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A Bayesian Framework for Multivariate Multifractal
Analysis

Lorena Leon, Herwig Wendt, Jean-Yves Tourneret, Patrice Abry

Abstract—Maultifractal analysis has become a reference tool for
signal and image processing. Grounded in the quantification of
local regularity fluctuations, it has proven useful in an increasing
range of applications, yet so far involving only univariate data
(scalar valued time series or single channel images). Recently the
theoretical ground for multivariate multifractal analysis has been
devised, showing potential for quantifying transient higher-order
dependence beyond linear correlation among collections of data.
However, the accurate estimation of the parameters associated
with a multivariate multifractal model remains challenging, es-
pecially for small sample size data. This work studies an original
Bayesian framework for multivariate multifractal estimation,
combining a novel and generic multivariate statistical model, a
Whittle-based likelihood approximation and a data augmentation
strategy allowing parameter separability. This careful design
enables efficient estimation procedures to be constructed for two
relevant choices of priors using a Gibbs sampling strategy. Monte
Carlo simulations, conducted on synthetic multivariate signals
and images with various sample sizes and multifractal parameter
settings, demonstrate significant performance improvements over
the state of the art, at only moderately larger computational cost.
Moreover, we show the relevance of the proposed framework
for real-world data modeling in the important application of
drowsiness detection from multichannel physiological signals.

Index Terms—multifractal analysis, multivariate, Bayesian es-
timation, multiscale, wavelet leaders

I. INTRODUCTION

Context: Multivariate multifractal analysis. Over the last
decades, multifractal analysis has grown into a standard tool
that has been successfully involved in various signal/image
processing tasks (classification, detection, etc, see e.g., [1]
for a review). In essence, multifractal analysis probes the
temporal dynamics in time series, or the spatial dynamics (tex-
tures) in images, by quantifying the strengths and topological-
geometrical structures of the fluctuations of the pointwise
regularity of the data. This is achieved with the multifractal
spectrum, the object of central interest to multifractal analysis,
see [2], [3] and below for details. Numerical implementations
for the estimation of the multifractal spectrum or the associated
multifractal parameters commonly involve multiscale (e.g.,
wavelet-based) representations of the data [4]-[6]. Multifractal
analysis led to significant successes in many real-world appli-
cations in very different contexts (cf., e.g., [7]-[13] or [14]
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and references therein). However, its theoretical grounding
remained, up to a recent past, fundamentally univariate in
principle, hence tied to the independent analysis of single time
series or images. This is a severe limitation for its practical use
because many recent applications entail the joint analysis of
signals or images recorded for the same system using different
sensors, and crucial information is potentially conveyed in the
coupling and dependencies between components. While this
limitation had been recognized early on and partially addressed
in specific applicative contexts [15], [16], the theoretical
foundation for multivariate multifractal analysis was laid only
recently [17], [18]. Its first practical use showed that the
multivariate multifractal spectrum can effectively capture and
quantify transient, local dependencies in data that cannot be
considered by second order statistics [14], [19]-[21]. The first
experiments also revealed that the estimation of the associated
cross-multifractality parameters is a challenging issue, which
we propose to tackle in the present work.

Related works: Multifractal estimation. Practical mul-
tifractal analysis, or multifractal estimation, fundamentally
relies on multiscale representations of the data. While some-
times based on multifractal detrended fluctuation analysis
[22], multifractal estimation is also often based on wavelets.
In particular, elaborating on the early proposition of using
wavelet transform modulus maxima representations [4], it
is now well documented that multifractal analysis benefits
from being constructed on wavelet leaders, defined as local
nonlinear transformations of the wavelet coefficients [2], [3],
[5], [6]. Whatever the multiscale representations used, mul-
tifractal estimation relies in essence on log-log regressions,
intrinsically requiring the data to have a long enough sample
size in order to allow their dynamics to develop along a set
of scales ranging across several orders of magnitude. These
regressions lead to large estimation variances, notably for
limited sample size data, and become a critical challenge,
for example, in several bivariate settings as explored in [19]-
[21]. This limitation was first addressed for 2D images by
adopting a Bayesian approach for the estimation of the scalar-
valued multifractality parameters [23], [24]. The preliminary
work presented in [25] considered, for the first time, the joint
analysis of bivariate signals (i.e., pairs of time series) with the
recently theoretically defined bivariate multifractal spectrum
and proposed a Bayesian estimation framework for the esti-
mation of the associated multifractality parameter triplet. In
the present work, we propose and study a general framework
for the estimation of the matrix-valued parameters associated
with the joint multifractal spectrum of multivariate signals and
images.
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Goals, contributions and outline. The goal of this work is
to propose a Bayesian framework for multivariate multifractal
signal and image analysis and to assess its estimation per-
formance. To that end, a theoretical multivariate multifractal
analysis and log-log regression-based multifractal estimation
are briefly recalled in Section II. Then, the first key contribu-
tion presented in Section III consists in devising an original
Bayesian model for the multivariate log-leader representations
of the data. This model combines the validation of a multi-
variate Gaussian distribution, the multiscale modeling of its
covariances, the derivation of a Whittle-type approximation
[26] of the corresponding likelihood and a data augmentation
strategy leading to a likelihood that is separable with respect
to the multifractal parameters to be estimated. Separability
further permits, as a second main contribution, to propose effi-
cient estimation algorithms, based on relevant choices of prior
distributions, the derivation of the conditional distributions of
the joint distribution of interest simplifying the use of Gibbs
sampling strategies (Section IV). As a third contribution, the
estimation performance of the proposed Bayesian frameworks
for multivariate multifractal estimation are assessed and com-
pared against classical linear regressions, and for two different
priors, using extensive Monte Carlo simulations relying on
synthetic multivariate multifractal processes for signal and
images as defined in [19], [20]. Performance results, reported
in Section V for different multifractal parameter settings and
sample sizes, and for both signals and images, demonstrate a
significant improvement in estimation performance achieved at
moderate extra computational cost. This opens the way for the
practical use of multivariate multifractal analysis on real-world
data. Finally, as a fourth contribution, Section VI studies the
application of the proposed framework to drowsiness detection
from polysomnographic data. Our results are comparable to the
state of the art, demonstrating the relevance of our approach
for real-world data modeling. Bayesian multivariate multifrac-
tal estimation procedures (together with synthesis procedures
for multivariate multifractal processes) will be made publicly
available via a documented toolbox at the time of publication.
Notation. Bold lowercase symbols represent vectors,
whereas bold uppercase symbols denote matrices. The de-
terminant and the trace of a matrix are denoted as det(-)
and tr(-). Superscripts -7,-* and -7 denote the Hermitian
transpose, the complex conjugation and the transpose opera-
tors. The matrix denoted diag(ai,as...,an) is the M x M
diagonal matrix with ay,as,...,aps along its diagonal. The
element at row u and column v of a matrix A is denoted as
[A], - Further, ® denotes the Kronecker product, Re(-) stands
for the real part operator, [a;, as] is the set of integers ranging
from a; to as and the operator |-| truncates to integer values.
The symbol ~ is used for “is distributed according to” and
o means “up to a multiplicative constant”. The normal, log-
normal, complex normal (CN), uniform, inverse Wishart (IW)
and scaled inverse Wishart (SIW) distributions are denoted as
N, LN, CN, U, W and STW.

