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Abstract—This paper analyzes multidimensional time series
through the lens of their integrals of various moment orders,
constituting their signatures, a novel tool for detecting anomalies
in time series. The proposed anomaly detection (AD) method
is compared using classical distance-based methods such as
Local Outlier Factor (LOF) and One-Class Support Vector Ma-
chine (OCSVM). These methods are investigated using different
similarity measures: distance on signature features, Euclidean
distance and Dynamic Time Warping (DTW). The combination of
signature features with a specific segmentation of time series leads
to a multi-scale analysis tool that is competitive with respect to
the state-of-the-art results, while maintaining low computational
costs thanks to a property of the signature features.

Index Terms—Time series, Anomaly detection, Iterated inte-
grals signature, Segmentation, Unsupervised learning.

I. INTRODUCTION

Context. Anomaly detection (AD) is a critical field of research
with various applications in different fields (medical, teleme-
try, etc.) [1], [2]. In certain fields, the data to be analyzed is
a set of time series. Along with the typical challenges of AD,
anomalies in time series can appear in multiple forms such
as global anomalies or contextual anomalies [2]. This raises
the need for algorithms that can operate at multiple scales in
order to identify the nature of anomalies and determine their
exact location with a reasonable time complexity. Furthermore,
specific challenges are related to the analysis of time series
(irregularly sampled data, missing measurements, different
recording lengths, etc.). These issues make the problem of
AD in time series an active research field.
State-of-the-art. Several AD algorithms exist in the state-
of-the-art [3], such as Isolation Forest [4], Local Outlier
Factor (LOF) [5] and One-Class SVM (OCSVM) [6]. These
algorithms are well suited for comparing vectors in a space
of fixed dimension. To compare time series with different
lengths, similarity measures such as the Dynamic Time Warp-
ing (DTW) have been proposed in the literature [7]. These
techniques have already been incorporated in the standard AD

algorithms for time series [8]. However, they need to compute
all the pairwise similarities, which is time consuming.

This paper proposes to analyze time series through the
lens of their signature features, allowing dependencies among
components of multivariate time series to be detected. Signa-
ture features have been originally developed for topological
work [9] and later on have been used in the theory of
Rough Paths [10]. Due to their ability to encode non linear
dependencies in multivariate time series, signature features
have been successfully used to address numerous ML task, see
[11]. In this context, this novel set of features has provided
state-of-the-art performances in a number of applications such
as handwriting recognition [12], medical condition detection
[13] and oceanography [14].

Objectives, contributions and organization. An original
approach for AD in time series is introduced in this paper using
standard AD algorithms and multi-scale signatures features.
The approach is compared to multiple state-of-the-art algo-
rithms in terms of detection performance and time complexity.
The contributions of this work are summarized below:

• We show that a multi-scale analysis using signature
features leads to state-of-the-art results for AD in multi-
variate time series.

• In addition to excellent detection results, we put in
evidence the incredible numerical effectiveness of the
multiscale signature based analysis. Notably, we avoid
huge computational burden, that would appear with other
similarity measures. The signature multiscale method can
be 100 times faster than single-scale DTW.

Section II recalls the principles of LOF and OCSVM
methods that are used in this paper. Section III provides
details on DTW and signature methods. Section IV compares
the proposed methods with state-of-the-art approaches on
both synthetic and real datasets. Conclusions are reported in
Section V.



II. ANOMALY DETECTION

The objective of AD is to detect abnormal behavior, i.e., data
that deviates significantly from what is observed in the major-
ity of cases. Abnormalities can represent different phenomena
depending on the data that is analyzed. In general, abnormal
data is scarce and cannot be used to describe all possible
anomalies [3]. Therefore, a model must be trained in an
unsupervised way while considering an imbalance between the
normal and abnormal classes. State-of-the-art AD algorithms
include LOF and OCSVM that are considered in this paper
(other algorithms such as Isolation Forest and Density Based
Spatial Clustering of Applications with Noise (DBSCAN)
could be considered similarly).

