OATAO

Cipen Archive Toulouse Archive Ouverte

OpenArchive TOULOUSEArchive Ouverte OATAO)

OATAO is an open access repository that collects the work of Toulouse researcl
makes it freely available over the web where possible.

This is an author-deposited version published hittp://oatao.univtoulouse.fr
Eprints ID : 10625

Tolink tothisarticle:
DOI:10.1109/LSP.2013.2296138
URL : http://dx.doi.org/10.1109/LSP.2013.2296138

Tocitethisversion :
Besson, Olivier and Dobigeon, Nicolas and Tourneret, Jean-Yves
Joint Bayesian estimation of close subspaces from noisy
measurements. (2014) IEEE Signal Processing Letters, vol. 21 (nf
2). pp- 168-171. ISSN 1070-9908

Any correspondance concerning this service should be sent to the repository
administratorstaff-oatao@listes-diff.inp-toulouse.fr




Joint Bayesian Estimation of Close Subspaces
from Noisy Measurements

Olivier Besson, Senior Member, IEEE, Nicolas Dobigeon, Member, |IEEE, and
Jean-Yves Tourneret, Senior Member, |EEE

Abstract—I n thisletter, we consider two sets of observations de-
fined assubspace signalsembedded in noiseand wewish to analyze
the distance between these two subspaces. Thelatter entails evalu-
ating the angles between the subspaces, an issue reminiscent of the
well-known Procrustes problem. A Bayesian approach is investi-
gated where the subspaces of interest are considered as random
with a joint prior distribution (namely a Bingham distribution),
which allows the closeness of the two subspaces to be parameter-
ized. Within this framework, the minimum mean-square distance
estimator of both subspacesis formulated and implemented via a
Gibbssampler. A simpler schemebased on alter nativemaximum a
posteriori estimation isalso presented. Thenew schemesare shown
to provide more accur ate estimates of the angles between the sub-
spaces, compared to singular value decomposition based indepen-
dent estimation of the two subspaces.

Index Terms—Bingham distribution, Procrustes problem, sub-
space estimation.

|. PROBLEM STATEMENT

ODELING signals of interest as belonging to a linear
subspace is arguably one of the most encountered ap-
proach in engineering applications [1]-{3]. Estimation of such
signalsin additive white noise is usually conducted viathe sin-
gular value decomposition which has proven to be very suc-
cessful in numerous problems, including spectral analysis or
direction finding. In this letter, we consider a situation where
two independent noisy observations of a subspace signa are
available but, due to miscalibration or a change in the observed
process, the subspace of interest is slightly different from one
observation to the other. More precisely, assume that we ob-
servetwo M x T matrices X7 and X, given by
Xk :Hk.,Sk —I—]\Tk; k: 172 (1)
where the orthogonal M x R matrices Hy, (H; H;, = Ir) span
the subspace where the signals of interest lie, S, stands for the
matrix of coordinates of the noise-free data within the range
space R(H}.) of Hy,, and N}, denotesan additivewhite Gaussian
noise. Herein, we areinterested in recovering the subspaces H1 ,
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H, but, maybe more importantly, to have an indication of the
“difference” between these two subspaces. The natural distance

between H; and H, is given by [Z, 1 62 Where 8, are
the principal angles between H; and H,, which can be ob-
tained from the singular value decomposition (SVD) HI Hy =
Ydiag(cos 8y, ...,cosfg)Z% . Thisproblem issomehow remi-
niscent of the orthogonal matrix Procrustes problem [4, p. 601]
where one seeks an orthogonal matrix that brings H; close to
H> by solving mingrg_; ||Hz — H1Q||r. Thesolutioniswell
knowntobeQ = Y Z*. The problem hereis slightly different
asweonly haveaccessto X, X5 and not to the subspacesthem-
selves. Moreover, we would like to exploit the fact that H; and
H, are close subspaces. In order to embed this knowledge, a
Bayesian framework isformulated where H; and H- aretreated
as random matrices with ajoint distribution, as detailed now.

