ResearchGate

See discussions, stats, and author profiles for this publication at: https://www.researchgate.net/publication/348798313
On Nested Property of Root-LDPC Codes

Article in IEEE Wireless Communication Letters - January 2021

DOI: 10.1109/LWC.2021.3054414

CITATIONS READS
2 76
2 authors:
Lorenzo Ortega Espluga & Charly Poulliat
Institut Polytechnique des Sciences Avancées Ecole Nationale Supérieure d’Electrotechnique, d’Electronique, d’Informatique, d’H...
43 PUBLICATIONS 127 CITATIONS 166 PUBLICATIONS 1,321 CITATIONS
SEE PROFILE SEE PROFILE

Some of the authors of this publication are also working on these related projects:

ot Resource allocation for multi-user systems: scheduling, power, subcarriers View project

et ANR- 13 -SECU- 0003 (CSOSG13 SURICATE project). View project

All content following this page was uploaded by Lorenzo Ortega Espluga on 10 June 2021.

The user has requested enhancement of the downloaded file.


https://www.researchgate.net/publication/348798313_On_Nested_Property_of_Root-LDPC_Codes?enrichId=rgreq-8fe71b9a41d097368d6b02df0d9a5d35-XXX&enrichSource=Y292ZXJQYWdlOzM0ODc5ODMxMztBUzoxMDMzMTY2Mzc4Nzg2ODE2QDE2MjMzMzc0NjgxMjk%3D&el=1_x_2&_esc=publicationCoverPdf
https://www.researchgate.net/publication/348798313_On_Nested_Property_of_Root-LDPC_Codes?enrichId=rgreq-8fe71b9a41d097368d6b02df0d9a5d35-XXX&enrichSource=Y292ZXJQYWdlOzM0ODc5ODMxMztBUzoxMDMzMTY2Mzc4Nzg2ODE2QDE2MjMzMzc0NjgxMjk%3D&el=1_x_3&_esc=publicationCoverPdf
https://www.researchgate.net/project/Resource-allocation-for-multi-user-systems-scheduling-power-subcarriers?enrichId=rgreq-8fe71b9a41d097368d6b02df0d9a5d35-XXX&enrichSource=Y292ZXJQYWdlOzM0ODc5ODMxMztBUzoxMDMzMTY2Mzc4Nzg2ODE2QDE2MjMzMzc0NjgxMjk%3D&el=1_x_9&_esc=publicationCoverPdf
https://www.researchgate.net/project/ANR-13-SECU-0003-CSOSG13-SURICATE-project?enrichId=rgreq-8fe71b9a41d097368d6b02df0d9a5d35-XXX&enrichSource=Y292ZXJQYWdlOzM0ODc5ODMxMztBUzoxMDMzMTY2Mzc4Nzg2ODE2QDE2MjMzMzc0NjgxMjk%3D&el=1_x_9&_esc=publicationCoverPdf
https://www.researchgate.net/?enrichId=rgreq-8fe71b9a41d097368d6b02df0d9a5d35-XXX&enrichSource=Y292ZXJQYWdlOzM0ODc5ODMxMztBUzoxMDMzMTY2Mzc4Nzg2ODE2QDE2MjMzMzc0NjgxMjk%3D&el=1_x_1&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Lorenzo-Ortega-Espluga?enrichId=rgreq-8fe71b9a41d097368d6b02df0d9a5d35-XXX&enrichSource=Y292ZXJQYWdlOzM0ODc5ODMxMztBUzoxMDMzMTY2Mzc4Nzg2ODE2QDE2MjMzMzc0NjgxMjk%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Lorenzo-Ortega-Espluga?enrichId=rgreq-8fe71b9a41d097368d6b02df0d9a5d35-XXX&enrichSource=Y292ZXJQYWdlOzM0ODc5ODMxMztBUzoxMDMzMTY2Mzc4Nzg2ODE2QDE2MjMzMzc0NjgxMjk%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/Institut_Polytechnique_des_Sciences_Avancees?enrichId=rgreq-8fe71b9a41d097368d6b02df0d9a5d35-XXX&enrichSource=Y292ZXJQYWdlOzM0ODc5ODMxMztBUzoxMDMzMTY2Mzc4Nzg2ODE2QDE2MjMzMzc0NjgxMjk%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Lorenzo-Ortega-Espluga?enrichId=rgreq-8fe71b9a41d097368d6b02df0d9a5d35-XXX&enrichSource=Y292ZXJQYWdlOzM0ODc5ODMxMztBUzoxMDMzMTY2Mzc4Nzg2ODE2QDE2MjMzMzc0NjgxMjk%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Charly-Poulliat?enrichId=rgreq-8fe71b9a41d097368d6b02df0d9a5d35-XXX&enrichSource=Y292ZXJQYWdlOzM0ODc5ODMxMztBUzoxMDMzMTY2Mzc4Nzg2ODE2QDE2MjMzMzc0NjgxMjk%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Charly-Poulliat?enrichId=rgreq-8fe71b9a41d097368d6b02df0d9a5d35-XXX&enrichSource=Y292ZXJQYWdlOzM0ODc5ODMxMztBUzoxMDMzMTY2Mzc4Nzg2ODE2QDE2MjMzMzc0NjgxMjk%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/Ecole_Nationale_Superieure_dElectrotechnique_dElectronique_dInformatique_dHydraulique_et_des_Telecommunications?enrichId=rgreq-8fe71b9a41d097368d6b02df0d9a5d35-XXX&enrichSource=Y292ZXJQYWdlOzM0ODc5ODMxMztBUzoxMDMzMTY2Mzc4Nzg2ODE2QDE2MjMzMzc0NjgxMjk%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Charly-Poulliat?enrichId=rgreq-8fe71b9a41d097368d6b02df0d9a5d35-XXX&enrichSource=Y292ZXJQYWdlOzM0ODc5ODMxMztBUzoxMDMzMTY2Mzc4Nzg2ODE2QDE2MjMzMzc0NjgxMjk%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Lorenzo-Ortega-Espluga?enrichId=rgreq-8fe71b9a41d097368d6b02df0d9a5d35-XXX&enrichSource=Y292ZXJQYWdlOzM0ODc5ODMxMztBUzoxMDMzMTY2Mzc4Nzg2ODE2QDE2MjMzMzc0NjgxMjk%3D&el=1_x_10&_esc=publicationCoverPdf