II. MULTIVARIATE MULTIFRACTAL ANALYSIS
A. Multifractal spectrum
For a univariate function X (t) € R, t € R? (e.g., t € R for

time series and t € R? for images), multifractal analysis pro-
vides a quantification of the fluctuations along time or space
of its regularity. The Holder exponent h(t) > 0 is used to
measure the pointwise regularity (see, e.g., [2] for details). The
closer h(t) to 0, the more irregular X around position t. For
an R-variate function X(t) = [X1(t),..., Xr(t)]T € RE, the
Holder exponent is denoted as hx (t) £ [hy(t),..., hg(t)]T
where h..(t) is the exponent associated with the rth component
X, (t). The multivariate multifractal spectrum Dgr(h) of X
is defined as the collection of Hausdorff dimensions dimg
of the sets of points t at which hx(t) takes the value
h= [hl, ey hR]T, i.e.,

DR(h) £ dlmH{t : hx<t) = h}, (1)

see [15], [17], [18] for details. It provides a global, geometrical
description of the pointwise regularity of X. Specifically, its
precise shape, width, and orientation with respect to the h-
axes quantify the degree of local fluctuation of the regularity
of the components of X, and to what extent these fluctua-
tions are coupled between components. The state of the art
procedure for the estimation of the multifractal spectrum is
constructed from the multiscale statistics of wavelet leaders
and is summarized in the next section [2], [3], [17], [18].

B. Multifractal formalism using wavelet leaders

Wavelet leaders. For d = 1 and R = 1, let ¢ denote a
mother wavelet, which is an oscillating reference pattern that
is characterized by its number of vanishing moments Ny, a po-
sitive integer defined as ¢ € C™*~! and Vn =0, ..., Ny —1,
Jpt™(t)dt = 0 and [ tVvap(t)dt # 0. It is designed such
that the collection {);x(t) = 277/2(279t — k) }(j 10 e(2.24)
of its dilated and translated templates forms an orthonormal
basis of L?(R) [27]. The L' normalized discrete wavelet
coefficients dx(j,k) of X € R are defined as dx(j, k) =
279/2(4); ., X ), where (.,.) is the inner product. Then, for
d = 1, the wavelet leaders of X are defined as
LX(]a k) £ sup ‘dX(A/)L

N C3Ajk

where \jx = [k27, (k + 1)27) denotes the dyadic interval
of size 27 and 3k stands for the union of A;y with its
2 neighbors. In higher dimensions d > 2, () coefficients
dgg) (4,k), ¢=1,...,Q, are computed using the tensor product
of 1D transforms (see, e.g., [28] for details), and the supremum
in the definition of the wavelet leaders is also taken for ¢ and
for all 3¢ —1 direct neighbors.

Multifractal formalism.  Wavelet leaders reproduce Holder
exponents in the limit of fine scales, Lx (j, k)~C277"® for
C>0,2 —0, k277 — t (t fixed) [2], [3]. The empirical
moments of Lx (j,k) for 2/ — 0 behave as [18]

R
1 ,
—~ Z H Lx, (j, k)P ~ Kp2JCR(P)’ )
T et/ =1
where p=[p1,...,pr]T, Kp > 0 and n; ~ |[N?/24| is

the number of wavelet leaders at scale j of a single data
component. The so-called scaling exponents (g(p) in (2) are
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tightly related to Dg(h) via their Legendre transform referred
to as the multivariate Legendre spectrum

Lr(h) £ inf(d + (p, h) — Cr(p))- 3)

Finally, Lz (h) provides an upper-bound for Dy (h) for large
classes of processes and is in practice used as an estimator
of Dr(h), see, e.g., [18]. Let {x (j,k) £ InLx, (j,k)
denote the logarithm of the wavelet leaders (aka log-leaders)
associated with X, at a fixed scale j and position k. The first
order (mean) and second order (auto- and cross-covariances)
cumulants of £x, (j, k) and £x , (j, k), with ;7" €{1,..., R},
take the form [19], [29]
E[lx, (5,k)] = (1) + c1(r) In 27, 4
Cov(lx,(j,k),lx,, (j.k)) = S(r,7) + ca(r, ") In27, (5)

where ¢ are model adjustment parameters not related to the

multifractal properties. Similar expressions are obtained for
the higher-order R-variate cumulants [14], [30]. The use of
(4) and (5) implicitly amounts to a parabolic approximation
of the pairwise scaling exponents (3 (p,,p,») which yields a
pairwise parabolic approximation of the multifractal spectrum
Dy (hy, hyr) around its maximum [14], [18]:

’o o 2
Doy, hor) ~ d + 62(7“2,7“ )b (hr bcl(r)>

n ca(r, )b (hw _ Cl(r’)>2

2 b
— ea(r, 1) <hr —bcl(r)) <hr’ —b01(7"’)> ©)

where c3(7,7) <0, b= co(r,7)ca (', 7") — ea(r,7")? > 0 [20]
and

- (c1(r),e1(r")) indicates the position of the maximum of
Ds(hy, hyr), which corresponds to the average degrees of
data regularity. Note that it does not convey information
on the joint multifractality (aka joint regularity fluctua-
tions) and will not be considered in the proposed model.

- ¢o(r,7) quantifies the amount of pointwise regularity
fluctuations (multifractality) for the rth component.

- ¢o(r, r") characterizes the coupling between the regularity
fluctuations of the rth and 7’th components.

The standard estimation procedure for the coefficients c¢; and
co relies on linear regressions of sample cumulants across scale
J, as suggested by (4) and (5).

It is natural to define the no?malli)zed coupling parameter

, co(r,r

pme(r, ") o) e[-1,1]. @)
In view of the model defined in Section II-C, it can be
interpreted as a multifractal correlation and can be shown to
quantify higher-order dependence beyond linear correlation
among the data components { X, }Z ; [19]-[21]. An estimator
of pme can be defined by replacing the coefficients in (7) by
estimates [19]. The type of information that can be captured by
pme 1s illustrated in Fig. 1, which shows a 3-variate synthetic
multifractal image (defined in the following paragraph), and
the magnitude of its isotropic image gradients, with positive
and negative values for py,s among its components. The linear
correlation equals zero for all components. Nevertheless, the

L

X1, pm(1,3)=—0.99 Xa, pme(1,2) = 0.99

X3, pmr(2,3) =—0.99

Fre—

Fig. 1. Illustrations for multifractal correlation: synthetic 3-variate multifractal
image (top row, defined in [19], [31] and Section II-C), magnitude of gradients
(second row) and zooms of the patch marked by red square (bottom row).
X1 and X have multifractal correlation ppme(1,2) = 0.99, and ppe(1,3) =
Pmf(2,3) = —0.99 with component X3. The linear correlation equals zero
for all components.

image gradient magnitudes reveal the strong co-organization
and dependence between the components. Indeed, for com-
ponents with positive pny, large gradients tend to co-occur at
the same locations, while they tend to be coupled with small
gradients when py¢ is negative.

C. Multivariate multifractal random walk

The multivariate multifractal random walk (MV-MRW)
[19], [31], [32] is the canonical multifractal model process for
multivariate data and is used here to illustrate the proposed
approach and assess its performance.

Definition. The construction of an MV-MRW for R com-
ponents requires two collections of stochastic processes: (i)
a collection of increments of fractional Brownian motions
(G1(t),...,GR(t)), which is determined by the self-similarity
parameters Hi,...,Hr and an R X R point covariance 3,
with corresponding correlation coefficients pgs(r,7’), and
(ii) a collection of Gaussian processes (wi(t),...,wr(t))
with prescribed covariance function X, with entries given
by (S, (k1) = My A In (i )» 7o’ €
{1,...,R}, for ||k — 1] < T — 1 and O otherwise, where
T is an arbitrary integral scale, equal to the data sample size
in the rest of the paper. To simplify notations, we consider
My = 1 and [TLyl,,, = pme(r, 7). These processes are
numerically synthesized as described in [33]. Each component
X, r € {1,..., R}, of an MV-MRW s then defined as the
primitive of the product G,.e“.

