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ABSTRACT

In this communication, we propose a novel Cramér-Rao
bound for matrix Lie groups, based on the exact modeling of
Gaussian distributions on Lie groups (LG-ExCRB), different
from those in the literature based on a simplifying approxi-
mation. To achieve this, we design a generic expression and
develop new analytical formulas of the Fisher Information
matrix. Then, closed-form expressions are given for two Lie
groups of interest in engineering applications, SO(3) and
SE(2). The proposed LG-ExCRB is validated numerically
by comparison with the LG-CRB derived from the approxi-
mate modeling.

Index Terms— Cramér-Rao bound, Gaussian distribu-
tion, Lie groups.

1. INTRODUCTION

Estimation on Lie groups (LGs) has become a major point of
interest in a plethora of signal processing applications over the
past few decades. Indeed, LGs are traditionally used to model
observations/parameters constrained by geometric properties,
such as rotation matrices, affine transformations, and covari-
ance matrices [1, 2]. Examples in computer vision include
motion averaging, structure from motion,[3] or image regis-
tration [4]. These tasks aim to estimate an affine transfor-
mation using the information provided by a camera. Also,
in radar applications, tomographic synthetic aperture radar
(SAR) imaging reconstructs a 3D environment by taking ad-
vantage of scattered matrix measurements modelled as sym-
metric positive definite (SPD) matrices [5], whereas in radar
target tracking, LG structure allows to model the region of un-
certainty of space debris measurements [6]. In all these appli-
cations, LG measurements can be generally fitted by a Gaus-
sian distribution on LGs allowing to represent intrinsically the
LG noise/uncertainty [7] and characterized by an LG-mean
and an LG-covariance matrix. In this setting, similarly to the
Euclidean case, the LG-mean can be estimated thanks to a
maximum likelihood approach [8]. This is particularly rele-
vant when the covariance matrix has low amplitude, i.e., small
eigenvalues indicating low measurement variances. Indeed, in
this case, the normalization term, depending on the curvature
of the LG and on the LG-mean, is negligible. This approxi-
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mation, leading to the concentrated Gaussian (LG-CGD) [9],
is classically used in the literature typically to resolve intrin-
sic estimation problem on SO(n) and SE(n) [10, 11, 12].
In this context, it is therefore fundamental to determine the
best achievable LG estimator in the sense of the mean square
error to assess the performance of the maximum likelihood
estimator, while taking into account their LG geometry. This
performance limit is given by the Cramér-Rao bound on Lie
groups (LG-CRB) [13], which is a bound on any unbiased es-
timator (in the LG sense) of the LG-MSE, for which closed-
form expressions have been proposed and validated for the
concentrated Gaussian model [14]. Nevertheless, the low am-
plitude covariance matrix assumption fails in diverse applica-
tions. As an example in computer vision involving motion es-
timation applications, two images from environments that are
visually similar but slightly different can result in an inaccu-
rately measured relative SE(2) transformation [9] with high
variance. Also, in a tracking context, inertial unit measures
angular SO(3) rotation using a gyrometer/odometer [15]. If
it is poorly calibrated, the measurements can become highly
inaccurate. Another example for space applications, star sen-
sor can measure satellite SO(3) orientation with high uncer-
tainty primarily due to the stray light sources (Sun or Earth)
[16].

To address this issue and assess the theoretical perfor-
mance that can be achieved under high-noise variance LG
measurements, we propose in this work to model LG data
by using the exact form of the Gaussian distribution on LGs
(LG-ExCGD). It follows that the main contribution of this pa-
per is to derive a new Cramér-Rao bound on LGs, called LG-
ExCRB, on the LG-mean that explicitly accounts for the true
underlying distribution. To the best of our knowledge, this
exact modeling has never been used in the literature. This is
achieved by leveraging the general expression of the Fisher
Information Matrix on Lie groups, which is developed by ex-
plicitly accounting for all terms of the LG-ExCGD. Unlike the
LG-CRB derived under the concentrated model, the normal-
ization term of the LG-ExCGD depends on the parameter to
be estimated, thereby introducing new challenges in terms of
differentiation. From the general formulation of the proposed
LG-ExCRB, closed-forms of the Fisher information matrix
(LG-FIM) are then obtained for the LG of interest previously
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introduced, SO(3) and SE(2). These expressions are com-
puted by leveraging structural properties specific to each LG
and requiring the computation of the derivative of the LG Ja-
cobian. To our knowledge, they have never been established
in the literature. The LG-ExCRB is implemented numerically
and validated by comparison with the LG-MSE. More impor-
tantly, it is also compared with the LG-CRB derived under
the concentrated model, in order to highlight the differences
introduced by the exact modeling.