A. Local Outlier Factor (LOF)

LOF [5] is an AD algorithm based on the density of the
training data for classification. The more abnormal a data vec-
tor is, the larger its distance to its neighbors. Consider N ≥ 1
vectors X = {x1, . . . ,xN} with xn ∈ RD, n = 1, . . . , N ,
D being the dimension of the vectors xn and k a strictly
positive integer. The distance between xn and its k-th nearest
neighbor is referred to as k-distance of xn and denoted as
kd(xn). The reachability distance between xn and xm is
rdk(xn,xm) = max{kd(xn), ∥xn − xm∥}. Therefore, all the
points in the neighborhood of xn have the same reachability
but points that are further away will have a higher reachability.
The local reachability density of xn is the inverse of the aver-
age of all reachability distances of the k-nearest neighbors of

xn: lrdk(xn) = k
(∑N

x∈Vn
rdk(x,xn)

)−1

with Vn the subset
containing all k-nearest neighbors of xn. The LOF score of
xn is the mean ratio of the local reachability densities of xn

with its k-nearest neighbors: LOFk(xn) =
1
k

∑
x∈Vn

lrdk(x)
lrdk(xn)

.
Inliers have a LOF score close to 1 whereas outliers have a
much higher LOF score.

B. One-Class SVM

1) Method: One-Class SVM is an AD algorithm, which
learns a separating hyperplane close to the normal data in
a certain sense. In its basic form, the data must be linearly
separable in their vector space of the data. Consider a training
set X = {x1, . . . ,xN} with N ≥ 1 and ∀i ∈ {1, . . . , N}, xi ∈
RD with D the number of data features. Finding a hyperplane
separating the data can be expressed as

minimize
ω,ρ,ξi

1

2
∥ω∥2 − ρ+

1

νN

N∑
i=1

ξi

with ⟨ω,xi⟩ ≥ ρ− ξi,∀i ∈ {1, . . . , N}
(1)

where ⟨ω,xi⟩ = ωTxi and ν is the maximum proportion of
abnormal data in X .

2) Kernel trick: When the data is not linearly separable, a
reproducing kernel κ can be used. This kernel is associated
with a scalar product in a higher dimensional space such that
κ(x,y) = ⟨Φ(x),Φ(y)⟩ and ∀i ∈ {1, . . . , N},Φ(xi) ∈ RF

with F ≥ D. The kernel function should be chosen in a way
that the normal data is linearly separable from anomalies in

the new space. The constraints in (1) are now applied to the
transformed vectors:

⟨ω,Φ(xi)⟩ ≥ ρ− ξi,∀i ∈ {1, . . . , N} (2)

with the new decision function f(x) = sgn(⟨ω,Φ(x)⟩ − ρ)
where sgn denotes the “sign” function. The solution of (1)
with the constraints (2) is known to be ω =

∑N
i=1 αiΦ(xi),

0 ≤ αi ≤ 1
νN s.t.

∑N
i=1 αi = 1 and the decision function is

f(x) = sgn
(∑N

i=1 αiκ(xi,x)− ρ
)

. A common choice is the
Gaussian kernel (or radial basis function) defined by κ(x,y) =

exp
(
−∥x−y∥2

2σ2

)
where σ is a hyper-parameter to be estimated.

It can be shown that the corresponding function Φ projects the
data into a space of infinite dimension.

C. Performance evaluation

Appropriate metrics must be defined to evaluate the perfor-
mances of AD accurately. The measures of precision, recall
and a combination of the two, the F1 score, are usually
considered for AD [15]. These measures are defined as:

Precision =
TP

TP + FP
, Recall =

TP
TP + FN

(3)

where TP, TN, FP and FN are the numbers of true positives,
true negatives, false positives and false negatives. The F1 score
is the harmonic mean of precision and recall. Precision-Recall
curves are often preferred to ROC curves for AD [15].

III. COMPARING TRAJECTORIES

A. Feature engineering: Signatures

The signature method can be understood as a time series
version of the method of moments for random variables
[16]. Roughly speaking, signature features encode high order
dependencies between the components of a multivariate time
series. Formally, given a continuous function of finite total
variation X : [0, T ] → Rd, with T a positive real value, then
the signature of level (or order) L of X is a tensor in (Rd)⊗L

defined as

S(L)(X) =

∫
· · ·

∫
0≤t1≤···≤tL≤T

Ẋ(t1)⊗· · ·⊗Ẋ(tL)dt1 . . . dtL (4)

where ⊗ is the tensor product and Ẋ is the derivative of X .
The signature of X is the infinite collection of signatures at
all levels:

S(X) = {S(1)(X),S(2)(X), . . . }. (5)

As given by (4), S(1)(X) (level L = 1) is the global change
X(T ) − X(0), S(2)(X) (level L = 2) is a matrix whose
coefficients are related to correlations and cross correlations
of the stochastic process X [17]. In numerical experiments,
the computation of the signature is done up to a fixed level
L. The collection of the first L elements of S(X) is denoted
as S≤L(X). Signatures can be useful for AD for multiple
reasons:

• S(X) uniquely determines X up to translation and time
reparametrization, except for pathological cases [18]. The



invariance regarding time parametrization is in the follow-
ing sense: given a non decreasing continuous surjection
φ on [0, T ], denote as X̃ : [0, T ] → Rd; t 7→ X(φ(t)).
Then, S(X) = S(X̃). Thus the signature function S can
be seen as a non linear filter, providing features invariant
to translation and resampling.

• The dimension of S≤L(X) does not depend on the
length T . Thus the signatures of two signals of different
lengths T1 and T2 can be easily compared. Indeed,
if one vectorizes the signatures at different levels, the
associated signature vector, denoted as vec(S≤L(X)), is
of dimension

∑L
k=1 d

k = d(dL−1)
d−1 .

Note that any non linear function of a multivariate time series
can be arbitrarily well approximated by a linear function of
its signature.

To illustrate the true meaning of (4), consider as an example
the function X : t ∈ [0, T ] 7→ (X1(t), . . . , Xd(t)) defined as
an affine trajectory, i.e., X(t) = at + b, with a, b ∈ Rd. To
compute the value of the signature of X at level L ∈ N, one
can apply (4) and find the expression of the corresponding
L-ways tensor at any set of indices 1 ≤ i1, . . . , iL ≤ d,

[
S(L)(X)

]
i1,...,iL

=
1

L!

L∏
k=1

(Xik(T )−Xik(0)) ∈ R. (6)

A similarity measure dsig is defined by computing the
Euclidean distance between two vectorized signatures, i.e.,
dsig(X,Y ) = ∥vec(S≤L(X)) − vec(S≤L(Y ))∥2, for two
trajectories X and Y . Note that in some cases, normalizing the
coefficients of the signature can improve AD performances.
This normalization can be performed, e.g., by replacing
S(k)(X) with (S(k)(X))1/k where the exponent is applied
element-wise, for any k = 1, . . . , L.

Note that from a computational point of view, the com-
putation of the signature is very simple. A fundamental
algebraic property of the signature is the following: the space
of signature features forms a Lie group and the corresponding
group operation is related to the concatenation of trajectories.
For two functions X : [0, u] → Rd and Y : [u, T ] → Rd,
0 < u < T , one has

S[0,T ](X ⋆ Y ) = S[0,u](X) · S[u,T ](Y ), (7)

where S[a,b] is the iterated integrals as in (4) but with lower
and upper bounds a and b (instead of 0 and T ), ⋆ denotes
concatenation and · is the multiplication operation between
two signatures. Fig. 1 illustrates (7). As a consequence, one
can compute the signature of a time series combining a
piecewise linear approximation and this last property. More
precisely, in order to handle time series (discrete set of points)
a linear interpolation can be performed before calculating the
signature. Because (7) depends on the concatenation operation,
it is affected by the interpolation method and the linear inter-
polation leads to efficient numerical computations. Thereafter,
for any time series X , S(X) denotes the signature of the
linearly interpolated time series. Note that the signature has
been used for AD in a semi-supervised context in [19] where

Fig. 1: Illustration of (7) with a one dimensional trajectory. X
is represented by the blue curve and Y by the orange curve.
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Fig. 2: Dyadic windowing operation on a time series of length
n = 8. We obtain the three rows by applying successively
W 1,W 2 and W 3 to X .

an AD algorithm called SigMahaKNN (SMK) was based on
anomaly scores using a generalized Mahalanobis distance on
the signature features. This paper proposes to detect anomalies
in trajectories using signature features with a different and
unsupervised approach, as explained below.