Multifractal properties. The multifractality parameters of
an MV-MRW are given by c1(r) = H, + A\2/2, ca(r,r) =
=2, and ca(r, ") = —pmi(r, 7 )N\ A [19], [31], whereas
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Fig. 2. Gamma plots for the joint distribution of the empirical log-leaders at
scale j = 4, associated with 100 independent 210 x 210 x R synthetic images
generated using a 2D MV-MRW, with R=2,6, 10 (from left to right; A, =
7/100, pme(r, ") uniform in [0, 0.5]). The closer to the red line, the better
the approximation of the distribution by an R-variate normal distribution.

its higher-order cumulants are equal to zero. Examples of
realizations of an MV-MRW (2D) for R = 3 are plotted in
Fig. 1. Typical values of co for real-world data range from zero
(no multifractality) down to co ~ —0.25, which corresponds
to an extremely intermittent signal that is rarely observed for
a non-pathological physical signal.

III. STATISTICAL MODEL FOR MULTIVARIATE
LOG-LEADERS

Estimations based on log-log regressions lead to large
variance, in particular for the second order cumulants co
and for pns [19]-[21]. Instead, we propose a second-order
statistical model for the vector of log-leaders ¢(j k) =
x, (G, k), lx,(4,k)]T € RE for multivariate multifractal
data. This model will be shown to be useful to estimate the
multifractality parameters in multivariate scenarios using a

Bayesian framework.

A. Direct model

Marginal distributions. In the univariate case, theoretical
arguments suggest that the marginal distributions of multireso-
lution coefficients of multifractal processes are approximately
log-normal [34]. This has been studied and confirmed nume-
rically for univariate wavelet leaders in [23], [24]. It is hence
natural to extend this modeling to the multivariate case R > 1.
Numerical simulations for synthetic multivariate multifractal
processes as defined in Section II-C, for large ranges of
sample sizes and multifractal parameter values, suggest that
the empirical distribution of the log-leaders £(j, k) can indeed
be well approximated by an R-variate Gaussian distribution.
Ilustrative examples are given in Fig. 2, which shows gamma
plots (cf. e.g. [35], [36]) for scale j =4, d=2 and R= 2,6, 10.
Covariance. The theoretical results derived for univariate
random wavelet cascades in [37] suggest a linear asymptotic
decay for the auto-covariance of log-leaders, see also [23],
[24] for an empirical study for a larger class of single-variable
multifractal processes. Theoretical arguments available in, e.g.,
[32], [38] suggested similar linear asymptotic behavior also
for the cross-covariance terms for multivariate multifractal
processes. Inspired by that, we propose a generic covariance
model for log-leaders for multivariate multifractal processes,
with the key novel ingredient of a cross-term that describes
the covariance between log-leaders of different components,
parametrized by co(r,7’). Assuming that the vector of log-
leaders associated with the signal/image under analysis is

single-covariance lx,

single-covariance [x,

single-covariance [x,

0.1
0.2

0.1 =)

0 2 4 6 0 2 4 6 0 2 4 6
In(1+ p) In(1+ p) In(1+ p)

cross-covariance ly,,lx, cross-covariance lx,, lx,

—— sample 0.06 0.08
0.04 —o—model
0.04 0.06

j=2 0.04 j=2

cross-covariance lyx,, lx,

0.02 j=2
0.02
0.02

0 0 0
0 2 4 6 0 2 4 6 0 2 4
In(1+ p) In(1+ p) In(1+ p)

Fig. 3. Comparison between the proposed model (blue line) and the sample
covariance (red line) at scale j = 2, averaged over 100 independent copies
of an 210 x 210 x 3 synthetic MV-MRW image with (A1,A2,\3) =
(v/0.02,4/0.04,+/0.06) and pme(1,2) = pme(1, 3) = pme(2, 3) = 0.5. Plots

correspond to each covariance matrix element for slice p = ||[0, Ak2]T 2.

6

stationary and isotropic, the R x R auto-covariance matrix
of the vectors ¢(j,k) at a fixed scale j can be approximated
by a radially symmetric function S;(p) with p £ || Ak]|, as

with
S;(p) = X1f1(4, p) + X212(4, p), )

where 3; and 3, are two R x R symmetric real-valued
matrices containing the unknown multifractal parameters to be
estimated. Specifically, upon a change of sign, the elements of
3}, equal the auto- and cross-multifractal parameters cs, i.e.,
—[21]pr = ca(r,7"), with r,7" € {1,..., R}. The matrix-
valued parameter X5 is used for model adjustment at small
lags p < 3, whose precise shape was found not to depend on
the multifractality parameters and was modeled by a simple
single parameter affine function. Moreover,

fl(j?p) = maX(O, - h’l((p + 1)/(pj + 1))3
120, ) = max (0,1~ In(p + 1)/ In4)

(10)
(1)

with p; = |n;/k] (with x = 5 (ID) and k = 4 (2D)
fixed using cross-validation). For ¢ € {1,2} and all scales j,
fi(J,-) is a non-negative function. Therefore, assuming that 33,
and X, are positive definite (p.d.) ensures that S; is positive
semi-definite (p.s.d.) for all scales j, as it is the sum of two
p.s.d. matrices [39]. Illustrative examples of this covariance
model are provided in Fig. 3, which indicate good fit for
the zero lag (5) and the covariance decay (10) that convey
information on the multifractal parameters, and show slightly
larger discrepancies for lags 1 and 2 covered by the model
adjustment (11).

Likelihood. Let 1(j,k) denote the centered vector of the
log-leaders at a fixed scale j and position k. The vector
L £ 10, k)7, ... 1(j, ky,)T]T € RE" stacks all the vectors
{1(5,k)} at scale j organized in lexicographic order. We
assume here that 1; and 1;; at different scales j° # j are
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independent.! Together with the above model, the likelihood
of the vector 1 = 17 ,..., lﬁ]T of the log-leaders at scales
J = [Jj1,jz] given X7 and X5 can be written as

J2

P Z1,3) = [] p(l; | =1, %),

J=i1

J2
o ] (det=;) " exp <—;1}”Ej11j) . (12)
J=J1
where E; = 3, ®F;+32®F,; is an Rn; x Rn; covariance
matrix with [Fy;] = fi(j,||ke — ko||2), i = 1,2. For
any scale j, the po’sitive definiteness of F;; can be assessed
numerically to check that 3; ® F;; and E; are p.d.

B. Whittle approximation

The numerical evaluation of the likelihood (12) requires the
inversion of the matrix ;. For large sample size, this inversion
can become computationally and numerically challenging.
Even when the inversion is not problematic, one may want
to use a faster solution based on an approximation. Therefore,
we make use of a Whittle approximation [26] and approximate
the time-domain likelihood (12) in the frequency domain by

J2
P21, %) ~ [] pw(ly | 21, 32)

J=J1

(13)

with .
pw(l] ‘ 21, 22) X H (det gj,m)

mte
exp (fzfmé;;zjm), (14)

where z; m, € C™ denotes the R-variate normalized discrete
Fourier coefficient of 1(j, k) at frequency w; y» = 2rm/ n}/ ¢
~1/d

Zjm =N E

ke[1,n}/"]4

I(Ja k) €xXp (71kij,m)a (15)

1/d 1/d 1/d
where m € I; 2 [|(=n;/* = 1)/2),n}/* = |nj/*/2]]7\ {0}.
Moreover, the power spectral matrix S; forms a Fourier pair
with the covariance matrix S; [40], which can be approxima-

ted using a discrete Fourier transform of f;(j, ),

S G Il exp (K wym),

_1/d 1/dng
ke[ n; % n; 1

gi(Wjm) =

(16)
with ¢ = 1, 2. Thus,

Sim = 2101 (Wj,m) + L292(Wjm)- (17)

For i € {1,2} and any scale j, f;(j,) is a non-negative even
function. Thus, g;(wjm) is real-valued and strictly positive.
Since 3; and X, are assumed to be p.d., Sj is a real-valued
p.d. matrix for any scale j.