SUBMITTED TO IEEE WIRELESS COMMUNICATIONS LETTERS

On Nested Property of Root-LDPC Codes

Lorenzo Ortega, Charly Poulliat, Member, IEEE

Abstract—We investigate on binary Protograph Root-LDPC
codes that can embed an interesting property, called nested
property. This property refers to the ability for a coding scheme
to achieve full diversity and equal coding gain for any number
of received coded blocks and for any configuration of the
received code blocks. One can take advantage of this property
for '"carousel''-type transmissions broadcasting cyclically coded
information. For regular Root-LDPC codes, we show that these
codes inherently have both properties over the nonergodic block
fading channel and when message passing decoding is used.
Then, we show that irregular Root-LDPC structures could not
provide equal coding gain except if explicit design rules are
enforced to ensure that the nested property is fulfilled when
designing irregular Root-LDPC codes. Simulation results show
that designed nested Root-LDPC codes achieve good performance
and full diversity for coding rates R =1/2, R=1/3 and R = 1/4.

Index Terms—MDS, Full diversity, Nested, Root-LDPC codes,
Protograph EXIT.

I. INTRODUCTION

The design of error-control codes for the nonergodic block-
fading (BF) channel offers a challenging problem, which
differs greatly from its counterparts referred to additive white
Gaussian noise (AWGN) [1]. Indeed, classical unstructured
low-density parity-check codes (LDPC) codes, designed to
approach ergodic capacity, cannot generally approach the ideal
performance limits of BF channels, and hence code designs
suited to the nonergodic nature of the BF channel is needed.
Thus, Root-LDPC codes were proposed in [2] as a class
of structured LDPC codes efficient over nonergodic block
fading channels. For this class of codes, and under iterative
decoding, it is possible to operate relatively close to the outage
probability bound if irregular structures are considered [2],
[3], while achieving full diversity. When the full diversity
property is fulfilled, the information bits are decoded with a
diversity order equal to the fotal number of received fading
blocks [2]. It also holds that these codes are maximum distance
separable (MDS), i.e. they are outage-achieving over the
noiseless block-erasure channel [2]. The structure of Root-
LDPC codes for point-to-point channels has been adapted to
other communications scenarios such as the relay channel [4],
rate-compatible Root-LDPC codes for the two-block case [5]
or spatially coupled structures [6], [7], to cite a few.

