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ABSTRACT

Time-delay and Doppler estimation are among the most critical op-
erations for synchronizing wireless communication systems, as well
as for applications such as radar and global navigation satellite sys-
tem (GNSS). Typically, a maximum likelihood estimator (MLE) is
employed to initialize the time-delay and Doppler parameters. How-
ever, due to the high computational complexity of the MLE, sub-
optimal algorithms are often used for subsequent parameter tracking.
In this paper, we propose a novel low-complexity Fisher-scoring es-
timator, which is a variant of the Newton-Raphson method. Under
the band-limited assumption, we derive closed-form expressions for
the Fisher Information Matrix (FIM) and the gradient, both of which
depend solely on the received signal samples. The performance of
the proposed estimator is evaluated against the Cramér-Rao Bound
(CRB), demonstrating asymptotic convergence and achieving the
same performance as the MLE after a certain number of iterations.

Index Terms— Time-delay and Doppler estimation, Fisher-
scoring method, band limited signal.

1. INTRODUCTION

I n the context of digital communication systems, accurately es-
timating the parameters of the received signal is essential. These pa-
rameters—typically the time-delay and Doppler frequency—carry
information about the position and velocity of the signal source.
Such estimates enable a variety of signal processing tasks, including
target tracking and classification. [1-10]. In the current state of the
art, a variety of methodologies have been explored to achieve pre-
cise time-delay and Doppler estimation, including non-parametric
approaches such as correlation-based techniques and subspace meth-
ods, as well as parametric approaches based on the maximum like-
lihood estimation (MLE) [2, 11]. While correlation-based methods
are straightforward and computationally efficient, they often under-
perform in low signal-to-noise ratio (SNR) conditions and lack the
precision required in high-accuracy applications. Subspace meth-
ods, such as MUSIC and ESPRIT [2], improve accuracy by exploit-
ing the separation between signal and noise subspaces, but they may
suffer from computational complexity and limitations in dynamic or
wideband signal scenarios [12]. The MLE, while optimal only un-
der linear Gaussian signal model assumptions, it has been shown
to be asymptotically efficient under the conditional signal model
(CSM) [13], delivering high estimation accuracy when the signal-
to-noise ratio (SNR) is sufficiently high [14]. Additionally, since
MLE is based on a parametric model and asymptotically unbiased,
it is possible to quantify the accuracy of the Mean Squared Error
(MSE) through the well-known Cramér-Rao bound (CRB) [11]. In
our work, we propose to focus on this method. It is important to
emphasize that it does not admit an analytical solution, and has to
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be computed using a numerical technique. The simplest idea con-
sists in implementing a grid-search approach to determine the point
that maximizes the likelihood [15-17]. It generally provides high
accuracy in terms of precision, but it is very costly in terms of com-
putation, particularly in diverse contexts where parameters need to
be iteratively updated over time. To address this issue and reduce
the cost, we can resort to optimization algorithms based on descent
direction. However, for generic estimation problems, Newton-based
techniques have some limitations, especially due to the need for an-
alytical computations and the inversion of the Hessian matrix. Op-
timization techniques such as the Fisher-Scoring (FS) method have
emerged as practical alternatives, leveraging the computation of the
Fisher Information Matrix (FIM) to approximate the Hessian ma-
trix. The FS method has demonstrated its effectiveness in related
estimation contexts, such as image restoration—where it is applied
to determine blur coefficients [18]—and in model parameter estima-
tion for Direction-Of-Arrival (DOA) tasks in seismic arrays. Note
that for the same application, a modified version of FS known as the
periodic Fisher-Scoring approach, has been proposed and adapted to
estimate phase information [19]. The main contribution of this pa-
per is to adapt the FS algorithm for the joint estimation of time-delay
and Doppler parameters from received signals in wireless communi-
cation. To this end, we derive a novel closed-form expression for
the gradient of the maximum likelihood (ML) criterion, under the
assumption of Gaussian noise and band-limited received signals. To
the best of our knowledge, this expression has not been derived in the
existing literature. As for the FIM, we rely on its closed-form expres-
sion, first derived in [15]. A key advantage of the FIM—compared
to the Hessian matrix required in Newton-based methods—is that it
does not depend on the current parameter estimates, resulting in a
significant reduction in computational complexity. The performance
of the proposed method is assessed through a series of numerical
experiments. The MSE of the time-delay and Doppler estimates
is compared to that obtained via a grid-search-based ML estimator.
Furthermore, the accuracy of the method is evaluated with respect to
the CRB. The letter is organized as follows: Section 2.1, we intro-
duces the signal model. In Sections 2.2, we present the problem, by
introducing the signal model, CRB and MLE under the band-limited
signal assumption. In Section 3, we describesthe proposed FS algo-
rithm. In Section 4, we present numerical results that validate the
good performance of the proposed algorithm. Finally, the main find-
ings and contributions of the paper are summarized in Section 5.