Let us state our assumptions and our approach to estimating
Hy, Hs and subsequently the principal anglesé,.,» = 1,---, R.
Assuming that the columns of N; and N» are independent and
identically Gaussian distributed N, ~ A(0,021) with o2
known, the likelihood function of X}, is given by

p(Xk|Hk, Sk) o< etr {%(Xk — HkSk)T(Xk — HkSk)}

2)
where < means proportional to and ctr{.} stands for the expo-
nential of the trace of the matrix between braces. Asfor S, we
assume that no knowledge about it is available so that its prior
distributionisgivenby 7(S;) = 1. Notethat thisisan improper
prior but, as will be shown shortly, marginalizing with respect
to Sy resultsin a proper distribution. Indeed,

p(XHHk) = /p(Xk|H]¢,Sk)Tr(Sk)dSk

X etr{—

Let us now turn to our assumption regarding H; and H>. We
assumethat A, isuniformly distributed on the Stiefel manifold
[5] and that H-, conditioned on H, follows a Bingham distri-
bution [5], [6] with parameter matrix xH; H{ , i.e.,

g (XE X~ X[ ] X )} ®

m(Ho|Hy) = C(kH H Yetr{k HY H1H{ Hy}  (4)

where C(A) =1 F (£,5;,4) and 1Fi(.,.;.) is an hyper-
geometric function of matrix argument [5]. It is known that
1F1(p, q; A) depends only on the non-zero eigenvalues of A:
hence C(xH; H{') in (4) depends on « only. The latter rules
the prior distribution of the angles between R(H;) and R(H>):
the larger « the closer R(H,) and R(H>) [7].



Il. SUBSPACE ESTIMATION

Our objectiveis, given the likelihood function in (3) and the
prior in (4), to estimate H,, H, and then deduce the principal
angles between them. Towardsthisend, let usfirst writethejoint
posterior distribution of H; and H» as

p(Hy, Hy| X1, Xo) o< p(Xy, Xo|Hy, Hy)w(Hy | Hy)w(Hy)
1 1
o etr {ﬁxfﬂlﬂfxl + WXZTHZH;‘FXQ}
x etr{sHI H HI H,}. (5)

In the sequel we let & = {1,2}\ k. The posterior density of H;,
only is thus

p(Hy| X1, X3) :/p(Hk,H,;|X1,X2)d,H,;
x Ctr{%X{HkaTXk}
X / etr{H,f [%xkxf + fin,H]?:| Hk} dHz,
x C (%ka,{ + /«;HkaT) ctr { %X{Hkﬂ,{xk} .

(6)

The minimum mean-square distance (MM SD) estimator of Hy,
is defined as [7]

ﬁk_l\ﬂ\/jg[) = argn}inc‘f {Hﬁkﬁ]{ — HkH,?HQ}

H;,

:PR{/Hngp(Hk|X1,X2)de} ()

where £{.} is the statistical mean and Pg{-} stands for the Z
principal eigenvectors of the matrix between braces. From in-
spection of p(Hj| X1, X»), the above integral in (7) does not
seemto betractable. Therefore, weturnto Markov chain Monte-
Carlo (MCMC) simulation methodsto approximateit [8]. How-
ever, thedistribution in (6) is hot obviousto sample. On the con-
trary, the conditiona distribution of Hy|Hj, X1, X2 belongsto
aknown family. Indeed, from (5) one has

1
p(Hy|Hy, X1, Xo) o< etr {H{ [ﬁxkx,{ + H,Hk,H13i| Hk}
(8)

which is recognized as a Bingham distribution, i.e.,
1

Hi|H;, X1,Xo~B
i X0, X (202

X X!+ kHpHY ) ()
This leads us to consider a Gibbs sampling scheme which uses
(9) to draw samples asymptotically distributed according to
p(Hi| X1, X2). An efficient scheme to draw random matrices
from a Bingham distribution can be found in [9]. Our Gibbs
sampling scheme is summarized in Table |