In this letter, we are interested in channel coding structures
ensuring MDS, full diversity and nested [8] properties over the
block fading channel when using a Belief Propagation (BP)
decoding algorithm [9]. If the two first properties are met by
design for classical Root-LDPC codes, we aim to investigate
on the ability of these kind of codes to fulfil the so-called
nested property. In this paper, the nested property will refer
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to the ability for a coding scheme to achieve full diversity for
any number of received coded blocks (up to a maximum
of transmitted coded blocks) and for any configuration
of the received code blocks. When this definition is applied
to the Root-LDPC structure, this property enforces that the
information bits can be decoded with a diversity order equal
to the number of received blocks. We further enforce that the
nested coding structures must provide equal coding gain or
average error probability independently of the received blocks.
Note that this property is not always met by design, see for
example some designed Protographs in [3]. Root-LDPC codes
fulfilling the nested property will be referred to as nested Root-
LDPC codes. Nested schemes can be useful for "carousel"-
type transmissions [10]. A carousel-type transmission refers
to known broadcasting methods used in several protocols
of communication such as the GNSS (Global Navigation
Satellite System). In such a situation, the information data
is repeatedly broadcasted in a continuous cycle, i.e. it is
periodically re-transmitted, and different receivers can start
to receive the coded blocks at any time and may experience
different channel conditions from one block to another. To
the authors’ knowledge, this property has been first observed
and used in [11]. We aim here to provide some additional
theoretical proofs and insights of the observed behavior while
proposing some practical design to improve the coding gain
over regular structures.

The contributions are as follows. For regular Root-LDPC
codes [2], we first show that these codes can inherently
achieve any diversity order up to the maximum diversity order
achievable by their design rate, while providing the so-called
nested property over the nonergodic block fading channel.
Then, we introduce some rules to design some irregular nested
Protograph Root-LDPC codes of rate R = 1/3 and R = 1/4,
to perform better than existing schemes with respect to the
nested property.

The paper is organized as follows: Section II introduces the
channel model and the notations. In section III, we investigate
on the nested property of regular Root-LDPC codes, consid-
ering, as an illustrative example, the rate R = 1/3. Section
IV describes the design of irregular Protograph Root-LDPC
codes in order to fulfill the desired nested property, and shows
how existing methods may fail to meet this property. Some
illustrative results for both regular and irregular structures are
analyzed and compared with the state of the art in Section V.
Conclusion are finally drawn in Section VI.

II. ROOT-LDPC CODES FOR BLOCK FADING CHANNELS

The nonergodic BF channel is usually used to characterize
slowly-varying fading channels and it can be viewed as an
extension of the well-known block erasure channel [2]. For
this model, a transmitted codeword is transmitted over a finite



SUBMITTED TO IEEE WIRELESS COMMUNICATIONS LETTERS

number n. of independent block channel realizations. For
a block-fading channel with n. fading blocks, the baseband
discrete-time channel output at discrete time index n is given
by

Yn=hpxn+z4, n=1,...,N (1)

where N denotes the codeword length, x, € {—1,+1} is the
n-th binary phase shift keying (BPSK) modulated symbol,
Zn ~ N(0,0?%) are centered independent and identically
distributed (i.i.d.) real Gaussian noise samples with variance
ol =N, /2, h, are real fading coefficients that belong to the
set N = {a1,2,...,a,,} such that h, = @, .n/N1, Where
[.] refers to the ceiling operator. Furthermore, we assume
that ax, k =1,--- ,n., are i.i.d. random variables following a
normalized Rayleigh distribution. We also note L = N/n. the
number of symbols per fading block. Since the block fading
channel has a zero capacity in the strict Shannon sense [2],
the information outage probability is usually used to assess
asymptotic performance and the expression in our context is
Poui(y) = Prob{f < R} where y denotes the average signal-
to-noise ratio (SNR), 7 denotes the instantaneous average
mutual information between the BPSK constrained input and
the noisy observation at the output of the channel for a par-
ticular channel realization N, and R is the transmission rate.
Assuming perfect channel state information at the receiver [2],
1= nLFZ’;il Iawan (yai) where Iawgn (s) is the mutual
information associated with binary inputs transmitted over an
additive white Gaussian noise (AWGN) channel with a SNR
equal to s. Iawgn () is also referred to the constrained input
AWGN capacity for BPSK inputs. In such nonergodic channel,
Pour gives a lower bound on the codeword error probability
P..,. Moreover, the diversity order d is given by

d=— lim (M) )

