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ABSTRACT

Accurate signal time-delay estimation is critical in lo-
calization, sensor fusion, and communication systems. In
multi-sensor contexts, where distributed nodes combine mea-
surements, modeling estimation performance under realistic
assumptions is key. A common challenge is global phase mis-
alignment, stemming from hardware imperfections at both
transmitter and receiver. While some works assume perfect
calibration and others treat phase as completely unknown,
we propose a middle-ground model where the phase is par-
tially known, i.e., estimated with uncertainty. This approach
is particularly relevant in practical multi-sensor scenarios,
where each node may experience different phase conditions.
The goal is to quantify how an additional measurement of
the unknown phase can enhance time-delay estimation. We
derive the corresponding Maximum Likelihood Estimator
(MLE) and propose a practical implementation to evaluate its
Mean Squared Error. Leveraging existing Cramér-Rao Bound
results, we show that the MLE is efficient over a finite SNR
range, though not asymptotically consistent or efficient.

Index Terms— Cramér-Rao bound, time-delay and phase
estimation, multi-sensor.

1. INTRODUCTION

The estimation of a received signal’s time-delay provides in-
sights into the propagation characteristics of the medium it
traversed. Such information is exploited by a wide range
of applications [1, 2, 3], and is particularly valuable in do-
mains like Global Navigation Satellite Systems (GNSS) [4,
5], RADAR, SONAR [1, 6], or digital communications [7],
where it acts as the first step in the receiver’s operating se-
quence for synchronization purposes.

Traditional time-delay estimation models consider a sin-
gle sensor link and often include a carrier-phase term ¢ =
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© — w.T, where ¢ captures unknown phase offsets (e.g., due
to hardware misalignment), and w. = 27 F relates to the car-
rier frequency. A significant body of work has addressed this
problem from a theoretical standpoint [8, 9, 10, 11, 12], de-
riving both Cramér-Rao Bounds (CRBs) and Maximum Like-
lihood Estimators (MLEs) under various modeling assump-
tions.

Two common approaches to the unknown phase term ex-
ist: one treats ( as a nuisance parameter absorbed into the sig-
nal amplitude [13, 14], while the other assumes ideal calibra-
tion, allowing precise estimation of w.7 [15, 16]. However,
the latter assumption is often unrealistic in practical systems,
where perfect calibration of the global phase is difficult to
achieve. This study explores a multi-sensor scenario in which
two distinct sensors are available: one dedicated to measur-
ing the time-delay 7, and another providing an auxiliary esti-
mate of the global phase offset . This heterogenous sensing
architecture is common in practical systems, where different
physical modules (or subsystems) contribute complementary
information. Our goal is to analyze how incorporating a par-
tially informed measurement of ¢, subject to known uncer-
tainty, can enhance the performance of 7 estimation.

Building on the CRB analysis introduced in [17], we for-
mulate the corresponding MLE for this hybrid measurement
model. The proposed estimator integrates both the received
signal and the auxiliary phase information, and is compared
against the CRB and a simpler estimator using raw phase es-
timates.

This contribution is organized as follows. Section 2
presents the signal model and sensor configuration. Section 3
derives the proposed MLE. Section 4 discusses performance
results. Lastly, Section 5 summarizes the contents of the
contribution and highlights its key findings.

2. SIGNAL MODEL

The signal model used in this study is based on the well-
known Conditional Signal Model (CSM) [18, 19]. Specifi-
cally, we examine a signal model studied in the state of the
art [16], where it is assumed that a band-limited signal at the
output of the Hilbert filter can be expressed as,

a(t) = ac(t—r)e’ e +n(t), n(t) ~ CN(0,07,), (1)



and the underlying vector of deterministic unknowns is,
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with 02 determining the noise variance and a > 0 a real
amplitude. For simplification, (1) is reformulated as,

o), 0=(p,1),

z(t) = ae’?a(t; ) + n(t), 3)

where a(t;7) = c(t — 7)e Note that in most of the
state-of-the-art (e.g. [1, 7, 13]), it is assumed a signal model,
where the carrier-phase term ¢ = ¢—w,7 combines the phase
component ¢ with the wave propagation w,.7. In our case of
study, it is assumed the availability of an additional data x,
representing the output of a calibration step of the true phase
offset ¢, modeled as,

—JjweT

Tqg =@ +MNa, MNg NN(O,J%Q), “4)
where J%a denotes the known variance of the calibration step.
A discrete-time signal representation can be formulated con-
sidering the acquisition of N’ = Nj — N7 + 1 samples from
(3). Assuming, Ts = 1/F; and Fs; > B, where T is the sam-
pling period, F the sampling rate, and B the signal’s band-
width, the following signal model is established,

X = ael?a(t) + n, ®)
with x' = (2(N{T}),- (NQT )) the received signal
samples, nT = (n (NT) n(NiTs)) and a(r) =
e~ IweTe(r), ¢T'(1) = (¢ (N|T, — 7') s, o(NSTs — 7).