This communication is organized as follows: in Section
II, we review background on statistics on LGs. In Section
III, the proposed LG-ExCRB is introduced, and closed-form
expressions are established. Finally, numerical experiments
to validate the LG-ExCRB are provided in Section IV.

2. BACKGROUND ON ESTIMATION AND
CRAMER-RAO BOUND ON LIE GROUPS

2.1. Properties of Lie Groups

A LG G is a space that combines the properties of a group
with those of a differentiable manifold. Its key property is
that group operations are differentiable. Thus, it is possible
to define a tangent space at each point X € G. This tangent
space, 1x @G, is a vector space whose dimension m matches
that of the manifold. At the identity element I, the tangent
space T1G is referred to as the Lie algebra and is denoted
by g, which is in bijection with R™ as illustrated in Fig2.1.
G and g are locally linked by the exponential group Exp;(.)
and reciprocally by the logarithm map.

Lie algebra g

Euclidean space R™
0m><1: a

I/1><f7

Lie group G C R™"

Fig. 1. Relation between GG, g and R™

2.2. Gaussian Distribution on Lie Groups
To obtain a distribution suitable for practical implementa-

tion, we can focus on the class of unimodular LGs, which
are groups where the group measure is bi-invariant [2]. This
property is respected by most LGs commonly used in the
literature, such as SO(n) and SE(n). In this context, the
maximum entropy distribution is achieved by the Gaussian
Distribution on LGs (LG-ExGD) with LG-mean g and LG-
covariance X

1
pY) = Y wesn (e VIR WWeG @)

Y = puExpp (6;) € ~ Ngm(0,X) 2)
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where || - ||s; represents the Mahalanobis distance and

1
\/W, P = ‘I)G(_lG(NvY))v 3)

®;() : R™ — R™ ™ is the Jacobian matrix of G and
lc(X,Y) £ Logd (X71Y) . Let us consider a set of obser-
vations {Z;} , distributed according to the LG-ExGD with
unknown LG-mean X and known LG-covariance matrix X.
When X has small eigenvalues, the term ® is approached by
I and we have the following so-called concentrated Gaussian
distribution (LG-CGD)

a(Y; p) o

1
HEXD) x — oo (3 laX 2)IE) . @

1
VI
2.3. Cramér-Rao bound for Concentrated Gaussian dis-

tribution

Definition 2.3.1. Let us consider a set of observations
{Zi}fvzl distributed according to (4) Vi (Z; € G with di-
mension m). The LG-MSE between X and any unbiased
estimator (in the LG sense) built from Z is [13]

LGMSE(X, X) =E (Jla(X. X)), )
If the observations are mutually independent, the LG-
MSE (5) is bounded by the LG-CRB given by

N Pigcerg = J (6)
J= ZE (Te(la(X,2:) 27" ¥e(la(X,Z)) ()
i=1
with ‘Ilg() £ q’c(.)il.
Remark 1. This formula of the LG-FIM 7 can be seen as a

generalization of the well-known Slepian-Bangs formula for
Euclidean observations [17] [18].

Remark 2. When G is commutative, it implies that ¥(.) =
Iand Prg_cRrB = N3,
3. DEVELOPMENT OF THE NEW CRAMER-RAO
BOUND

In this section, we develop the proposed Cramér-Rao bound
to address the problem described in Section 2. As previously,
we assume independent observations {Z;}¥ ; but following

1
§EIX D) = aZiX) e (e 203 ) ®)
3.1. Expression of the bound

Theorem 1 (Generic expression of the LG-ExCRB). Un-
der the model (7), the LG-MSE (5) for the LG-mean X is
bounded by the exact Cramér-Rao bound (LG-ExCRB)

Prcrcrs = Jg' € R™X™ &)
N . . T .
Te=) (H+T+T7 +7) a0
i=1
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_0p(X,6;)

7= 3BT T

Ji=E(tt]), 73 =E(t;q]),Ji =E(@q;) (1)

t = Ue(la(X, Z:)) W‘ (12)
w w=lg(X,Z;)

9 = —Po(la(X,Z:))la(X, Z;) (13)

Proof. Let us recall that the LG-FIM has the following gen-
eral expression, with d1, 62 € R™

.
<a£p<x,62)> ] a4
61=0 962 82=0

where /p(X,68;) = logp(Zi,...,ZN|XExpy(d;))Vi €
{1,2}. By taking the logarithm of the likelihood of (8)
2
)