Once aset of NV, matrices H;(n) and Hz(n) has been gener-
ated, the MM SD estimator of H;, can be approximated as

Npi+Ne

Hy. aivsp = Pr {er Z Hk(“)Hk(”)T} . (10)

n=Np;+1

TABLE |
GIBBS SAMPLER FOR ESTIMATION OF H; AND H>
Input: initial value H(0)
I: forn=1,---, Ny + N; do
2:  sample Ha(n) from B (525 XoXT + kHy(n — 1)Hy (n — 1)"')_
1

X2
X1 XT -+ sHa(n)Ha(n)T).

3: sample Hi(n) from B
4: end for
Output: sequence of random matrices H(n) and Ha(n).
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TABLE Il
ITERATIVE MAP ESTIMATION OF H; AND H»

Input: initial value 1, (0)
l: forn=1,---, N, do
2:  evaluate Ha(n) = 'Pn% Ly XoXT + kH1(n — 1)Hy(n — 1)""}_

3:  evaluate Hy(n) = Pg —'.;,\'l,\’;"‘+h-!-fg{-;a)f-fg(n)"‘}.
4: end for

Output: Hy_yup = Hi(Ny).

We should point out that the scheme of Table | is computa-
tionally intensive, due to the need to generate matrices from a
Bingham distribution, and that it may be prohibitive in large-
scale problems when M islarge. In such cases, one might turn
to ssimpler estimators.

An aternative and possibly more computationally efficient
approach would entail considering maximum a posteriori
(MAP) estimation. However, the joint MAP estimation of
H, and H> from p(H;, H2| X1, X>3) in (5) does not appear
tractable. It isin fact customary in this caseto consider iterative
aternate maximization of p(Hy, Ha| X1, X2), i..e, maximize
it first with respect to H; holding H> fixed, and then with
respect to H, holding H; fixed. Convergence of this method
to the global maximum is yet to be proven, athough we did
not experiment problems in our simulations. At each step, the
MAP estimation of one matrix, conditioned on the other one,
issimple as

ﬁk_Kqu|H];, = arg n}{aXp(HHH,;,, X1, Xo)
k

1
=Pr {ijXkT + HHkHET} . (1)
20

Note that (11) is also the MMSD estimator of H; given Hj,
since, if H ~ B(A4), the MMSD estimator of H is simply
Pr{A} [7]. Therefore we propose the scheme of Table !l which
we refer to asiterative MAP (iMAP).

Remark 1. (Estimation by Regularization): We have decided
in this work to embed the knowledge that R(H;) is close to
R(H>) inaprior distribution. An alternative would be to con-
sider regularized maximum likelihood estimation (MLE). Such
an approach would amount to consider the following optimiza-
tion problem:

—log p(X1, Xo|Hy, Ha, S1, S9)

min
H,.H3,51,52

+ pl|H HY — HyHY || 3. (12)



Solving for .57, Se and concentrating the criterion, one ends
up with minimizing

1
J(Hy, Hy) =Tr { FX{[HleXl}

1 :
+ Tr{ﬁXgHgHQTXQ} + Tr{2pHi Hy H Ho}.

(13)

From observation of (5) this is tantamount to maximizing
p(Hy, H3| X1, X2) with the regularization parameter 2p
playing asimilar role as x. However, there are two differences.
First, in a Bayesian setting « can be fixed by looking at the
prior distribution of the angles between R(H,) and R(H) and
making it match our prior knowledge. Second, the Bayesian
framework enables one to consider an MM SD estimator while
the frequentist approach bears much resemblance with a max-
imum a posteriori estimator.

