, (1)
& sVWe? I = §V(t:b) = (j27 f.b)s (1: b)
Then, knowing the Fourier transform of the k-th time derivative of a function

FT{sO0} (/) £ (22 /) S(/) (B6)
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one directly gets
sOe/> /P = jan (f = £.b) S(f = f.b) B7)
Now, if s, is defined as s,(t; b) = ts(t)e/>"/b,

sO(tb) = 5,(1: b) + 1V 4 (121 f,b)sy(t; b)

& sV = — 5,(1:b) +53(1: b) ~(j21f,b) 55(1: b)
B @9 59

therefore,
4

D28 fbt o _o(f o
15 (0)e! =-=S(f-fb)-(f fcb)df

Finally, by taking again s, as s,(t; b) = s(t)e/27/:¥,
st b) = sP e 4 2(j2n f,b0)sV (D) + (j2r £,b)s, (1 b)

& sAne ¥ = sO(t;b) —(jan f,b) sD()e/> M +4x(f,b)* 5,(1; b)

—— N — ~——
@9 (133} (1)

(S(f - £.b) (B8)

one obtains,
sPM)e M = (j2r P S(f — f.b) + 877 f.b(f — f.D)S(f — L)) +4x*(f.b)>S(f - f.)
= —4x* (f = f.b)* S(f — f.b) (BY)

B.2 Evaluation of the Integrals
B.2.1 Derivation of Integral w,(n)

w‘ﬁs(n) = /(t _ fp,)zs(t _ Tp,)s(t _ T)*e_jw”(b”’(t_rﬂ’)_b(t_f))dt = o jocbAT / MZS(M)S(M _ Ar)*ej“’fAb“du
R R

Then, using the Fourier transform properties over the hermitian product,

ﬂ
2

N2 o
Wiy (e P = /uZS(u)e’“’CAb” (s(u— A7) du = / (<2j—ﬂ> 4 (S(f - chb))> (S()e /A7) df

R Y Fy ds?
B3 ey
1
2
Ab I - Ab
o) o ()2
3
Hence
1 A S Ab bz
w, () = FSHVA’O <_TST> U <_CF_S> D2 e /@ebAT (B10)
N
with U (p) defined in (T7) and VA () defined in (T8). Note that:
— Jj27fn T
vif)=( ... e - )N <nen, (B11)

1

V&O(g) = / v WV (e Pl f (B12)

1=
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and

1
2 1
. J2nf(k=1-q) ]2 i k—1—
V&%), = / eI f = [e— _ Sk =129 _ Gre—1-g). (B13)

P2etk—=1-q)| 1+ alk—1-q)
_ 2

B.2.2 Derivation of Integral w?_

wis(m) = /(t — 7,)sD(t = 7,)5(t — 7)* eI Bal=r b= gp = gmicbAr / usV(w)s(u — Ar)*e/ A dy
R

R
Therefore,

wzﬁs(n)ejwcbm — /us(l)(u)eijAbu (s(u— A7) du = / (—S(f - f.Ab) = (f - chb)di (S(f - chb))> (S(f)e—jzanr)*df
e !

=—Fis/<sTU <—fCFAb>v(f)*> ST (sﬂv(f))df+Fis/j2nf <sTDU <—fCFAb>v(f)*>ej2”f% (s"v(f)) df

N N
1

2
1

s

2

Ab Ab Ab Ab
__Lgnyao (LAY (LAY L L nyan (AT (e Ds—jZﬂfC—sHVA'O _AT) (L LAb) b
F, T, F, F, T F F2 T F

s s s s s

Ab Ab
wis(m) = <—LSHVA’0 <—£> U <—fc ) s+ Lguyan <_£> U <_fc ) Ds
, F, T, F, F, T, F, B14)
OB o (AT (CLADY P e
F? T, F,

N N

with U, VA0 and V2! (¢) defined in (T7), (T8) and (T4c). Note that

1

3
val(g) = j2r / FVOOWVE(f)e 24 f (B15)
.
and
% 27 f (k—1—q) 3 +% 2z f(k—I—q)
j2nf(k=1-q) 13 j2n f(k—I—q
VAl —in / 25 f k== f = D Sl _/e—d
[ (‘1)]k,1 j2m | fe f=jen j2rnk —1—¢q) J2rk—1—-¢q) 4