Note that the theoretical results in [37] and our numerical results suggest
that the inter scale dependence between log-leaders could also be described
by a model reminiscent of (8), with proper adjustments for decimation. This
paper assumes independence to simplify the proposed model, which leads to
reduced computational cost. The results reported in Section V demonstrate
that this assumption is reasonable and leads to excellent performance.

PSD ly, PSD ly, cross-spectrum ly,, lx,
102 102 u
sample
model
<
10% 10% ) 10
%, Ny,
10% 10 106
10° 10
0 2 4 6 8 0 2 4 6 0 2 4 6 8
In(p+1) In(p+1) In(p+1)

Fig. 4. Comparison between the sample power spectral matrix (red line),
averaged over 100 independent realizations of a 2D MV-MRW for R =
2, N = 215, (A\1,)2) = (1/0.04,1/0.08) and ppe(1,2) = 0.6, and the
proposed model (blue line) obtained using (17). Plots correspond to slice
p = ||m||2 when m = [0, m2]T.

The coefficient z;, has the central symmetry property
 _m since the log-leaders 1(j, k) are real-valued.
Also, the power spectral matrix S j,m has the same property.
Thus, the product in (14) can be taken over the positive half
of the total frequency grid.

Fig. 4 illustrates the fit between the models used for the
power spectral densities (PSDs) and the cross power spectral
density (CPSD) (computed using (17)) and their estimates.
Simulation results obtained for a wide range of multifractal pa-
rameters evidence that the proposed model yields an excellent
fit at low frequencies but larger deviation from the estimated
(C)PSDs at high frequencies because of the coarser modeling
of short time lags discussed above and potential aliasing
due to the slow decay of the correlation function. Therefore,
we propose a high-frequency cutoff introducing a bandwidth
parameter 7 to control the fraction of the spectral grid that
is actually used. Thus, the product in (14) is conducted using
m € I]T ={mel;:0<p< \/mn;/d/QJ} with § £ ||m||z.
The value for 7 is obtained using cross validation in order to
meet a bias-variance trade-off of the estimates. In particular,
we set n = 1 (1D) and n = 0.25 (2D) in this paper.

Z]‘7m = Z

C. Model in the Fourier domain

Expression (14) can be interpreted as a spectral likeli-
hood, see, e.g., [41], [42], leading to model the Fourier
coefficients z; m by a frequency-independent random vector
with a non-degenerate centered circular-symmetric complex
Gaussian distribution CA(0, S m). To simplify notation, we
replace the sub-index -; ., of Section III-B by a single sub-
index -5 defined as a bijective function of (j, m) on the set
{1,..., M}, where M is the number of elements of the set
{(jym) : j = [j1,j2] and m € IJT} Therefore, the density of

the vector z = [z7,...,2%,]T € CME, can be written as

M
p(z | X1,%3) x H(det QS)_l exp(—zfﬂglzs), (18)
s=1

where Q, £ 31g; ; + ogo 5, With g; 5 = gi(ws).

D. Data augmentation

Model (18) is simple and cheap to evaluate numerically
compared to (12). However, its main inconvenience regarding
the estimation of 3; and X5 is that these matrices are addi-
tively tied together in €2, so that it is not possible to design
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conjugate priors leading to simple conditional distributions

(that will be used in the estimation algorithm). To bypass this

difficulty, we use data augmentation (see, e.g., [43], [44] for

more details) and introduce a complex-valued vector of latent

variables u = [u?,...,ul,] € CM% as the hidden mean of

the observed data z leading to the augmented likelihood
p(z,u |31, %2) = p(z | u, 31)p(u | 2),

o (det 1) "M exp (— tr(Z7191)/2)
(det 25) ™M exp (— tr(25;1®5)/2), (19)

with M
&, =2Re(} (2, —u,)(z, —w)"g1)),  (20)

s=1

3 M
®, :2Re(Zusufg£;). (2D

s=1

By construction, the likelihood (18) is obtained by marginali-
zing (19) with respect to u. Note that the augmented likelihood
(19) is separable in 3; and X5, which will simplify the
estimation of these matrix-valued parameters significantly.

IV. BAYESIAN ESTIMATION

The matrices X; and X5 of the model introduced in Section
III can be estimated using Bayesian estimators. Bayesian infe-
rence consists in assigning prior distributions to the unknown
model parameters and estimating them using the resulting pos-
terior distribution. The estimation of covariance matrices using
Bayesian estimators has been considered in several studies,
motivated by the regularizing effect of the prior distribution
(see, e.g., [45]). This section presents the Bayesian model
investigated in this work and a procedure for the estimation
of 3, and 3, for an arbitrary number R of components.

A. Likelihood

The proposed Bayesian model is based on the augmented
likelihood (19), which is the product of complex Gaussian
distributions having 3; and X, as covariance matrices.

B. Priors

Inverse Wishart. The natural conjugate prior for 3; is the
inverse Wishart (IW) prior [46], i.e., 3; ~ ZW(v;, A;), with
probability density function (pdf)

P(Zilvs, Ay) o< (det ;)7 2R oxp (— tr(A2;1) /2),

(22)
where v; € R is the degree of freedom and A; is an R X R
p.d. scale matrix. The IW prior is proper for v; > R—1 and its
mean E[3;] = A;/(v; — R—1) only exists if v; > R+1. One
of the main disadvantages of this prior is that the uncertainty
for the variance parameters in 3J; is only controlled by v; and
thus does not permit to incorporate different prior information
for the different variance components. Moreover, if v; is larger
than one, the variance estimates are biased because the implied
scaled distribution on each individual variance has extremely
low density in a region near zero [47]. Finally, the IW
prior imposes a dependency between the correlations and the

variances (since larger variances are associated with absolute
values of the correlations near one while small variances are
associated with correlations near zero [48]), which is not a
desired property.

Scaled inverse Wishart. An alternative to the IW prior is
the scaled inverse Wishart (SIW) prior proposed in [49]. The
idea is to decompose the matrix 3I;, using two independent
random matrices Q; and A; defined as

22 A,QA, (23)

where Q; ~ IW(v;, A;) and A; is a diagonal matrix such
that its diagonal elements J;. = [A;],, are independent and
log-normal distributed, i.e., §;. ~ LN (Bir, a2.) with pdf

P(Oir|Birs 03,) o< (irci) ™ exp (=(Indy — Bir)?(205,) ),
24
fori € {1,2} andr € {1,..., R}. The decomposition of 33; in
(23) allows the priors of the standard deviations and correlation
coefficients to be defined semi-separately, providing more
flexibility than the IW prior.
Section V will study and compare the use of the IW and
SIW priors for multivariate multifractal analysis.

C. Posterior distribution

The posterior distribution associated with the proposed
Bayesian model for 31, 35 and the latent vector u can be
computed from Bayes’ theorem

p(B1,32,uz) o« p(z,u | 31, Bz)p(21)p(X2).

This distribution and can be used to define the marginal
minimum mean square error (MMSE) estimator EyMSE e
E [X; | z,u]. This estimator is difficult to be expressed using
a simple closed form expression. Thus, we propose to compute
an approximation resulting from a Markov chain Monte Carlo
(MCMC) algorithm [50]. In particular, we consider Gibbs
samplers for the inverse Wishart prior and its scaled version,
which are presented in the next section.

(25)

D. Gibbs sampler

The Gibbs sampler consists in generating samples
{u®, 29), Eg\)}f\vjl according to the conditional distribu-
tions of (25) when using an IW prior for ¥; or its scaled
version.