3. MAXIMUM LIKELIHOOD ESTIMATORS

This section aims to introduce three estimators. The first is the
MLE considering a signal model with perfect phase compen-
sation. In other words, we assume that the phase estimated by
the calibration step is the true phase offset, i.e., z, = (. That
estimator was first derived in [16] and is expressed as,

R {aH (1) (e77¥x) }2
1= arg max R—————2 ,
{rI®{a(r)" (e=i*x)}>0} la (7]

(6)
where $t {-} defines the real part operator. The second esti-
mator, which can be regarded as a naive estimator, considers
the signal model introduced in (3) and (4), but ignores the fact
that x, is a random variable and assumes that z, = . Note
that, from a theoretical viewpoint, that estimator is a misspec-
ified MLE (MMLE) [20]. That estimator is given by

79 = argmax {5}%{7(7)}2}, @)

{7|R{r(7}>0}

a(r)"” (e7x)

=7 = = 8
T2 ®

V(1) =

where ~y(7) consists in the normalized auto-correlation func-
tion of a(7) weighted by e~%« (unknown phase naive com-
pensation). Finally, the MLE for the signal model proposed
in (3) and (4) is given by

E)p(ma; SD)}’ )

€ = argmax{p (X, xq; €) = p(x;
€

and the underlying negative log-likelihood function is

Sy (x5€) = —Inp(x;€) —Inp(za;¢) . (10

Hence, the MLE in (9) can be reformulated as,

~

€ = argmin{S§ (x;€)}. (11)

According to (10), the minimization in (11) w.r.t o and 0,27,
takes only into account In p (x; €). This problem was already
solved in [16, §3], where the reader can find the MLE expres-

sions for 02,, and ¢&. Thus, following a similar methodology,
the MLE expression for 8 taking into account (9) is given by

0= arg min
{0|Re{e~J¥a(r)Hx}>0}

{53 (%0)}, (12

a (xll B 90)2
Sy (x;0) = ONo2

Na
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(13)
is known or accu-
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Moreover, under the assumption that 0%
rately estimated, (13) becomes

2

a O”ﬂ
S5 (x;0) = 550

(ra — 0 ~ R {0} (1)

For the sake of simplicity and space, in this communication,
we focus on that specific case, leaving the unknown o2 case
(13) for future studies. Let us consider the following variable
change ¢ = 9 + x4, then S (x; 0) in (14) becomes

S5 (x;0) = —R {137]'7’2"}/(7')}2 . (15)
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Interestingly enough, setting v = 0 in (15) recast (12) as
(7); thus, the naive estimator amounts to a default choice of
© (p = x,) if no prior pdf is known. Furthermore, if z is a

(?R{ZQ} + |z|2) /2. Thus,

the second right term in (15) can be recast as

, , R e Iy (1) 2Ly |eiv (7')2
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complex number, then R {2} =

(16)

Assuming an operating range of the MLE in asymptotic
regime, i.e. U%n’ < 1= 1 < 1, e772% can be approximated



by a fifth-order Taylor expansion
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Hence, (16) becomes,
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with Im {-} defines the imaginary part operator, and as a re-
sult, (15) is recast as,

S5 (x:0) =

- Zim [y}t - {0}t

+ glm [y}t + % (;51 +2R {7(7)2}> W?
~tm {y (7)o - R{y (M) 19)

With this redefinition of (15), the MLE estimator zz is ex-
pressed as a function of 7 as

Y {88 (x:,7)}

T) = arg
v {¥[R{e- “”7(7)}>0}

_ arg {%‘z(wﬂ

- - o} .0
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= 0 being solvable from Ferrari’s
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is a polynomial of forth degree. Note that in this particu-

lar case, Ferrari’s method yields four possible solutions of v,

each corresponding to one of the roots of the polynomial in

(21). Moreover, since ) is required to be real valued, we con-

sider only the real part of the obtained roots and the selected

root of 17) = zz (7) is the one which meets the criteria:

b = argmin{S§ (xiR{D1},7) 1S5 (xiR{Da} ) -

(22)

In other words, we search for the real part of the roots of (20)
that minimizes the cost function (15). As a result, the MLE 7
becomes,

Ty = arg max {Sg (X;’IZ(T),T)}
T3 = arg max {03’2;27)2 - {e_j@(T)v(T)}z} . (23)

4. VALIDATION OF THE RESULTS

This section validates the theoretical framework described in
section 3 and analyzes the results obtained after software im-
plementation. The simulations conducted consider the signal
model introduced in (1) and (4), where ¢(t) is a GPS L1 C/A
[21] periodic Gold sequence of 1,023 chips, modulated by
Binary Phase Shift Keying (BPSK) with a carrier frequency
F, of 1,575.42 MHz. The sampling frequency Fj is set to 4
MHz, the integration time is of 1 ms and the number of Monte
Carlo runs is set to 1000. The SNR at the output of the MLE,
often referred to as the matched filter [22], is defined for the

true time-delay parameter 7 as:

e () a0 |
Re{(IZEZ;I)Hn}Z] T=T

(a0)2 a(TO) 2 2 a(TO) 2
= (!;)2 H _ H(O%)Q H (a0)2_ (24)