_1
1 2 1
2 2

1
___Jjm [lemk—l—rn _ <_l> e—jzr(k—l—q)] _ | et
2rk—1-g)\ 12 2 j2n(k —1—q)

-1
2

= _ (cos(n(k —1 — q)) —sinc (k — [ — q)) (B16)
k—1—-gq
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A

B.2.3 Derivation of Integral w

wh () = / SOt = 7,)5(1 — 7y e @ (bult=5)=b1=D) gy = gmiocbA / sPw)s(u — Ar)*e/* 4 dy
R R
Therefore,

Fs
2

1

p 2
= / <<—F5(47t2 - j4nchb(jZ7rf)—47r2—(f “?b) ) (sTU (-

N

W (/P8 = /s(z)(u)ej“’”Ab“ (s(u— A7) du= / (—47%(f = f ABYS(f = f.AB)) (S(f)e > /A7) df
— ——
(f)*)) x (s"v(/)) df

R 1353 -5
f.Ab
=)
fe

\Z
Ab Ab
= —Fsvez (ZAT) gy I s— janf,abs" VA (AT )y (- s
T F T F.

N N N N

2
U g (80 g (80,

N N N

Ab Ab
wi(n) = <—FssHVA'2 <—£> U <—fc ) s — j2w,Abs VA <—£> U (—f—> s
T, F T F

Hence

N N N N (B17)
2
_(0.Ab) sHyao (AT ¢ _fAb s ) oocbde
FS T.Y FS
with U(-) defined in (I7), VA(-) defined in (T8), V2! defined in and VA2(-) defined in (T4d). Note that
:
VA2 (g) = 4n’ / v (e radf (B18)
J1
2
and
3 | +3
) 2,j2nf(k=1-q) 12 2fe12ﬂf(k—/—4)
VA2 (g =4”2/f26127rf(k—1—q)df=4n_2 [f e _/ : df
[ ]"” : j2rn(k —1—q) L+ j2rnk —1—q)
T2 T2
o 1 5
= —477:2 l [ejfr(k—l—Q) - e_jﬂ(k—l—q)] _ 8x? feﬂ”f(k_[_ln 2 _/ el 2nf (k=l-q)
2rk—1—¢q)4 J2rnk—1—q)||j2rtk—1—q)|_1 2xtk—1—¢q)
b
1
— a%sinc(k— 1 —q)— —— 87 [lejzr(k—l—q> _ <_l> e—jn(k—l—q)] _ [M] ’
(2r(k =1 — q))? 2 2 JP2ak—1-9]
2
= z2sinc (k — | — q) + m X (cos (m(k — 1 — q)) —sinc (k — | — q))
k—1—q))—sinc(k—1I—
= rPsinc (k — 1 — q) + 2525 9)) — sinc ( 9 (B19)

(k—1-q)*

B.2.4 Derivation of Integral w?,

szl = / s(t — Tp,)I(t)*e_j“’cbr"(’_fw)dt = / s)I (u + Tp,)*e_jwcbw”du
R R
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Then, using the Fourier transform properties over the hermitian product,

Es
2

w‘zl :/s(u)e—chbmu (Iu+t t)) du:/S(f+fcbpt)([(f)ej27rfrp,)*df
———

R @ _%
Fy
2 1 N, #
= — Z S(nTS)e_jz”(f+fbe’)"T e—j27rfrp,< Z I(nT,)e jZI[fnT> df
[ <Fx n=N, S n=N,

n=N,

2 o N, *
_ FL/( S(I’lT)e_JZ”fn —j2r L‘I’f )e_jZHfT_“<Z I(nTs)e—jZIrfn> df
n=N,
-+ / < ( ””) (f)) SE (r) daf

— L on H J27ffT beP’ _ 1. A0 Tyt fcbpt
= 5! /v(f)v (e T ay U( - >s_F1 v <?>U<T S

S

D=

1
2

Hence

B.2.5 Derivation of Integral w‘;2

bUéA’Z = /(t - Tpt)s(t - TPZ)I(I)*e—jwcbp,(t—‘fpx)dt = /MS(M)I(L{ + Tpt)*e—ij P’”du
R R
Therefore,