Yo

log(y)

and is upper-bounded by the intrinsic diversity of the channel,
which reflects the slope of the outage limit. Note that to obtain
full diversity d = n. and R = 1/n. [2].

In order to obtain a channel coding design which achieves
full diversity over the BF channel, Root-LDPC codes were
proposed in [2]. To illustrate the structure of this family of
codes, we consider regular (d,, d.) Root-LDPC codes of rate
of R=1-d,/d. =1/3, where d, (resp. d.) is the number
of edges connected to a variable node (resp. the number of
edges connected to a Root-check node). Extensions to lower
rates can be easily obtained. In Root-LDPC codes, the variable
nodes associated to coded bits are divided into two kind of
nodes, called information and redundant bit nodes respectively,
that belong to n. = 3 classes, each one associated with an
independent fading block. This results in six types of nodes
and we denote (ix, px) the couple of nodes associated to a
fading block k, k = 1,--- ,n.. The m X n base matrix Hg
associated with the proto-representation is given by

I 0 0 hiahis5hhe O 0 O

I 0 0 0 0 0 hy7hyghyg
h31h3phz3 1 0 0 0O 0 O

0 0 0 1 0 0 hgyhaghsol’

0 0 O heggahesheg 1 0 O

Hly = 3)

where h; j; € N*, i € {1,---,m} and j € {1,---,n}, repre-
sent possible parallel edges in the proto representation [9]. In
order to decode the Root-LDPC codes, classical algorithms
[9] such as the BP can be used. Regarding the encoding,
most of existing strategies for encoding LDPC codes can be
applied. In particular, as we are mostly dealing with protograph
LDPC codes enabling quasi-cyclic structures, existing efficient
encoding methods are available (see for example [12]).

III. STRUCTURE OF NESTED ROOT-LDPC CODES

In this section, we investigate on the nested Root-LDPC
codes. This family of codes is characterized not only by the
inherent properties of the Root-LDPC codes, i.e. the MDS
and the full diversity properties [2], but also by an extra
property, called nested [8], which enforces that the information
bits can be decoded with i) a diversity order equal to the
number of received blocks and ii) equal gain or average error
probability independently of the received block. Moreover,
we claim that some symmetry rules are required in order
to derived coding schemes with the nested property. In case
of nested Root-LDPC of rate R = 1/3 is the following
matrix symmetry h3’1 = h6,4 = h2,7, ]’l5’1 = ]’1174 = /’l4,7,
h3» hys, hsp = his = ha9,
hs3 = h16 = hag. This condition enforces some "uniform"
graph topology from the information bit nodes perspective
ensuring similar performance under iterative decoding. This is
illustrated in the Tanner graph in Fig. 1, where a symmetrical
set of graph connections are required in order to ensure the
uniform graph topology. For the regular case, when assigning
edges, we did not find cases for which this condition is not
met. Note also that, for the regular case, a design rate R = 1/3
implies that 3}, hy ; = d, is even, Vj € {1,---,n}. In the
following, we analyze the nested property resulting from this
particular code structure. Proof of this property closely mimic
those in [2] in quite a straightforward way, then it has not
been included in this letter but it can be found in [13].