B. Multi-scale signature feature

A powerful tool which allows for multiscale analysis is
the hierarchical dyadic windowing operation defined in what
follows. This operation is interesting in the case of signature
features for two reasons: it has shown to improve classification
results [20] and it does not add computational overheads as
explained below. Let {X(ti)}i=1,...,n be a multivariate time
series. Denote ℓ ∈ N the hierarchical depth. For simplicity,
assume that 2ℓ−1 divides n. Denote as W i(X) the time series
obtained after segmentation with a sliding window of length
equal to n

2(i−1) , for i = 1, . . . , ℓ, as shown in Fig. 2. Denote
as MSIG(L) = S≤L ◦ W the signature computed on the
segmented time series. The multi-scale signature method for
AD is defined by:

AD ◦MSIG(L). (8)

The windowing operation W in MSIG does not add computa-
tional overheads since operations S≤L(X) and (S≤L◦W )(X)
have the same complexity. Indeed, the computation of the
signature of X is done in two steps: 1) apply (6) on the
n/2 pairs of the form {X(t2k), X(t2k+1)}, 2) perform ℓ
successive iterations where signatures are combined using
(7). These two steps are illustrated in Fig. 2 read from
bottom to top: in the first iteration, pairs are combined by
computing the product of the signatures of {X(t1), X(t2)}
and {X(t3), X(t4)} using (7), which gives the signature of the
time series {X(t1), X(t2), X(t3), X(t4)}. At the end of this
process, the signature of the whole time series {X(ti)}i=1,...,n

is obtained. Therefore, to obtain (S ◦ W )(X), it suffices to
store all the signatures of sub time series calculated during
the computation process of S(X).

Note that each time we go deeper in the dyadic segmenta-
tion, the more of the resampling invariance is lost.



Fig. 3: Examples of synthetic trajectories after prediction using
LOF with SIG4 (2 FPs and 2 FNs).

C. Trajectory alignment : Dynamic Time Warping

Another way to compare two trajectories directly is to
find which points of one trajectory best match the points of
the other trajectory. This technique referred to as trajectory
alignment requires to find associations or removes points
from the two trajectories. A common tool used for trajectory
alignment is DTW [21]. Consider X = (X(1), . . . , X(n)) and
Y = (Y (1), . . . , Y (m)) two d-dimensional time series, i.e.,
X(i) ∈ Rd and Y (j) ∈ Rd. The DTW cumulated similarity
score between the first i columns of X and the first j columns
of Y , denoted as cs(i, j), is defined as

cs(i, j) = min{cs(i− 1, j − 1), cs(i, j − 1), cs(i− 1, j)}
+ ∥X(i)− Y (j)∥2. (9)

IV. EXPERIMENTS

The proposed AD methods are based on computing sig-
natures and applying the LOF or One-Class SVM methods
with the distance dsig. Two kinds of signatures are considered
yielding the algorithms SIG4 (using S≤L(X) with L = 4)
and MSIG4 (using (S≤L ◦ W )(X) with L = 4). These
methods are compared to DTW combined with LOF and
DTW with One-Class SVM (OCSVM) to show the interest of
using signatures, and to another AD algorithm SigMahaKNN
(SMK). The number of neighbors in LOF was set to 9.
Experiments can be reproduced using the notebook at https:
//github.com/Raph-AI/anomaly-detection.

A. Synthetic data

The first set of experiments consists in analyzing synthetic
data representing trajectories in the context of abnormal ship
behavior [22]. The dataset contains NT = 1000 sets of trajec-
tories, each with 260 time series, 10 of them being abnormal
according to the generated ground truth. The remaining 250
trajectories are divided into 5 groups (or railways) of 50
trajectories. The trajectories are each composed of 16 positions
in a 2D space. Examples of trajectories are displayed in Fig. 3.
The method will not be compared to deep learning as there is
too little data in this dataset for this method.

Fig. 4 shows the detection results using precision-recall
curves for the different methods. The best detection results are
obtained with LOF-DTW, LOF-MSIG4 and SMK4. However,
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Fig. 4: Precision-recall curves using LOF and OCSVM with
various similarity measures.

TABLE I: Real datasets sizes and contamination rates.