Fs

ody= [t e ) au= [ (425780 +100) ) (10677 a1

R @ _%
s
2 N2 ]V2 *
) / <F SC(=j2aT,) ), ST, )ne-/2"<f+fcbm>"T>e-ﬂﬂffm ><< Y 1o, )e'Jz”f"T) df
R n=N, Y n=N,
2

1

Z N, N, *
1 . _in Sebpt _iogf .
= y2 Z s(nT,)ne 2 fng TR ) IR Z I(nT,)e 2 ) df
S n=N, n=N,

T2

1

fcb t —jor
[ (o)) e

S

F.

S
s 1 s

b b
=L21H /V(f)VH(f) jZIth df U<fc pt)Ds:LlﬂvA,O <2>U<fc pt>DS

(B20)
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Hence

A

T fb
wy, = %IHVA’O <Ti’> U ( ”’) Ds
Ky s

FS
with U and VA, defined in (T7) and (T8), respectively, and D defined in (T4B).

(B21)
B.2.6 Derivation of Integral w?,

A _
w2‘3—/(t—
R

Therefore,

) st — 7, ) [(1) e Pt dr = / W s (u+7,)" e Pndu
R

> )
w§3=/u2s(u)e—jwcbp,u (I(u+'rpt))*du= / ((5> dd—f2(S(f+fcbp,))>(I(f)eﬂ’fffpr)*df
) i\ N,
. 2
<§> (=j2xT))

. Z S(nTS)HZe—jZﬂ(f+fL,bp,)nTS

N, *
Jomre (£ 5, rompn o
n=N; FS n=N;
n

o Febp o T >
_i —j2r =< —ji2nf .
S(nTS)nze JZ;rfne Jem = ">e J IrfTS ( z: ](I’ITS)E Jann> df
=N,

1

n=N,

E . Tpt b
= %IH / v(FvE(He 7 1 dar (o <fc "

> D% = 17VA0 <2> U <fcb”’> D
: F, F53 T, F,
.
Hence
T f.b
why = %IHVA’O <Ti’> U < F"’) D (B22)
with U, VA9 and D defined in (T7), (I8) and (T4B) respectively.

B.2.7 Derivation of Integral w;,

A

W4

= / sV =, ) (1) e/ Pn = dr = / sOWI(u+ 7,) e/ du
R

R
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Therefore,
ﬂ
2
wﬁ‘A = / sO e /bt (T(u+ r)) du= [ (j2z(f + f.b,)S(f + f.b,)) (I(f)ejz”ﬁ”‘)* daf
R _5
BD 2
_A N, .
= / <J27r(f+fcbpi) Z S(nTs)e_jzﬂ(f-'—f"bP’)nTJ>e_jzﬂfrﬁ”< Z I(nT )e jZinnT> df
S n=N, S n=N,
7

P22(fF,+ f.b,) D s(nT)e /e
n=N, n=N,

N2 cOpt . Tpt Nz :
< . e 7r—n> e—JZﬂfT—S < Z I(nTs)e—jZﬂfn> df

1
F,

/
/

Sy .
Fi <12n(fF +fcbp,)sTU< - ) (f)) EE (1 () df
; - b 27 f,b ;
U e e U(f ;”’>s+J LY / v (e T ag U(

2
= IFIVA’1 Z U fcbpt s+ j27tf bptIHvAO U fcht s
TS FS Fs TS Fs
Hence
wA = IH \IA’1 2 U fcbpt s+ Cbp’ IH VA 0 U bePt s
2,4 T, F, F TS F,

with U, VA9 and V2! defined in (T7), (T8) and (T4d).