1) Diversity order: Let us consider the case where only
two blocks (out of the three possible blocks) are retrieved
under the general Rayleigh block fading AWGN channel.
The nodes belonging to classes iy, i and i3 should have
a diversity order equal to the number of received blocks.
Considering the simplest regular case, which is given by a
regular (4,6) Root-LDPC code and the 1-st block erased
(a1 =0), a coded modulated bit x = +1 belonging to the class
i1, receives its channel message Ly = 0 since the associated
block is erased. However, it receives 4 extrinsic messages Lf,
with i = 1,...,4, from its 4 neighboring checknodes. The
total a-posteriori message is Lap, = L§ + L5 + L + L.
Let L7 be the extrinsic message generated by the rootcheck
of class lcy connected to x and L5 the extrinsic message
generated by the rootcheck of class 1c¢3 connected to x. Then,
it is straightforward to verify that thanks to the joint message
L7+ L3, the bit x belonging to the class 7} is decoded with a
diversity order equal to 2 [13]. Let us now consider a coded
modulated bit x = +1 associated to the class i, then we
have Ly = ZULZy = %(ag + anz0) [2], where y = a +
and z ~ N(0,02). Moreover, it receives 3 extrinsic messages

= hes = hag, h33 = hee =
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Fig. 1: Tanner graph for nested Root-LDPC code of rate 1/3.

Fig. 2: Mutual information outage boundaries for the regular
(4,6) Root-LDPC in a block fading channel with n, = 3.

Lf, i=1,...,3. Since one of its 4 neighboring checknodes
(2c1) sends L{ = 0, the total a-posteriori message can be
computed as Ly, = L5+ L + L. Let be L5 the extrinsic
messages generated by the rootcheck of class 2c¢3 connected
to x. Again, it is straightforward to verify that thanks to the
joint message Lo + L5 the bit x belonging to the class iy is
decoded with d = 2. The above procedure can be directly
applied considering node of the class i3, obtaining that the
diversity is of order d = 2 independently of the class if.

2) Equal coding gain: In order to ensure the nested prop-
erty, the information bits are required to be decoded with equal
outage probability or average error probability independently
of the received blocks. For a given y and instantaneous fading
gains ¢ = [a1, - ,@,.], based on the update equations
of the Protograph EXIT charts [14], the a-posteriori mutual
information associated with the information codeword symbols
of the k-th fading block, referred to as If";,} ps can be computed
after € iterations. / ﬁfi p (¥, @) is an implicit function of (y, ).
Let 6/]’;, = [a, -+ ,@n.] be a permutation of the n.-tuple
a such that @, = ap,VYp = 1,--- ,nc. Then, if for each

node type we ensure by design that we have the same local
connections for each block & (i.e. the same multi-edge profile
from the variable nodes perspective), we claim that for any
k’, all channel configurations corresponding to a permutation
of the type d’l:, will ensure Iz’lfp(y, &,’:,) = III;;’fP(y, a),Yk =
1,---n.. As an example, we consider the case with 3 different
blocks with @ = [ay,a2, @3]. Then, & = [a3,@1,a2] or

c"zf = [ap, a3, 1] will lead under symmetry condition to

LA (voa) = I35, (y,@) =I5, (y,&). As it holds when
¢ tends to infinity, this would imply a symmetry with respect
to the ergodic line for the threshold region also known as
fading outage boundaries [15]. This threshold region can be
defined as the subset of tuple @ € R, for which we have
Iﬁfp(y, a)=1,Yk =1,---,n.. For n. = 2 received blocks
(resp. n, = 3), we have an axial symmetry with respect
to the ergodic lines y = x (resp. to z = y = x ). The
threshold region can be also more conveniently represented
using the mutual information outage boundaries as a function
of Iy = Iawgn (ye3),k = 1,---,nc. This latter case is
illustrated in Fig. 2. The mutual information outage boundaries
gives the required average mutual information per informa-
tion block for the regular (4,6) code to achieve zero error
probability with n. = 3. We can observe the symmetric
behaviour that is inherited from the symmetry condition.
The asymptotic outage probability can be then obtained by
averaging the multidimensional fading distribution taking into
account the mutual information outage boundaries [15]. From
the symmetry property, we claim that the asymptotic outage
probability is independent from the received blocks and thus
only dependent on the number of received blocks. Note that
when the number of blocks is less than n., the asymptotic
outage probability can be computed by considering the average
over the received blocks distribution only.

The same type of reasoning can be applied to the asymptotic
average information symbols error probability at iteration £.
Since it is directly related to If"}f p due to the symmetry prop-
erty, when averaging over the fading distribution, the average
information symbols error probability [3] can be shown to
be only dependent on the number of received blocks. The
nested property is derived when assuming that the symmetry
condition is fulfilled. This condition does not naturally arise,
except for the regular case and it must be ensured by design
for the irregular case.