Inverse Wishart prior.  Assuming ¥, ~ ZW(v;, A;) for
all i € {1, 2}, the conditional distribution of X; | z, u is
p(Zi | z,u) x(det 3;) M Fviti+1)/2

exp (—tr(Z;7 (A + 25))/2), (26)
which is the following IW distribution: _

The conditional distribution of u | 31, ¥4, z can be shown to
be the following complex normal distribution:

ul|z 3,3 ~CN(y, ), (28)

where 3 is a block diagonal matrix whose sth block is
defined as 3, = [(gLSE})_l+(g27822)_1]_1 and y =
yl,...,y5)7 with ys = 34(g1,s21) '2zs. Using the condi-

tional distributions (27) and (28), Algorithm 1 summarizes the
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ALGORITHM 1: Gibbs sampler using the IW prior

ALGORITHM 2: Gibbs sampler using the SIW prior

Initialization:

Set u = 0 and draw 2 ~IW(v;, ;) for i =1,2
MCMC iterations:
for \=1: N, do
fori=1:2do
‘ Draw El(.’\) from the IW distribution (27)
end

Draw u® according to the CN distribution (28)
end

>‘) E()‘) Nine

return {3 P

different steps of the proposed Gibbs sampler used to generate
samples according to the posterior of interest (25).

Scaled inverse Wishart prior. The SIW prior used for
3}; is defined by independent priors for the scale parameters
{0+ }E_, and the matrix parameter Q; [49]:

P(Q) pr).

Thus, the posterior distribution (25) can be rewritten after
substituting both 3; and X, by their decompositions (23).
For i = {1,2}, assuming Q; ~ ZW(v;, A;), the following
result is obtained

p(Ql ‘ Ai7zau)
eXp(

(29)

(det Q’)_(2M+w+R+1)/2

r(Q; (A + AT ®,ATY))/2),  (30)

which means that the conditional distributions of Q; | A;, z,
u are IW distributions:

Qi | Ai,z,u~IW(; +2M, A + AT ®,ATY. (31)

Similarly, after some manipulations of (25), the log-
conditional posterior distribution of §;,. (rth diagonal element
of A;) can be determined:

I p(Sir | Qi {0ir 11 prpr 2,1) = —(2M + 1) In 5

— (Ind; — 6ir>2/( 2 ) - [Q;l]rr[~i]rr(25i2r)_l
(5W1 Z 6” i ]TT + constant, (32)
r/r

which is not a standard distribution. To sample according to
(32) a Metropolis-Hastings random walk procedure is used for
updating each component d;,. in turn. The proposal distribution
is chosen here as a real-valued Gaussian distribution whose
location parameter is the current value J;. and the scale
parameter a?ir is adaptively chosen to ensure an acceptance
rate between 0.4 and 0.6 [50]. The draws of Q; and {&;,}1,
are finally used to generate samples of X; using (23).
Finally, the conditional distribution of u | X1, X5,z is the
same as in (28). Algorithm 2 summarizes the different steps
of the proposed sampling method.
Approximation of the Bayesian estimator. Observe that
since both 3; and X, are generated from IW distributions or
their scale versions, these matrices are guaranteed to be p.d.
matrices along the iterations. Therefore, for ¢« € {1,2} after
a burn-in period (where the first Vy; samples are discarded),

Initialization:

Set u = 0 and draw Qz(-o) ~IW(v;, ;) and (5,§S) £ 1 for
ali=1,2andr=1,...,R

MCMC iterations:

for \=1: N, do

fori=1:2do

Draw Q" from the IW distribution (31)

Set 62, =6V forall v =1,..., R
forr=1:R do

Draw 6}, ~ N(65,,03 ) and p ~ U 1
Compute the acceptance ratio a using (32):

( |{5zr r= lr;ér”ﬁiﬁ 7,27")
p(67 | {05

Set 657),‘) = {55}

o7, otherwise

=1 r;ér”ﬁ“”’ 1,7")

if u<a

end
Set AE ) = dlag(é( ) 50‘)
Compute EE’\) A)Q(’\ A(A)

end
Draw u® according to the CN distribution (28)

end
return {X] () E()‘)} ™

the MMSE estimator of 3; is approximated by computing the
averages of the matrices {E( )}/\““NbH, ie.,

me

¢ 1 )
3= E XV i=1,2,
Nie — Ny i 0!
A=Npi+1

(33)

which are also p.d. matrices.

The proposed estimators (27-28), (33) and (28-31-32), (33),
resulting from the IW and SIW priors of Section IV-B, will
be denoted as IW-Bay and SIW-Bay in the following.

V. PERFORMANCE ASSESSMENT

The IW-Bay and SIW-Bay estimators are numerically ve-
rified for 100 independent realizations of the synthetic mul-
tivariate multifractal processes described in Section II-C for
different sample sizes, numbers of data components and a large
range of values of multifractal parameters. We compare the
estimates 0 of 6 € {—co(r, "), pi(r, r')}E,._, obtained by
Bayesian estimation to those obtained using a weighted linear
regression (see, e.g., [3]), denoted as WLR. The performance
is quantified using the bias (BIAS), standard deviation (STD)
and the root-mean-square error (RMSE) across realizations,

defined as b(A) = E[f] — 0, s() = \/\//a\r[é} and 7(f) =

\/b(0)2 + ()2, where IE[] and \//a\r[] are the sample mean

and the sample variance.

A. Monte Carlo simulations and parameter settings

A detailed performance analysis was conducted for the
bivariate case (R = 2) and for R € {1,...,10}.
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TABLE I
1D MV-MRW ESTIMATION PERFORMANCE FOR R = 2, N = 212, p\x(1,2)€ {0.1,0.3,0.5,0.7,0.9} AND —c2(2,2) € {0.02,0.04,0.06,0.08,0.1}.
BEST RESULTS ARE MARKED IN BOLD.