Dataset name Nb time series Nb points Nb of anomalies
ANN Thyroid 6916 21 250 (0.04%)
Breast Cancer 367 30 10 (2.72%)
Letter 1600 32 100 (6.25%)
Pen Global 809 16 90 (11.12%)
Satellite 5100 36 75 (1.47%)

MSIG4 is 10 times faster than DTW (see Section IV-C) and
completely unsupervised whereas SMK4 is semi-supervised.
Note that MSIG4 provides better results than SIG4, indicating
that the windowing operation is indeed useful for AD. Results
obtained with OCSVM from [8] using DTW and SIG4 are
also displayed showing a reduced detection performance.

B. Real data

This section analyzes data recovered from the unsupervised
AD benchmark of the Harvard dataverse repository1. Dataset
sizes and contamination rates are reported in Table I. This
dataset has been used in previous AD papers such as [1] where
a OCSVM with DTW baseline is provided. Table II shows the
detection results of LOF using various similarity measures:
Euclidean distance and DTW as baseline, and MSIG4. Overall,
the MSIG provides promising AD results when compared to
the baseline. Indeed, F1 scores are larger for three datasets out
of five, and comparable to the best score on the remaining two.
Thus, MSIG seems to be consistently efficient for detecting
anomalies in these datasets. Note that contamination rates
have to be taken into account, as for instance, there are only
ten outliers to detect in the Breast Cancer dataset. Thus the
recall score can only take ten different values, leading to
large discrepancies in the computed F1 scores. The OCSVM
method was also tested using the same similarity measures.
Conclusions were similar to the ones obtained with LOF,
but all detection scores were strictly inferior, similarly to the
results of IV-A. An important aspect of the MSIG method is
its low computational complexity, which is evaluated in what
follows.

C. Computation time and memory space

Given a d-dimensional time series (X(t))t=1,...,T and a
signature level L ∈ N, the runtime complexity of the signature

1Available at https://doi.org/10.7910/DVN/OPQMVF.

https://github.com/Raph-AI/anomaly-detection
https://github.com/Raph-AI/anomaly-detection
https://doi.org/10.7910/DVN/OPQMVF


TABLE II: F1-scores using Local Outlier Factor (LOF) with 3
similarity measures and true contamination rates. Best in bold.

EUC DTW MSIG4
ANN Thyroid 0.09 0.22 0.17
Breast Cancer 0.60 0.60 0.70
Letter 0.55 0.44 0.52
Pen Global 0.58 0.43 0.59
Satellite 0.57 0.55 0.57

EUC DTW SIG2 SIG4 MSIG2 MSIG4
Similarity measure
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Fig. 5: Runtimes of the AD methods.

up to level L (i.e., of S≤L(X)) is O(TdL) which has to
be compared with the quadratic in length O(T 2d) runtime
complexity of DTW. The space complexity of the signature
is O(dL), which does not depend on T . Therefore, for large
values of T , the signature can be viewed as a compression tool.
Fig. 5a displays runtimes for the computation of the pairwise
similarity matrix. Note that the values shown for SIG/MSIG
are the runtimes for the computation of the signature and the
similarity matrix. The Euclidean distance (EUC) and SIG2
have complexities of the same order of magnitude. This is
because the overhead of the computation of the signature
is balanced with the Euclidean distance computation of a
smaller number of signature coefficients. However, signature
and multi-scale signature methods are at least one order of
magnitude faster than DTW.

Fig. 5b compares runtimes on 10 randomly generated time
series of dimension 2 for varying lengths T ∈ {10, 100, 1000}.
As T increases, the overhead created by the multi-scaling
vanishes explaining why SIG4 and MSIG4 have the same
complexity. This figure also shows that the proposed AD
approach based on the multi-scale signature is numerically
efficient, even for large datasets.

V. CONCLUSIONS AND PERSPECTIVES

This paper studied a new anomaly detection (AD) method
for time series based on their multi-scale embedding in the
space of signature features. A comparison between the pro-
posed signature-based AD method and DTW on both simu-
lated and real datasets showed similar detection performances.
However, signature features can be computed multiple orders
of magnitude faster than DTW, which is important for practical
applications. The studied datasets had outliers that were glob-
ally abnormal. In the future, the proposed method should be

applied to trajectories that contain collective anomalies (small
abnormal segments), contextual anomalies or point anomalies
[2]. A feature importance analysis could be used to detect
which segmentation is most valuable to improve performances.
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