SNRouyr =
E

0

Two separate tests were conducted, resulting in Figures 1
and 2. Both Figures provides the Root Mean Square Er-
ror (RMSE) of the time-delay estimate as a function of the
SNRoyr. Moreover, both Figures include the asymptotic
performance provided by three CRB expressions derived and
validated in previous state of the art. i) CRB™ from [13],
which considers a CSM where the ¢ term is incorporated into
« and corresponds to the classic signal model approach. Note
that this signal model assumes that a%a — 00, meaning that
x4 provides no useful information at the system, making it
preferable not to use it. ii) CRB® from [16], which assumes a
CSM with perfect ¢ compensation. In other words, a%a —0
and an ideal knowledge of ¢ is assumed. iii) CRB! from [17],
which assumes the CSM introduced in (3) and (4) and which
will allow us to validate the MLE 73 derived in equation (23).
CRBf is expressed as follows [17]:

dc(T) dc(1)
9 §R{( or ) H‘J:-(T) or }+

f— Uin i e(r)T 25()
CRBET =35, uc<r>||2<27rfc e }>

19202 SNRou;
(25



where T2 ) = T— c(7)c(r)/ [le()|.
Figure 1 serves two primary purposes. The first one is to val-
idate the closed-form CRBf expression (25) derived in [17].
The second one is to check the proposed implementation of

the MLE 73 (23) for the CSM in (3) and (4). It is important
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Fig. 1. RMSE of 73 as a function of SNRoyr for k =
[10%,10%,10%].
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Fig. 2. RMSE of 71, 73 and 73 as a function of SNRoy 7.
For 73 and 73, 02 = [—10, —30]dB.

to remind that under the CSM condition [1, 19], the MSE of
the MLE asymptotically converges to the CRB, enabling val-
idation of both the CRB expressions and the MLE implemen-
tation. However, the asymptotic regime of the CSM discussed
in this paper (as defined by (3) and (4)) implies that not only
SNRoyT — o0, but Uia also approaches zero. Therefore,
let us set the constant x such as U%a = k/SN Ryyt, where &
represents the extent to which a%a decreases as the SNR in-
creases. Under these conditions, Figure 1 shows that the MSE

of the MLE converges to the corresponding C RB7 for sev-
eral scenarios with = = [10%,10%,10*]. Figure 2 shows the
asymptotic behavior of the three estimators 77 in (6), 73 in
(7) and 73 in (23). On the one hand, 7; estimator is simulated
under the condition of perfect phase compensation, i.e., with
O'%a — 0. Note that under these conditions, the MSE of 77,
that is the MLE, converges asymptotically to CRB® derived
in [16]. On the other side, 75 and 73 estimators are simulated
under a scenario where the SNR increases but the phase term

variance is set to two fixed values 02 = [—10, —30]dB. Sur-

prisingly, estimators 75 and 73 are efficient in certain regions
of SNR, i.e. the MSE of both estimators converges to CRBf,
but from certain respective SNR value, they become neither
efficient nor even consistent. A sensible explanation is that
they do not operate in the asymptotic conditions for the con-
sidered CSM (SNRoyr — o0, and 0,2% — 0). Note also that
the asymptotic MSE associated with each estimator is propor-
tional to aia, which is logical, as the estimators asymptotic
performance is primarily determined by the precision of the
estimated phase term (asymptotically, the contribution of the
additive noise n is negligible). Moreover, as expected, the ad-
dition of a prior knowledge on the unknown phase decreases
the achievable MSE of 73 (a well known result in Bayesian
framework [23]). Last, we want to highlight the significance
of the CRB™ and CRB® bounds, as they provide not only
a lower bound on system performance in the best-case sce-
nario for high SNRs, but also an upper bound for system per-
formance in intermediate SNR regions (which may be in the
order of [15-60] dB of SNRo 1 as shown in [16]).

5. CONCLUSION

This work introduces new insights into time-delay estimation
theory in the context of multi-sensor systems. We focus on a
recently proposed CSM in which the estimation of the time-
delay parameter is assisted by phase estimates obtained from
an auxiliary calibration sensor. Based on this model, we pro-
pose two estimators for the time-delay. The first, denoted 73,
assumes perfectly accurate phase estimates. While simple to
implement, this naive approach suffers from model mismatch
and is therefore asymptotically suboptimal. The second es-
timator, 73, corresponds to the Maximum Likelihood Esti-
mator (MLE) under the proposed CSM, and fully accounts
for the uncertainty in the phase calibration. To validate the
theoretical derivation, we analyze the MSE of 73 and show
that it converges to the CRB in the asymptotic regime, i.e.,
when the SNR tends to infinity and the phase estimate vari-
ance tends to zero. Furthermore, we examine a more realistic
scenario where the variance of the phase estimates is fixed.
In this case, the MSE of 73 approaches the CRB only within
a specific SNR range. As the SNR increases, the estimator
becomes neither efficient nor consistent, and its asymptotic
performance is ultimately limited by the quality of the phase
Sensor.
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