2. PROBLEM FORMULATION

2.1. Signal model

Consider a wireless communication system in which a band-
limited signal a(t), with bandwidth B, is transmitted over a car-
rier frequency fc from a transmitter located at position p (t)toa
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receiver at position pp_(t). Under the band-limited signal assump-
tion, a(t) can be expressed as:

No
a(t) = Z a(nTs) sinc (rB(t — nTs)) =
n=N1
LS j2m
— _ —Jamjnls
a(f) = (F > a(nTye )1[23;@5], )
n=N;
where T = § = — is the sampling period and F is the sampling

frequency. The dlstance traveled by the transmitted signal can be
approximated by a first order as

Pra,rn) () = ||Pry (t = 0(1)) = PRy (D] = 7 +0t, ()

0)— 0l =
with 7 = M , b= lT and v the relative velocity
between transmitter and receiver. The received signal after baseband
demodulation can be expressed as [15]

z(t) =aa((t = 7)1 =) e T b))
which simplifies under the narrowband assumption to [20]
a(t) = aa(t — 7)e 2 G L, )

with @ = pe’® a complex gain defined as 5 € RT,0 < & < 27,
and n(t) a zero-mean, Gaussian wide-sense stationary noise process.
After completing the sampling operation, the discrete signal model
with N = |N1 — N2 + 1| samples at sampling rate T can be ex-
pressed as:

x = apu(n) +n, )
where n € CV is distributed as a centered circular complex normal
vector with diagonal covariance matrix, i.e. n ~ CN(0,5%Ix),
x=(..,xk,..)=(..,2(kTs0),...)" for Ny < k < N and

= [#,b]". Finally, we have

w(@ = (... ) = (.., a(kTs—7)e P2 febET=) - 4T
(0)
In expression (5), we identify the vector of unknown parameter de-

noted as €' = (62,;3, @,ﬁT) = (52,5T).

2.2. Closed-form CRB expression for band-limited signals

It is noteworthy that a closed-form expression of the CRB was
previously derived in the literature [13]. More recently, a compact
form of the corresponding FIM, depending solely on the baseband
signal samples, was derived in [15, 16] as follows:

where the entries of W can be represented with respect to the base-
band signal samples as follows:

1 » 1

wy = Ea a, ws= 72 aHDa, w3 = aHAa, )
1
wy = —aHDAa, Wao = ﬁaHD2a, Ws,3 = FsaHVa,
with
D =diag (..., k, )N1<k§N2 s (10a)
L ‘
(Ao =| KAk S (10b)
K=k:0
KAk ()2
(V)k o — 5& (2 ) (k k’)2 (IOC)
K=k =

2.3. MLE estimator

The MLE involves finding the parameter e that maximizes the
log likelihood associated with the model (5). The resulting estimator
Oisa asymptotlcally efficient estimate of  and can be expressed
as [15,21] 1

A 2
7 = arg max || [T, x| an

p= ‘ (W ) ()] " () x‘ (12)

~ ~1
® = arg { (W @] w” @) x} : (13)
Due to the complexity of the criterion, obtaining a closed-form
expression for 77 is not feasible. As a result, numerical approaches
are required. Grid-based search techniques are generally performed
because they offer high precision, but they are computationally ex-
pensive—particularly in dynamic scenarios where the solution must
be updated recursively. Thus, it is crucial to design an algorithm
bypassing this computational cost.