_ _ (15)
where A;(3;) £ ®a(—15(X,0;))®c(—1x(X,5,))" and
16(X,8;)) 2 16(XExpy (8;) , Z:). Then

Otp(X, d1)
001

jE[

Is(X, ;)

N
1
9X.8)) =3 O (lox /2 A4:(6))
€RrR =1

01 (X(S)

e

(16)
Given the independence of the observations, this implies that

8. s
fi( 3) gl( 1)

DO gVg0T) a7)

e Computation off( ) = 85 1log|A;(6;)] s

=

By applying |BBT | = |B|? VB, and the chain rule

£0 — _ 9§ x5,

0
i ——log|@c(—w)[ (18)
(%j 5,=0 W
computed at w = l5(X,Z;). By using BCH formula
[19], we find ;3-I;(X. 6, )‘ — W (l6(X,Z;)) and
5,=0
(12).
e Computation ofgl(o) = ai% (X o )H
Zls,=0
By using the chain rule
01 0 i
I6(X, ;) ‘ = (X85 =76 (X, Z,)
=5,-0 99; 120

19)
By applying a second time the BCH formula, we yield the ex-
pression in equation (13). Finally, by substituting the expres-

sions of fi(o) and g§°> in (17) we obtain the formula (10). [

ti = Pso) (lsom) (X, Zi))

3.2. Closed-form expressions for SO(3) and SF(2)

In the expression of the LG-FIM (10) requires knowledge of
both t; and q;. While q; is generally accessible—since it de-
pends on known analytical expressions of ®; and ¥; for most
Lie groups of interest—t; is typically not computable due to

Olog| P (—w)|
(c)—W'W:lG(XaZi)' To

address this limitation, we propose to derive analytical for-
mulas to deduce implementable expressions of the LG-FIM
(and then LG-ExCRB) for the specific cases of SO(3)! and
SE(2)?

the inherent complexity of

Corollary 1 (Expression for SO(3)). The LG-ExCRB is
given for X € SO(3) by (9), (10), (11) with

ti = Ysoi) (lsoe) (X, Zi)) dlsos) (X, Zi))  (20)

2
d(w) = (cotan (IIlwl) — ||w||> ” l Vw € R3 201

Proof. The aim is to analytically compute

Olog|® 50 (3)
ow

(—W)I‘

(22)
by using the fact that [7]

Pso(z) (W) =I3 +a(w) Q + b(w) Q° Yw e R®.  (23)

with a(w) = 71_?;?'(‘!‘"”, b(w) = 7Hw”” SIHHHWH and Q =
[w], . Its determinant can be computed by using spectral

mapping theorem [20], and it ensues that each eigenvalue
)\f of ®;(w) depends on each eigenvalue )\; of 2,V €
{1,2,3}:

A =1+ a(w)\ + b(w)AZ. (24)

By straightforward computations, we obtain that {\;}7_, =
{0, +ilwl} DPF, = {1, (1= b(w)[[w]) £ a(w)[w]]} and
|®s0(3)(W)| = (1 —b(w))? + a(w). By substituting expres-
sions of a(w) and b(w), it results, after some tedious compu-
tations

4sin(]|wlf)
[®so) (W) = — "5 — (25)
) w2
Olog|® -
By differentiating w.r.t.w, 0g[@s0@3) (~W)| =d(w). O

ow

Corollary 2 (Expression for SE(2)). Let the residual term
lsp2)(X,Z;) = [.7 .79i] € R3. The LG-ExCRB is given by

1S0(3) = {R € R3*3|RRT = I} and 50(3) = {|[w]« |w € R3}.
25E(2) = ¢ T e R3*3 | T = [oiz ﬂ ,ReS0(2), te R2}

and

s¢(2) = {a = |:[w(})>< g}

wER,u€R2},

Authorized licensed use limited to: IEEE Xplore. Downloaded on April 29,2026 at 14:55:10 UTC from IEEE Xplore. Restrictions apply.

w=lso(s)(X,Z:)



(9), (10), (11) with

t; = ¢§ 1[)% : third column of W sp2)(.)