[ (L2 | 0.1 ] 03 | 05 | 07 ] 09 ][ —(2,2) [ 002] 004] 006] 008 ] 0.1]
©»| WLR | 0.0033 | 0.0006 | 0.0044 | 0.0026 | 0.0005 »| WLR | 0.0035 | 0.0029 | 0.0040 | 0.0039 | 0.0040
S| | SIW-Bay | 0.0063 | 0.0055 | 0.0050 | 0.0043 | 0.0028 || S| <| SIW-Bay | 0.0057 | 0.0054 | 0.0048 | 0.0044 | 0.0035
S| @ tw-Bay | 00124 | 00117 | 00116 | 00118 | 00113 || S| ®| TW-Bay | 00121 | 00120 | 00117 | 00113 | 0.0105
IFA[ WIR 0.0135 [ 00119 [ 00125 [ 0.0124 | 00131 || 75~ WIR 00114 | 00129 | 00124 | 00145 | 0.0133
=] £| SIW-Bay | 0.0063 | 0.0046 | 00055 | 0.0045 | 0.0035 || =| &| SIW-Bay | 0.0049 | 0.0058 | 0.0050 | 0.0051 | 0.0047
=] | ™W-Bay | 0.0046 | 0.0035 | 0.0040 | 0.0035 | 0.0029 || =] ©| TW-Bay | 0.0037 | 0.0043 | 0.0040 | 0.0038 | 0.0035
8@l WLR 00139 | 00120 | 00132 | 00127 | 00131 || 8@ WLR 00119 | 0.0132 | 0.0130 | 0.0150 | 0.0139
Il Z| stw-Bay | 0.0089 | 0.0072 | 0.0074 | 0.0062 | 0.0044 || | Z| SIW-Bay | 0.0076 | 0.0080 | 0.0070 | 0.0067 | 0.0059
®| TW-Bay | 00132 | 00122 | 00122 | 00123 | 00117 ®| TW-Bay | 00127 | 00128 | 0.0124 | 00120 | 00111
| WLR 0.0094 | 0.0087 | 0.0070 | 0.0107 | 0.0080 | WLR | 0.0026 | 0.0022 | 0.0066 | 0.0114 | 0.0062
&| Z| STW-Bay | 0.0006 | 0.0010 | 0.0033 | 0.0055 | 0.0045 =| SIW-Bay | 0.0055 | 0.0038 | 0.0007 | 0.0013 | 0.0075
S| ©| IW-Bay | 0.0004 | 0.0004 | 0.0016 | 0.0029 | 0.0014 || - *| IW-Bay | 00122 | 00077 | 0.0035 | 0.0004 | 0.0066
A WIR 0.023T | 0.020T | 00283 [ 0.0270 | 00259 || 54 o[ WIR 0.0115 | 0.0182 | 0.0248 | 0.0298 | 0.0309
& & SIW-Bay | 0.0110 | 0.0096 | 00109 | 0.0084 | 0.009 || & E| SIW-Bay | 00055 | 0.0071 | 0.0082 [ 0.0092 | 0.0106
o] “| IwW-Bay | 0.0100 | 0.0090 | 0.0100 | 0.0082 | 0.0090 || IW-Bay | 0.0041 | 0.0062 | 0.0073 | 0.0086 | 0.0100
8@l WLR 0.0249 | 0.0304 | 0.0292 | 0.0290 | 0.0271 @[ WLR 00118 | 0.0183 | 0.0257 | 00319 | 0.0315
'l 2| stw-Bay | 0.0110 | 0.0097 | 0.0114 | 0.0100 | 0.0106 2| SIW-Bay | 0.0078 | 0.0080 | 0.0083 | 0.0093 | 0.0130
&| TW-Bay | 0.0100 | 0.0090 | 0.0102 | 0.0087 | 0.0091 ®| TW-Bay | 0.0128 | 0.0099 | 0.0081 | 0.0087 | 0.0120
@] WLR 0.1077 | 0.0572 | 0.0130 | 02770 | 0.0242 | WLR | 0.1348 | 0.1377 | 0.0997 | 0.1933 | 02670
<| SIW-Bay | 0.0309 | 0.0917 | 0.1551 | 0.1588 | 0.1801 || ,o| <| STW-Bay | 0.1433 | 0.1559 | 0.1475 | 0.1329 | 0.1435
_1 ™| TW-Bay | 00433 | 0.1356 | 02282 | 02957 | 03730 || S| | IW-Bay | 02692 | 02513 | 02320 | 02158 | 02232
STA[T WIR 07091 | 07971 | 06143 | 11903 | 0394 || IIT [~ WLR 0.8834 | 0.7594 | 0.8646 | 1.0178 | 0.8363
S B| SIW-Bay | 0.1323 | 0.1069 | 0.1073 | 0.0839 | 0.0604 || ™| &| SIW-Bay | 0.1260 | 0.1224 | 0.1023 | 0.1087 | 0.0985
& ”| ™W-Bay | 0.1001 | 0.0794 | 0.0799 | 0.0596 | 0.0476 || - IW-Bay | 0.0800 | 0.0844 | 0.0743 | 0.0747 | 0.0714
@[ WLR 07172 | 0.7992 | 0.6144 | 12221 | 03971 || & m| WLR 0.8936 | 0.7718 | 0.8704 | 1.0360 | 0.8779
2| SIW-Bay | 0.1359 | 0.1408 | 0.1885 | 0.1796 | 0.1899 || | Z| SIW-Bay | 0.1909 | 0.1982 | 0.1795 | 0.1717 | 0.1740
&| TW-Bay | 0.1090 | 0.1571 | 02418 | 03016 | 0.3760 & TW-Bay | 02808 | 02651 | 02436 | 02283 | 0.2344

In the bivariate case (R 2), the parameters of the
MV-MRW process are set to (Hi, Hs) (0.72,0.72),
A= V0.02, Xy € {1/0.02,10.04,/0.06,/0.08,/0.1)},
pss(1,2) = 0 (uncorrelated data components) and pye(1,2) €
{0.1,0.3,0.5,0.7,0.9}. Sample sizes are fixed to N = 2!? (1D
signals) and N x N = 29 x 22 (2D square images) when not
mentioned otherwise. For R € {1,...,10}, A\, = \/1/7, pus
is uniform in [0,0.5] and all other parameters are as above.
The wavelet analysis is conducted with a Daubechies least
asymmetric wavelet (a common choice for scaling analysis)
with Ny, = 3, and excluding the finest scale (j; = 2 to
j2 =7 (1D) and js = 5 (2D), respectively), cf, e.g., [3], [51].
The hyperparameters for our model are set to v; = R + 2,
A; = Ig (R x R identity matrix), (B, a2.) = (0.1,1), for
i € {1,2} and r € {1,..., R}, see, e.g., [49], [52]. With
these choices, a reasonable amount of prior probability mass
(= 1/4 — 1/3) is assigned to a conservatively large range
of multifractality parameters —0.25 < ¢o < 0. Note that the
priors are sufficiently non-informative so as not to bias our
performance analysis. The parameters of the Gibbs samplers
are set to Vp; = 1000 and N, = 2000, which were found to
be suitable values to ensure the convergence of the proposed
estimation algorithms (see, e.g., [50]).

B. Estimation performance

Tables I and II summarize the estimation performance of
WLR, SIW-Bay and IW-Bay estimators for 1D (signals) and
2D (images), respectively.

Linear regression vs. Bayesian estimation. @~ We observe
that while BIAS is in general smaller for WLR than for the
Bayesian estimations, the latter produce smaller STD for all

parameters (univariate co(r, r) and cross-component multifrac-
tal correlation ppny). Specifically, WLR has 2 — 7 times larger
STD than the Bayesian estimators for the univariate parameters
co(r,r) and 5 — 27 times larger STD for pge. Consequently,
the RMSE values of the Bayesian estimators are (in median
over the considered values for co and ppe) 1.8, 2.6 and 3.5
times smaller than those of WLR for ¢, and p,¢. These RMSE
reductions are larger for large values of the multifractality
parameter c2(2, 2) , and they are especially important for small
values of pn¢ (up to a factor 14). Such significant performance
gains for the proposed Bayesian estimators are observed for
both time series (1D) and images (2D).

Comparison of priors. Tables I and II show that the use of
the SIW prior globally leads to smaller BIAS, but larger STD
than the IW prior. This is to be expected because of the extra
modeling flexibility of the scaled prior with a larger number of
parameters. This bias-variance trade-off leads in many cases to
better estimation performance (i.e., smaller RMSE) for SIW-
Bay. In particular, SIW-Bay always yields better estimation
performance than IW-Bay for the multifractal correlation pa-
rameter pme(1,2), and for the univariate parameters co(1, 1)
and ¢2(2,2) when —c2(2,2) < 0.05, for which IW-Bay yields
RMSE values up to twice as large as those for SIW-Bay.

Estimation performance vs. sample size. Fig. 5 plots
averages and STD-based error bars for estimates obtained
for WLR, IW-Bay and SIW-Bay as a function of the sample
size (for N x N size images; similar results are obtained for
1D time series and are not reported here for space reasons).
The parameters for a 2D MV-MRW and R = 2 were set
to (Hy, Ho) (0.72,0.72), Ay = /0.02, Xy v0.08,
pss(1,2) =0, pme(1,2) = 0.5, N € {2627 28 29 210 211}
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TABLE II
2D MV-MRW ESTIMATION PERFORMANCE FOR R = 2, N = 29, pyr(1,2)€ {0.1,0.3,0.5,0.7,0.9} AND —c2(2,2) € {0.02,0.04,0.06,0.08,0.1}.
BEST RESULTS ARE MARKED IN BOLD.