B.2.8 Derivation of Integral w2 s

R

A 1
wys = /(t - fp,)s( )t — Tp,)I(t)*e Jocby
R

bu(=t)dt = / usV)I(u + 7,)* e du

fcbpt

S
)

(B23)
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Therefore,
whs = /us(l)(u)e_fwc (I +1,)) " du= / <—S(f + foby) = (f +fcbp,) (S¢f +fcbp,))> (I(fre> /)" df
T % Y

FA

2 N,
= / (— (Fi Y s(nT)e U +Ieb, )”T> (f+fcbp,)< (=j2aT)) Z s(nT,)ne= 2+ b )”TJ>>
Fy S n=N,

n=N,
2

Xe_jz”ffw< Z I(nT, )e_ﬂ”f"T> df

5 n=N,
1
1 N, N, *
_ —j 27‘ —127Ff —j2nfn
— _ L Z s(nT,)e j2xfn g, (Z I(nT,)e”™ > df
FS | <n=N1 n=N,
T2

; N2 cPpt . Tpt N2 *
v [t (3 st ) (3 sy )

n=N,

f b t 2 N, ' Tebp e N, A *
+j27l' ;ZP / Z s(nTS)ne—janne ﬂ—n e—J ”ff Z I(HTY)e_ﬂ”fn df
s

n=N, n=N,

fcbr . ¥4 ; fcbt T
Z_FLS <sTU< Ff)v(f)*) Sedhn (IHv(f))df+F/jznf<sTDU<T:’>v(f)> gadbs (1)) df

s
1 _1
2

2

ey feby .
+j2nF—S2p/<TDU< F")v(f)*) T (1)) df

N

ST

1
2

1 1
2

b : o b
=_FLIH /v(f)v(f)H PRI G f U<f“ ”’>s+FiIH jzn/fv(f)v(f)ﬂe‘ﬂ”fidf U<fc ’”>Ds

s Fs
_1 -1
2

2

N FS

b ; b
+j27rf;2ptIH /v(f)v(f)” BT, U(fc "’)Ds

2

S s s

= _Lynyso () y Jebn s Lpryar (2 g Jebn Ds + j2r fcbp’l”VAO U Jebn Ds
F, T, F, F T, F F? TS F,
Hence

T feb 7 feb o:b feb
why=—Lpyao () g (Zen) gy Lymyar (Z0) g (Lm) pg — v U( =2 )Ds
’ EY TS‘ Ef FS TY EY FS TY F

N

(B24)
with U, VA9, VA1 and D defined in (T7), (T8), and (T4B).
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B.2.9 Derivation of Integral w2 p
whe = / sP@ = 7, (1) e/ Pn =T dr = / sSPWI(u+ 7,) e du
R R
Therefore,

s
2

wye = / sP e (I +7,))" du = / (—47>(f + £.b, P S(f + foby) (1) )" df
——

. ] -3
% o :
— / ((_4ﬂ2f2 _ Sﬂszcbpt _ 4”2(fcbpt)2) <FS ;j S(nTs)e—jZIE(f+bep,)nTx>> X ejzlrf‘l'pr ( S ZN I(nT )e—jzﬂfnT > df
n=N, n=N,

I
~

N, I py
<(—47r2(st>2—8n2<st>fcb,,,—4n2<fcb,,,>2)(Fi 3 ST, ye el ne >>

S n=N,

x e —< Z 1(nT, )e-ﬂ”f"> dfF,

SnN]

b,)? b
=/<<_FS(4n2f2)+j47rfcb,,t(j2nf)—4n2@> <sTU<f;pt> v(f)* >> Skakn (IHv(f)) df

_1
2
1 1

. pt b t —j2r Int cb t
—-r 1|4z [ Pupvaye ™ g U<f}p >S+"4”fc”mIH o R U<pr )S

N

1 1
2 2

2 2 b
an 2(f" Yebp) yn / VDI U<f;‘”>s

N

1
2

2
Farver () y (Lde s+ janf b, 0"VA (£ U Tbn\ g 42l yyao () (100
’ T, F, °p T, F, F, T, F,

N

D

Hence

T f.b f.b (@.b )2 . £b
w96 = —FVIHVA,Z p U c“pt s+ j2w,b ,IHVAI U c“pt g e pt AN i U cOpt S
, : T F p T F I T F

N N N N

with U, VA9 and V2! defined in (T7), (T8) and (T4c).

B.3 Matrix Properties

Based on the definitions of matrices VA0, V&1, V22 and U, one can do the following remarks:
o (V2%g)" = V20(=g),
o« (V&@)" = -V2I(=g).
o (V22g)" = VA2(=g),
o (U@E)" =U(=p)
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