- o\ 2
o; = cotan 5 — @

Proof. In the same way as SO(3), we want to compute t; by
using the expression of ® g2 given by

(26)

27

J
Dsp)(w) = {0(111;32) S(IV)] , W = [wy, wa, w3] €R® (28)
. 1—
where J(w3) = SIH(wB)IQXQ + |:_COS(’LU3) I2><1
w3 %

s(w) depends non-trivially on w- and ® denotes the Kro-
necker product. Due to its sparse structure, we can directly
compute its determinant

B (w)] = 22

which is similar to that of SO(3). Then

Olog|® g g (2) (—W)| w3 27"
= _ [0,0,cotan (7) —wg] . (30)

and t; can be deduced by taking the product between
Ysp(2)(-) and (30) computed at ks p(2) (X, Zi)-
Remark 3. Ji = E (o} ). O

) (29)

Remark 4. The expectation E must be approximated via
Monte Carlo simulation for different realizations of the ob-
servation noise. This is straightforward, as the Lie group
Gaussian observations are generated according to the model
Z; = X Expy (€;) where €; ~ Ngm(0,X).

4. SIMULATION RESULTS

To assess the proposed LG-ExCRB, we consider two sim-
ulations scenarios on SO(3) and SFE(2). For both sce-
narios, the LG observations are generated according to
(8). For G = SO(3) the true LG-mean is set to X =
Expgo(g) ([g, 15 %D and ¥ = 0%I343. Regarding the
scenario with G = SE(2), we set X = Expgg ) ([5,5, 5])
and X = blkdiag (02 ® I, ag).

In each scenario, the LG-MSE is assessed through two
maximum likelihood estimators (MLE)—one Xy, . that
disregards the normalization term of the LG Claussian, as-
suming it is negligible (LG-CGD), and another X /1, g, that
incorporates it (LG-ExGD). Both are computed numerically
by performing a Newton algorithm on LGs, and the LG-MSE
for each estimator is evaluated over Nr = 100 Monte-Carlo
realizations. These results are then compared to the trace of
the proposed LG-ExCRB, computed according to corollaries
(1) and (2), as well as to the LG-CRB defined in definition
(2.3.1).

In the Fig. 2, we plot the results obtained for SO(3) as a
function of the variance o2 for N = 100. We observe that

the two bounds are very close and tend to coincide as o

decreases. However, the difference between them increases
significantly as o2 becomes large. Similarly, in the Fig. 3,
for 02 = 0.8%rad® we observe that the two bounds exhibit
a noticeable deviation as the number of observations N in-
creases. It demonstrates that for high variance and important
number of measurements, an exact modeling of the LG-GD
could theoretically yield a more accurate estimator. (The two
MLE implemented are suboptimal for this value of o). Fig. 4
illustrates the results obtained for SE(2) as a function of O'Z,
with 03 = 0.012 rad? whereas Fig. 5 shows the influence of
o9 with 02 = 0.01% m?. For both cases, N is fixed at 100. As
in the SO(3) scenario, we observe that the two bounds tend to
coincide as af) or o decrease, and diverge for larger values,
ensuring that the exact bound is less tight and underestimate
less the optimal estimator. Note that the ML estimators tend
to stabilize for high variance > 0.52 rad2, showing a certain
robustness of the algorithms for poor rotation measurements.

——LG-CRB
——LG-ExCRB

—e—LG-MSE of X1,
LG-MSE of Xy,

——LG-MSE of X116
LG-MSE of X7,

——LG-CRB E

——LG-ExCRB

2
0 10 20 3 4 5 6 70
Number of observations N

80 90 100

Fig. 2. Evolution of Fig. 3. Evolution of
the LG-CRB and LG- the LG-CRB and LG-
ExCRB w.r.t. 0. ExCRB w.r.t. N.

’ TN

LG-MSE of Xy,
——LG-CRB
——LG-ExCRB

——LG-MSE of X1z,

LG-MSE of Xy,
o ——LC-CRB
——LG-ExCRB

Fig. 4. Evolution of
the LG-CRB and LG-
ExCRB w.r.t. ag.

Fig. 5. Evolution of
the LG-CRB and LG-
ExCRB w.r.t. O'g.

5. CONCLUSIONS AND PERSPECTIVES

In this communication, we propose a novel Cramér-Rao
bound on Lie groups for exact Gaussian distributions, in-
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corporating curvature terms. This is achieved by deriving
new analytical expressions of the LG-FIM. Simulation re-
sults demonstrate the effectiveness of the proposed bound
on the LGs SO(3) and SE(2). Perspectives of this work
would to design the LG-ExCRB in a Bayesian recursive con-
text, crucial for on-line applications. Also, the high variance
measurements could be modelled by robust non-Gaussian
distributions and will yield to new analytical expressions of
the LG-CRB.
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