3. FISHER SCORING ALGORITHM FOR TIME-DELAY
AND DOPPLER ESTIMATION

In this section, we present the main contribution of this work:
the design of a Fisher Scoring algorithm for parameter estimation
based on the ML approach, leveraging the properties of band-limited
signals.

3.1. Algorithm design

Traditionally, descent-based algorithms can be used to solve the
log-likelihood equation. However, gradient-based methods are not

H . . e .

FIM(0) = } @) well-suited for our problem due to their sensitivity to noise and slow
convergence, especially when working with noisy signals or when
with the likelihood functions are not smooth. In this work, we propose
. N focusing on the FS method, which is a modified form of the Newton-
W — w1 V;/UQ w{’; g Raphson method. Instead of using the Hessian matrix (the second
= w2 2,2 V;/U‘l ) (82) derivatives of the log-likelihood), the FS method replaces it with the
Ws W4 3,3 FIM, which is its expected value. The recursion at each iteration i of

the FS algorithm can be expressed as follows:

Jp 0 0
Q= |ipnsb 0 5| (8b)
Jpeme . P 'Let S = span(A), with A a matrix, be the linear span of the set of its
0 —Jp2m fe 0 column vectors. The orthogonal projector over SisIIp = A (AHA) AH,
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where HAZT = (pl-, gbi,niT), Vz (éz) is the gradient of the log-
likelihood associated with the signal model in (5). The initial guess

50 must be close to the true value, so we use the output of the MLE
provided by equations (11), (12), and (13) as the initialization. This
operation is performed only one time during initialization, which
significantly reduces the computational complexity compared to re-
peatedly applying the MLE with grid-based search.

3.2. Closed-forms expression of the gradient and the FIM

In the following, we propose to compute a closed-form expres-
sion of the expression in (14). To achieve this, we observe that (7)
provides a closed-form expression of the FIM that depends only on
the signal samples and ;. Then, we can compute FIM (OAZ) as

follows
2F

)
0;

FIM (o) = oy {QiWQfI } : (15)

with Q,, denoting equation (8) evaluated using the estimates 6;.
Moreover, the current estimation of noise variance &2 can be com-
puted from the MLE expresssion which is given by:

1
o7 = llw = pie?™ ()| (16)

The next step is to calculate the gradient Va (él), applying the

derivative with respect to 9 of the criterion:
No . b, N
4 2 « [ 0pi€”™ (7))
\Y (01) == R —_—t 17
z 62 Z {uk < 90 an
with ug, = (a:k - [)iejé)"uk(ﬁi)) and

. T
<ap16 MM’L)) — ejq)iQiﬁ(kTg;ei)e_JWCbi(kTs_Ti)7

00
(18)
a(t — ’722)
with 9(t;0;) = |(t — 7)a(t —7) |, we = 2nfe and oD (t) =
a(l) (t - ﬁ)
Bz(tt). The challenge here is to compute a closed-form expression

for the derivative of a(t) in the discrete-time domain. To address
this, we rely on the band-limited signal assumption and apply the
Nyquist-Shannon sampling theorem, which allows us to reconstruct
a continuous-time signal from its samples, as done in previous works
[15,21,22], then

No
lim up9(kTs; @) 7wt T =)
(N1,N2) = (~00,00) k:ZNl «O(RL:8)
=F, / uw* (£)9(t;0)e 7t gt = .. (19)

Note that w? = (we1,Wez, we3) can be computed following the
approach proposed in [23]. This involves applying Parseval’s theo-
rem, which allows the computation of a time-domain derivative as
a simple multiplication in the Fourier domain. Then, leveraging the
band-limited signal assumption and the Nyquist-Shannon sampling
theorem, the result can be transformed from the frequency domain
to the discrete-time domain, reducing the integral in (19) to simple
matrix products.