IV. IRREGULAR NESTED PROTOGRAPH ROOT-LDPC

The preceding regular case is of interest to easily analyze
the desired properties of the proposed structure. However,
as the variable node degree is even by construction for the
regular case, it does not lead to real practical schemes for the
following reasons: (a) the actual rate cannot be equal to the
design rate, (b) encoding and mapping of information bits to
the iy classes becomes an issue. In this section, we investigate
on the design of irregular nested Root-LDPC codes which
enables to design codes that lead to practical solutions with
optimized demodulation thresholds when two or three blocks
are received. Considering a nested Root-LDPC of design rate
R =1/3, the base matrix HZ with entries "+” to be optimized
is given by (4a).
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100%%%000 100103000
100000+ 100000022
b |#%£100000 > 1022100000
Hg =1000100x«| @®  Hg =|000100103| “
455000100 103000100
000%%+100 000022100

"+’ represents the Protograph connection weights € N* to
be optimized. As a figure of merit for optimization, we aim to
lower some demodulation thresholds. Therefore, we will use
Protograph EXIT (PEXIT) Chart [15] to evaluate the different
thresholds we need in order to search for the coefficients
’+’, From the preceding study, we can also note that if the
obtained base matrix has not a symmetrical behavior between
the different block fading classes, then, the base matrix does
not provide the nested property. This fact allows to simplify
the search for the “+’ coefficients ensuring such a symmetry.
For illustration purpose, in this letter, we simply set s’ to be
coefficient weights in the set {0, 1,2,3}. Then, we apply the
following sequential procedure for optimization:

1-st step - Base matrix set initialization: We enumerate
the base matrices with symmetry property.

2-nd step - Threshold computation: For the previous sub-
set, we compute the demodulation thresholds T'h; (expressed in
dB) over the ergodic channel when only i € (2,...,n.) blocks
are received, i.e. considering that channel mutual information
provided by the erased block is equal to O.

3-rd step - Protograph selection: We proceed by se-
lecting the Protograph structure that minimizes Agp =
Y Theapa,i — Thil where Theapa,i is the BPSK capacity
threshold in dB to achieve R = 1/i.

By applying the above procedure, the Protograph structure
in (4b) is obtained with Thy = 0.92dB and Ths = 0.75dB. For
a design rate of R = 1/4, the Protograph in (5) is obtained
with Thy = 1.2695dB, Th; = 1.0384dB and Thy = 2dB.

: _ 100020002
1000000000002201 100102012
1000212000000000 001100000

1000000020120000 Hy =
2201100000000000
0000100000002120
0000100022010000
2120000010000000
0000201210000000
0000000010002012
2012000000001000
0000220100001000
10000000021201000]

010001100
101002100

HY, =

(&)

We would like to underline that the previous structures can
be also characterized by the rate-compatible property when
block puncturing is applied. However, unlike other proposed
structures [4], [5], only structures of rate R = 1/q, g €
{1,2,3,4}, can be obtained, as, by design, we only aim
to design coding schemes achieving uniformly any diversity
order corresponding to the number of received blocks. Thus,
mixing the proposed approach with existing methods [4], [5]
to achieve intermediate rates is out of scope of this paper.

002100102 ©

V. RESULTS AND PERFORMANCE ANALYSIS

In this section, we present the performance of regular and
irregular nested Root-LDPC codes over the Rayleigh block
fading channel and we compare the results with Root-LDPC
structures presented in the state of the art. The selected regular
structures are such that unknown coefficients are set to h;; = 1
for j € {1,4,7} and to h;; = 2 otherwise in equation (3). For
the structure of R = 1/4, we have h;; = 1 for j € {1,5,9,13}
and h;; = 2 otherwise. In order to construct the practical codes
simulated in this section, we have the used the lifting approach
described in [16].