[ (L2 | OI] 03] 05] 07] 09][ —c(22 | 002] 004] 006] 008]  0.I]
»| WLR 0.0007 | 0.0011 | 0.0007 | 0.0007 0.0011 »| WLR 0.0003 | 0.0010 | 0.0005 | 0.0011 | 0.0014
g < SIW-Bay 0.0050 0.0044 0.0032 0.0020 0 8 < SIW-Bay 0.0046 0.0037 0.0036 0.0033 0.0033
o| = IW-Bay 0.0071 0.0066 0.0058 0.0050 0.0040 || S| @ IW-Bay 0.0069 0.0061 0.0061 0.0058 0.0057
/”\ A WLR 0.0090 0.0085 0.0075 0.0080 0.0077 /”\ A WLR 0.0070 0.0086 0.0090 0.0067 0.0077
= & SIW-Bay 0.0025 0.0022 0.0026 0.0019 0.0015 || = £ SIW-Bay 0.0024 0.0022 0.0024 0.0026 0.0022
= IW-Bay | 0.0022 | 0.0020 | 0.0022 | 0.0015 | 0.0013 || = IW-Bay | 0.0020 | 0.0018 | 0.0020 | 0.0022 | 0.0018
S @\ WLR 0.0090 0.0086 0.0075 0.0080 0.0078 3@l WLR 0.0070 0.0087 0.0090 0.0068 0.0078
Il Z| stw-Bay | 0.0056 | 0.0050 | 0.0041 | 0.0027 | 0.0015 || | Z| SIW-Bay | 0.0052 | 0.0043 | 0.0043 | 0.0042 | 0.0039
~| IW-Bay 0.0074 0.0069 0.0062 0.0053 0.0042 ~| IW-Bay 0.0072 0.0064 0.0064 0.0062 0.0060
»| WLR | 0.0018 | 0.0049 | 0.0015 | 0.0048 | 0.0021 »] WLR | 0.0001 | 0.0017 | 0.0014 | 0.0046 | 0.0004
g < SIW-Bay 0.0043 0.0053 0.0055 0.0066 0.0084 < SIW-Bay 0.0043 0.0023 0.0006 0.0059 0.0105
o| M IW-Bay 0.0045 0.0054 0.0057 0.0064 0.0076 ~ fa IW-Bay 0.0067 0.0034 | 0.0003 0.0060 0.0107
/”\ a WLR 0.0216 0.0267 0.0172 0.0217 0.0214 || i A WLR 0.0081 0.0158 0.0158 0.0203 0.0281
S| &| SIW-Bay | 0.0042 | 0.0039 | 0.0041 | 0.0042 | 0.0036 || 5 & SIW-Bay | 0.0025 | 0.0030 | 0.0037 | 0.0045 | 0.0054
Q) IW-Bay | 0.0042 | 0.0038 | 0.0038 | 0.0042 | 0.0034 L‘) IW-Bay | 0.0020 | 0.0027 | 0.0035 | 0.0044 | 0.0052
Sm[ WLR 0.0217 0.0272 0.0173 0.0222 0.0215 g WLR 0.0081 0.0159 0.0159 0.0208 0.0281
l E SIW-Bay | 0.0060 | 0.0066 0.0069 0.0079 0.0091 E SIW-Bay | 0.0050 | 0.0038 0.0038 | 0.0074 | 0.0118
~| IW-Bay 0.0062 | 0.0066 | 0.0068 | 0.0076 | 0.0083 &| IW-Bay 0.0070 0.0044 | 0.0035 | 0.0074 0.0119
w| WLR | 0.1434 | 0.0059 | 0.0537 | 0.0561 | 0.0345 »| WLR | 0.0128 | 0.1428 | 0.0538 | 0.0076 | 0.0788
< SIW-Bay | 0.0297 0.0738 0.1117 0.1298 0.1055 || w < SIW-Bay 0.0807 | 0.0949 0.1014 0.1182 0.1165
| m IW-Bay 0.0358 0.0922 0.1496 0.1960 02276 || S| A IW-Bay 0.1554 0.1463 0.1434 0.1540 0.1507
Sn A WLR 0.8287 0.2548 0.3007 0.4368 0.2001 1 A WLR 0.2975 1.1387 0.2661 0.2463 0.3568
= 5 SIW-Bay 0.0566 0.0513 0.0524 0.0452 0.0274 || g SIW-Bay 0.0566 0.0498 0.0537 0.0582 0.0478
& “| ™W-Bay | 0.0493 | 0.0448 | 0.0438 | 0.0353 | 0.0211 || =] | IW-Bay | 0.0432 | 0.0420 | 0.0456 | 0.0491 | 0.0396
=] WLR 0.8410 0.2548 0.3055 0.4404 0.2030 &gl WLR 0.2977 1.1477 0.2715 0.2465 0.3654
(% SIW-Bay 0.0640 | 0.0899 | 0.1234 | 0.1374 | 0.1090 E SIW-Bay | 0.0985 | 0.1072 | 0.1148 | 0.1317 | 0.1259
~| IW-Bay | 0.0609 0.1025 0.1559 0.1991 0.2286 ~| TW-Bay 0.1613 0.1522 0.1505 0.1616 0.1558
0.08F WIR 5 0.2
_§_ - a, ~
§ SIW-Bay ———-theo ! Py (1,2)
0.06 y 0.15 —2(2,2)
—éy(1,1)
0.04 01
0.02f 0.05
05
0 0
6 7 8 9 10 1 6 7 8 9 10 1 6 7 8 9 10 1
log, (N) log, (N) log,(N)

Fig. 5. 2D MV-MRW estimation performance for R = 2, N = {26 27,28 29 210 211} 4, — 2 and j, € {3,4,5,6,7,8}.

and j» € {3,4,5,6,7,8}, the other parameters are set as
above. The results show that WLR performs also worse in
terms of bias when the sample size is small: indeed, when
N < 28, the bias is larger than that of SIW-Bay (and signifi-
cantly so for ¢3(2,2) and ¢3(1,1)). As above, STW-Bay leads
to smaller bias values than IW-Bay, yet it can be observed
that this difference in bias disappears for large sample size.
For all estimators, the standard deviation decreases when the
sample size IV increases, as expected. However, the standard
deviations are significantly smaller for the Bayesian estimators
when compared to WLR.

Estimation performance vs. number of data components.
Fig. 6 displays the root-mean-square error (RMSE) of the
estimated multifractal parameters, computed as the root square
of the average over realizations of the trace of the matrix
(x — %x)(x — %)T, where the vector x contains the diagonal
and upper triangle of 3;. As expected, the RMSE of all
estimators increases as the number R of data components
(thus, (R? + R)/2 multifractal parameters) increases. The
relative performance of the estimators remains similar to the

10
WLR
—+— SIW-Bay

—o—IW-Bay

RMSE

1072

1 2 3 4 5 6 7 8 9 10

R
Fig. 6. 2D MV-MRW estimation performance for R = {1,2,...,10}, N =
29,51 =2 and jo = 5.

case R = 2: Bayesian estimators perform significantly better
than WLR, and SIW-Bay has a slightly lower RMSE than
IW-Bay.

Computational cost. Given an R-variate signal with sample
size n (n N for time series and n = N? for images),
neglecting border effects of the wavelet transform, the global
complexity of our algorithms is O(nln(n)R?), i.e., nearly
linear in sample size n and cubic in R. For comparison, the
method based on linear regression has complexity O(nR?)
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Fig. 7. Computational time 7' (in seconds) versus image size N X N X 2
with N € {27,28 29 210 211 2121 4, — 2 and j, = logy(N) —4 for all
methods.