0o
Wel = FS/ u*(t)a(t _ T)efjwcb(tfﬂ')dt

= / w*(t+ 7)a(t)e 7t dt

[ U 0AG - e

= ufTyA0 (Tl) U (=be> a, (20)

wer = F, / (£ — T)a(t — 7" (£ I gy

= F; / ta(t)u” (t + 7)e 7 dt
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Fs
2 o d * —j2n fT
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2
_ Hy,A1 L fcb
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withw = (..., u(kTs),...)" and
Ul(p) = diag(- -+ e >™* - )ny <k<ng, (23)
(VA’O (q))k = sinc(k — 1 —q), (24)
(VA’1 (q))k’l = m(cos(w(k —1—4q)) —sinc(k —1—q)).
(25)
Note that (17) yields to
. 2
va (8:) = SR{™ Q.. ] (26)

with we,; = Fs [7_ u*(t)0(t; éi)e_j“’ci”i(t_%i)dt and therefore
we can express the closed-form expression for our FS algorithm as

Bisr = 0 + TuR {QiWQf{}_l R {eﬂ’iine,i} L@

Several points justify the algorithm’s low complexity. First, given
the structure of equation (14) and the expressions in (15) and (17),
we note that variance estimation in (16) is not required to be com-
puted. Second, while computing the W matrix is more computa-
tionally intensive operation in this algorithm, it is independent of
the estimation parameters and can therefore be precomputed offline
once the integration time and sampling frequency parameters are set.
Finally, equations (20)-(22) can be computed efficiently since U and
D are diagonal matrices, and the product of u and V can be com-
puted using the FFT domain, since V is a circular matrix.
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4. NUMERICAL RESULTS AND DISCUSSION

In this section, it is validated the performance of the proposed FS
algorithm in a satellite navigation context. Specifically, we examine
a scenario where a GPS L1 C/A signal [10] is received by a GNSS
receiver. The analysis assumes a setup where the GNSS receiver
operate with a sampling frequency Fs = 4MHz and an integration
time of 1 ms. The Doppler frequency is set to 500 Hz. Within 1 ms
interval, the GPS L1 C/A signal consists of a Gold code (pseudoran-
dom code) with 1023 chips. To evaluate the root mean square error
(RMSE) v M SE of the proposed FS estimator, we conduct a simu-
lation based on 1000 Monte Carlo runs. Furthermore, the RMSE is
analyzed as a function of the signal-to-noise ratio (SNR) at the ouput
of the match filter, which is defined as:

~12 H
SN Rout = W# (28)
0—71
Figures 1 and 2 show the RMSE of the time-delay and Doppler esti-
mation of the Fisher-scoring algorithm for ¢ = {1, 5, 10} iterations
as well as the RMSE for the MLE with grid-based search. Moreover
the CRB is included in both figures to show the theoretical estima-
tion limit for unbiased estimators. The range of SN R,y+ values
has been selected consistently with the operational SNR range of
the GPS system. The initialization of the FS algorithm for its first
iteration is set to the output value of the MLE estimator. Several
interesting points can be observed: i) the FS algorithm with a sin-
gle iteration performs better than the MLE up to 35 dB of SN Rou:;
beyond this SNR range, a bias appears. This is consistent with the
theory since the RMSE of a biased algorithm can be lower than the
CRB for some SNR intervals. ii) When using 5 or 10 iterations, it
can be observed that the FS algorithm converges to the CRB. The
higher the number of iterations, the faster the convergence. Never-
therless, before convergence, the algorithm performs better than the
MLE. This is because the algorithm with 5 or 10 iterations remains
biased, however, the bias appears at SNR levels much higher than
those shown in the graphs (and beyond the operational range of the
GPS system).

5. CONCLUSIONS

In this letter, we derive a closed-form expression of the FS al-
gorithm for estimating time-delay and Doppler parameters. The FS
algorithm offers a significant reduction in computational complexity
compared to the MLE, while maintaining robust performance. Sim-
ulation results, using the GPS L1 C/A signal, demonstrate that af-
ter just one iteration, the FS algorithm is biased but outperforms the
MLE up to 35 dB of SN R,u:. As the number of iterations increases,
the FS algorithm converges to the CRB, achieving asymptotic per-
formance equivalent to the MLE within the operational SNR range
of the GPS system. Overall, the FS algorithm presents a computa-
tionally efficient alternative to the MLE.
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