1-;;\:: L e R,
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0.6 -
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Fig. 3: Mutual information outage boundaries when two
block are received. Note that x, y,z € {1,2,3}.
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Fig. 4: FER of regular and irregular nested Root codes of
rate R = 1/3 over the Rayleigh block fading channel

In Fig. 3, we illustrate the asymptotic required block average
mutual information performance for the particular case with
two received blocks, i.e. the block mutual information of
the erased blocks is set 0. The outage bound curve and the
ergodic line (in black) are also included. Unlike other Root-
LDPC structures in the literature [3, Eq. (40)], we see that
structures with nested property are symmetrical with respect
to the ergodic line. This means that the code gain is constant
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regardless of the received block and that frame error rate (FER)
is uniform among received blocks. Moreover, we show that the
optimized irregular structure provides better performance than
the regular one since the outage curve is closer to the outage
bound. For the regular cases with R = 1/3 and R = 1/4,
we can still achieve maximal diversity when receiving two
blocks, but at the price of a worse region of convergence.
For the irregular case with R = 1/3, we have improved the
performance over the regular (3,6) Root-LDPC code of rate
R = 1/2. For the irregular case with R = 1/4, we have
similar performance with respect to the regular (3,6) Root-
LDPC code of rate R = 1/2. In Fig. 4, the FER for a regular
and irregular nested Root-LDPC of design rate R = 1/3 and
N = 1800 over a Rayleigh block fading channel is illustrated.
Moreover, the outage probabilities P,,; considering a BPSK
modulation with R = 1/3, R = 1/2 and R = 1 and block
fading channel with n. = 3, n. = 2 and n. = 1 respectively,
are also included. When the entire codeword is received, full
diversity is achieved for both structures (regular and irregular),
since the FER curves follow the same slope as the outage
probability curve for a block fading channel with n, = 3.
Note that the irregular structure provides a higher coding gain
than the regular one since the FER is closer to the outage
probability curve. When one or two codeword blocks have
been received, a diversity equal to 1 or 2 is achieved for
both structures (regular and irregular). Moreover, equal coding
gain is achieved independently of the received blocks, i.e. the
nested property is achieved. We would also like to compare the
proposed nested Root-LDPC structure with other Root-LDPC
structures in the state of the art. Thus, the only proposed Root-
LDPC structure of rate R = 1/3 and n. = 3 is [3, Eq. (42)].
However, we claim that this structure is not Root at the strict
sense. It can be verified over the block erasure channel with
two erased blocks, e.g. 2nd and 3rd blocks, that i and i3
can not be decoded if the first block is correctly received.
Therefore, the structure is not MDS and thus is not Root.
Moreover, in order to prove that this structure is not nested,
we have searched for a good protograph structure following
guidelines in [3, Eq. (42)]. We get Eq. (6). Note, that the
structure has not a symmetrical pattern. In Fig. 4, the FER is
illustrated when 2 blocks are received. Since the structure has
not enforced the symmetry condition, the FER depends on the
received blocks, i.e. the structure is not nested. Furthermore,
we would like to underline that the structure is not MDS, thus
if two blocks are erased, the information can not be decoded.

Finally, in Fig. 5, the FER for a regular and irregular nested
Root-LDPC of design rate R = 1/4 and N = 2400 over a
Rayleigh block fading channel is illustrated. Moreover, the
outage probabilities P,,; considering a BPSK modulation with
R = 1/4 and block fading channel n, = 4 is included. Note
that since the FER curves follow the same slope as the outage
probability curve, the full diversity property is achieved. The
same comments can be made for the cases of 1 or 2 erased
blocks. Note that equal FER is achieved independently of the
received blocks.

VI. CONCLUSION

We have investigated on nested Root-LDPC codes which

can achieve MDS, full diversity and nested properties over the

Outage Bound n =4 Eq. (5) R= 1/4 (3 blocks)

————— Regular R=1/4 Outage Bound n =2
N = = =Eq.(5\R=1/4 = =m==m=— Regular R= 1/4 (2 blocks)
. Outage Bound n =3 ~  =—===m Eq. (5) R= 1/4 (2 blocks)
107 AN S B Regular R= 1/4 (3 blocks)
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Fig. 5: FER of regular and irregular nested Root codes of
rate R = 1/4 over the Rayleigh block fading channel

block fading channel under iterative decoding. The designed
nested Root-LDPC codes exhibit good performance compared
to existing methods that do not enforce the nested property.
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