(without the Inn factor due to our additional use of a Fast
Fourier transform). Fig. 7 compares the execution times for
the estimation of ¢y and ppr from a bivariate image (R = 2) of
size N x N using WLR, IW-Bay and SIW-Bay, as a function of
N, which confirms these leading-order complexity estimates.
The cost when using the Bayesian estimators is only ~ 8 times
larger when compared to linear regression and is hence no real
limitation in practice. Also, the cost of SIW-Bay is found to
be only marginally larger than that of IW-Bay. As an example,
the processing of a 1024 x 1024 image takes about one minute
on a standard laptop computer with a 2.11 Ghz Intel Core i7
processor and 16GB RAM, allowing even the processing of a
4096 x 4096 image with a reasonable execution time.

Overall, these results clearly demonstrate a significant be-
nefit of the proposed Bayesian estimators for multivariate
multifractal analysis, at reasonably larger computational cost
than linear regression.

VI. REAL-WORLD POLYSOMNOGRAPHIC DATA ANALYSIS

This section finally illustrates the use of the proposed
framework on real-world data. We consider the problem of
detecting drowsiness, defined as an intermediate state between
awake and sleep [53], from several light non-invasive modali-
ties related to the cardiovascular, respiratory and brain states.
Drowsiness is a major factor in high rates of vehicle accidents.
The use of non-invasive biomedical signals for drowsiness
detection is an important and open issue that has recently
received a considerable interest [54]-[58].

A. Data and preprocessing

MIT-BIH dataset. The dataset used for this study is ex-
tracted from the MIT-BIH Polysomnographic database?, which
involves a collection of recordings of multiple physiologi-
cal signals, including heart rate (HR), blood pressure (BP),
electroencephalogram (EEG) and respiration (RESP), acquired
during sleep at a sample rate of 250 Hz [59]. The recordings
come with manual annotations for sleep stages. We consider
here the states “awake” vs. “stage 1” since the transition to
the latter is considered as drowsiness.

Preprocessing.  All the 18 available multichannel records
were used in the experiments, without a priori exclusion of
subjects. Note that most studies reported in the literature use
only a hand-picked subset of subjects to avoid variability

Zhttps://physionet.org/content/slpdb/1.0.0/
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Fig. 8. Visualization of awake and drowsy stages and multifractal parameters
(top). Drowsiness detection performance (ROCs, bottom): ¢ (1), c2(r, ) and
(c1(r), ca(r,r)) (blue solid lines in left, center, right plot, respectively) and
the corresponding curve when ca(r, r’) (red solid line) or py¢(r, ') (green
solid line) is used as an additional feature.

caused by the use of different sensors for certain subjects, and
to remove subjects affected by outliers. For each multichannel
recording, we consider the HR (r = 1), BP (r = 2), EEG
(r=3) and RESP (r =4) channels yielding R =4 components.
HR recordings were corrected for missing QRS using the Pan
Tompkins ECG QRS detector and linear interpolation. The
data was resampled at 4 Hz using linear interpolation, and the
analysis was performed on the 2nd primitive to avoid negative
uniform regularity issues (cf., e.g., [51]).

Multifractal analysis. Fractal and multifractal models have
been widely and successfully used for the analysis of single
physiological time series, including sleep staging, in particular
for heart rhythm [60]-[62] but also for EEG [61], [63]-[65],
BP [61], [66] and RESP [65], [66] recordings. Here, we
use the proposed Bayesian multivariate multifractal analysis
framework to perform, for the first time, a joint multivariate
analysis of these recordings. The analysis was performed using
75% overlapping windows of sample size N = 480, yielding
a set of multifractal parameter estimates for each 30 second
interval (i.e., for each annotation). We use the SIW prior and
scales 7 = 3 — 6 (equivalently, 2.6s—21s), with parameters set
to Ny = 3, Nme = 1000, Ny,; = 500.

B. Drowsiness detection

Detection. In total, 2381 and 561 examples are available
for the awake and stage 1 states, respectively. For each
example and channel r € {1,2, 3,4}, the proposed algorithm
estimated the values of ¢;(r) and co(r, 7). Likewise, for the
6 pairs of channels, co(r,7’) and ppe(r,7’) (with r # 1)
were estimated. The values of c¢i(r) were also estimated
using standard linear regression as in [3], [S1]. We study
several sets of features: the univariate features {ci(r)}2_,,
{ea(r,)}4_,, {c1(r),ca(r,7)}2_;, and their combination
with either ¢ (r, ') or pme(r, '), r # r/, as joint multifrac-
tality estimates. Drowsiness detection was performed using
a random forest classifier with 50 trees that was trained on
random subsets of 80% of the available examples (class 0
corresponds to the awake state and class 1 to stage 1). The
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TABLE III
CLASSIFICATION ACCURACY (TOP, IN %), F-MEASURE (CENTER) AND
AUC (BOTTOM), THE LARGER, THE BETTER.

cost. The application of the proposed multivariate multifractal
analysis to a benchmark real-world multivariate time series
dataset also yielded promising results and highlights the actual
applicability and practical relevance of our approach for real-
world data modeling and analysis. Future work will focus
on more theoretical investigations of our model, including
the study of performance bounds, and applications to phys-
iological signals and remote sensing data. The estimation
and synthesis procedures will be made freely available via

[ features [ ci(r) [ ca(r,m) [ c1 & ca(r,r) |

Classification accuracy

82.7 86.9 90.1

with co(r, ) 88.6 87.7 90.7

with pp¢ 86.1 87.7 91.0
F-measure (detection)

73.7 75.6 83.2

with ca(r, 1) 80.7 77.2 83.7

with pme 77.6 715 83.2

AUC (detection)

0.787 0.817 0.898

with ca(r, ") 0.874 0.839 0.901

with ppf 0.874 0.839 0.901

detection performance was tested on the remaining 20% of the
database. The reported results are averages over 25 different
random subsets. An illustration of estimates of the single-
channel parameters ¢1(1) and c2(1,1) (HR channel) and the
cross-channel parameters c5(1, 3) and pye(1,3) (HR and EEG
channels) is provided in Fig. 8 (top panel).

Performance. = The obtained classification and detection
performance are quantified using 2-class accuracies as in [58],
and F-measure and area-under-curve (AUC) for the receiver
operational characteristics (ROCs), as reported in Table III.
To further illustrate the detection performance, the ROCs are
displayed in Fig. 8 (bottom plots). The ROCs are computed
by varying the relative weight for the “awake” and “stage
17 classes in the loss during training of the random forest.
We observe that the use of the joint multifractal parameters
co(r,7") or pye(r,r’) consistently and significantly improves
single-recording (up to 5.9%, 7.0% and 8.7% increase for clas-
sification accuracy, F-measure and AUC, respectively). The
best results are obtained when the single-recording parameters
c1(r) and co(r, ) are used jointly with either the multifractal
correlation parameter pme(r,r’) or the cross-multifractality
parameter co(r, ') (classification accuracy 90.7 — 91.0%, F-
measure 83.2—83.7% and AUC 0.901). Thus, the performance
is similar to the state of the art reported in [58] (classification
accuracy of 93%). Overall, these results demonstrate robust-
ness and relevance of the proposed joint estimation framework
for the analysis of real-world data.

VII. CONCLUSION

This paper proposed Bayesian estimators for the multi-
fractality parameters associated with the recent theoretical
definition of the multifractal spectrum of multivariate data.
The estimators leverage on an original and versatile model
for the joint statistics of the logarithm of wavelet leaders of
several data components. We showed that when combined with
a Whittle-type spectral approximation and a data augmenta-
tion strategy, the proposed Bayesian approach yields efficient
numerical estimates for the matrix-valued parameters of in-
terest using standard Gibbs sampling. Large-scale numerical
experiments were conducted with synthetic multifractal data
and clearly demonstrate the significant benefits of the pro-
posed framework in terms of estimation accuracy, at moderate

a documented toolbox.
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