Remark 2. (Alternative Prior Modeling): Instead of con-
sidering a Bingham distribution as prior for (2| H;) avon
Mises-Fisher (vMF) distribution [6] defined as

m(Ha|Hy) o ctr{cH H,} (14)
might have been used. Under this hypothesis, it is straight-
forward to show that the conditional posterior distribution
p(H|Hy, X1, X2) is now Bingham von Mises-Fisher (BMF).
The Gibbs sampling scheme needs to be adapted to these new
distributions. However, for a BMF distribution, there does not
exist a closed-form expression for the MAP estimator which
means that the iterative scheme of Algorithm 1l cannot be
extended.

Remark 3. (Extension to Morethan 2 Subspaces): Let uscon-
sider a situation where K > 2 data matrices X, = Hp Sk +

/;, are available, so that their joint distribution, conditioned on
H...i can be written as

K
1 § : T T T
p(X1A|H1K) x etr {_Fk_l(Xk Xk_Xk Hka Xk)}.
(15)

Let usstill assumethat H; isuniformly distributed on the Stiefel
manifold and that for & > 2, Hy|Hp_1 ~ B(siHr_1H} ,).
Then the joint posterior distribution of Hi...x writes

«
1
p(Hy. | X1 k) o etr { 5 > X{HkH,?Xk}
k=1

K
X etr {anﬂ,{ﬂklﬂglﬂk} . (16)

k=2

It ensues that the conditional posterior distribution of Hy is
given by

1
Hy|Ho g, X1.x ~B (FXleT + @HQHQT) (17a)

1
Hy|H , X,.xk ~B (0__2Xng + fikﬂlekT1) :
(17b)
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Fig. 1. Performance of the estimators versus I'. . = 40 and SNR = 0 dB.
(a) A’ISD(AHl, Hl), (b) A[SD(HZ, Hg), (C), mean and std of 61, (d), mean
and std of .

The Gibbs sampling scheme of Table | as well as the iterative
MAP algorithm of Table Il can be straightforwardly modified
S0 as to account for this more general setting.
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Fig. 2. Performance of the estimators versus SNR. » = 40 and ' = 6.
(8 MSD(Hi, H1), (b) MSD(H>, H>), (c), mean and std of &1, (d), mean
and std of ..

I11. NUMERICAL ILLUSTRATIONS

Let usnow give someillustrative examples about the estima-
tors developed above. We consider a scenario with A7 = 8 and

R = 2. Thetwo algorithms described above (referred to as GS
and iIMAP in the figures, respectively) will be compared to a
conventional SV D-based approach where Hy, is estimated from
the R dominant left singular vectors of the data matrix X .. For
each algorithm, the anglesbetween H; and H- will be estimated
from the singular value decomposition of H7 H,, where Hy , H,
stand for one of the three estimates mentioned previously. Two
criteriawill be used to assess the performance of the estimators.
First, the MSD between H;, and H;, will be used: this gives an
idea of how accurately each subspace individually is estimated.
Next, since the difference between H; and H> is of utmost im-
portance, we will also pay attention to the mean and standard
deviation of 4, as these angles characterize how H> has been
moved apart from H; .

In al simulations the entries of S; and S, were generated as
i.i.d. A(0,1). The subspaces H; and H, werefixed and thetrue
anglesbetween them areequal to 10° and 25° respectively. Note
that the subspaces H, and H, are not generated according to
the prior distributions assumed above. The signal to noise ratio
(SNR) isdefined asSNR. = o ?M ' R. For the Bayesian esti-
mators, we set N,; = 10, N, = 200 and Ny, = 50. InFig. 1we
plot the performance versus 7', for k = 40, while Fig. 2 studies
the performance versus SNR. The following observations can
be made:

e The Bayesian estimates of the individual subspaces out-
perform the SVD-based estimates, especialy for a small
number of snapshots or alow SNR. When SNR increases
however, the SVD-based estimates produce accurate esti-
mates of each subspace.

» The SVD-based estimator does not accurately estimate the
angles between H; and Hs, unless SNR is large. In con-
trast, the Bayesian estimators provide a rather accurate es-
timation of 4,..

¢ The Gibbs sampler is seen to perform better that theiIMAP
estimator, at the price of alarger computational cost how-
ever.
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