Riemannian Flow Matching for INSAR

G. Le Bellier, D. El Hajjar, A. Breloy, N. Audebert

Séminaire TéSA, 2025 | e C n am



In this talk

e Interferometric SAR (INSAR)
 Diffusion Models and flow matching

¢ Riemannian Flow matching for INSAR

+ Interferometric phase denoising
+ Sampling realistic interferograms

Tq

w¢ = @i(wo) = EDO™(w,0 — t)
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Interferometric SAR



Monitoring ground subsidence
+ Large scale and long term

+ Ground-based methods (Gps, topography)

+ Costly
+ Limited spatial coverage

Interferometry with SAR (InSAR)
+ Covers large areas
+ Systematic acquisitions

+ Unaffected by weather
+ Sub-centimeter accuracy
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SAR produces complex valued images

phase

modulus



Inter etric SAR

Two images with same position at different time
Phase difference contains information about surface displacement

AP = A(bdispl + A(Ptopo + A<I)orb + Aq)atm +A<I)noise

removed by pre-processing

we see fringes because phases are mod 27 5]



Multi-temporal INSAR

2-Pass InNSAR

+ Only 2 SAR images
+ Loss of coherence over time

+ Noisy phase difference

date 1

Multi-temporal INSAR

* SAR image time series
+ Leverages redundancy

+ Requires models & optimization

date 1

More on that on Thursday at S5-T2 by Elena Grosso :D 6



Multi-temporal INSAR covariance modelling

InSAR datacube DS-InSAR assumptions

e Zero-mean

E[2] = 0,V¢ € [1, p]

Spatial

Multidimensional pixels (y images) e Structured correlations w.rt time

— [l P P

x=[z, - ,2P]eC
E[z? ¢l (0a—
[29(2")*] = e )
phase diff.

Spatial window (. pixels)

{X'L‘}?Zl c ((Cp)” = not any local covariance matrix!



Multi-InSAR covariance matrix model

Structured

E [XXH} =3 =mod(X) © arg(X%) Lwo (ww)
with
« W : coherence and variance

« w=[el% .. e%]T :phase at each time

This structure implies the property :

arg(Bq) + arg(Xy;) + arg(X;,) =0



Interferometric phase linking (IPL)

Interferometric phase linking problem

From pixel patch {x;}?_,, estimate w

Two main IPL approaches

e Maximum likelihood estimation

assume x ~ CN (0, ¥ ® ww') and roll

e Covariance matrix fitting

force phase closure on plug-in estimate

min (2, mod(®) © ww')

weT,



Generative models for INSAR : two goals

Sampling

Denoising

10



Diffusion models and flow matching



Generative modeling

Goal : generate new samples similar to existing ones
Probabilistic view : data was sampled from an underlying density

What we want :
+ data probability density function pgata(x)
+ away to sample data as x ~ pgaa(x)

What we have :
+ samples {x;}I

+ problems

12



Diffusion models, overview

Diffusion models : “long sequence of small denoisers”

’ écbréfunctnon
dx = [£(x,1) — g ()Vx logp ()] it + (1) @

Reverse SDE (noise — data)

The score matching view of diffusion

+ Step 1: Learning models with score matching
+ Step 2 : Sampling with Langevin dynamics

next slides mostly inspired (if not taken) from Stanford-CS236
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Score function

Definition
The score s : RY — R of a distribution p is

s(x) = Vxlog p(x)

“assigns to each z the steepest direction to increase likelihood”
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Not the “Fisher-Rao” score (we differentiate w.r.t.  here) 14
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Score function
So (X) &2 Vx log Ddata (X)

R R I

i.i.d. samples

Probability density
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Score matching

° Samples {Xi}?:l ~ pdata(x)
+ Parametric function sy : R? — R? (neural netork)

* Find 0 such that sp(x) ~ Vy log paata(x)

Score matching with Fisher divergence
E(@) = %]EXdiata [Hvx log pdata(x) — 50 (X>H§]

= %Z?:l ||vx log pdata(x) - SG(X)”%

It depends on paata :(

16



Score matching

Theorem (Hyvarinen 2005)
Under regularity assumptions

LO) = 3Exwpaua [[[Vx108 Pdata(x) — 50(x)[[3]
= Exepaua [51180(®)|I3 + t1(Vxsp(x))] + const.

where Vi sy(x) is the Jacobian of sy(x)

+ Does not depend on pgata )
« Still, evaluationg Vi, sy(x) is costly  o(d) backpropagations

+ Can be well approximated by



Denoising scroe matching

B e,
pdata(x) Add gaussian noise to data

X 5 ~
qo—()NC|X) x=x+o0z z~N(01I)
o | o (K1) = N (x, 0T)
4o (i) - -
4o (X) = f o (Xlx)pdata(x)dx
X
Score matching on ¢, (Vincent 2011)
L) = 3Ezq, [[[Vzlog g (%) — s0(%)|3]

= %EX~pdata,i~qa(i\X) [||89(i) — Vi log qa(iIX)llg] + const.

18



Denoising score matching

If ¢»(%]x) = N (x,0°I), everything gets simple
X—X

Vi log g5 (X[x) = —

g

In conclusion

1 -
L(0) = §EXdiam,i~qg(iIX) [||$9(x) -

X

—X,
o2 ||2]
The score model simply tries to predict the added noise!

19



Multi-scale denoising score matching

Score matching w.r.t. noise level
Overload model : noise level ¢ is an input

s9(x,0) : REx RT — R?
Multi-scale loss

LO) = L3/, Mo0E,,, & [[IVzlog ¢, (%) — sa(%, 00)|[3]

L
= I i1 MO)Expnn iz~ [|190(x + 00z, 00) — 2/00|[3]

At this point, step 1is done!

Step 2 : how to sample data from learned sy(x, o) ?

20
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Vylog p(xi_1) + €z

€

Xt<_xt+§

ife << 0Oand T — oo, thenxp ~ p
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Follow the scores Follow the noisy scores

Score function



Sampling with a multi-scale score model

Two steps :

+ Learn score sp on {x,}” ; with denoising score matching

+ Uste the learned score within Langevin dynamics
Xp ¢ Xy + %se(x) +ez, te[l,T]
* If sp(x) =~ V4 10g paata(x), then we approximate xr ~ pgata

In practice

+ We learn a score conditioned to the scale sy (x, o)

+ Dynamics is annealed within a loop over o |

22



Annealed Langevin dynamics

Algorithm 1 Annealed Langevin dynamics.

Require: {o;} ¢, T.
1: Initialize X
2: fori< 1to L do
3 o« €-02/02 > a; is the step size.
4 fort < 1toT do
5: Draw z; ~ N (0, 1)
6 5(1; — it—l + %Sg(it_l,(}'i) -+ \/OS_Z Zt
7 end for
8 Xg < X7
9: end for

return xr

23
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—— Stochastic process

Sampling ~ inverting a stochastic differential equation (SDE)

dx; = flx;, t)dt+ g(t)dw,

From there, what is flow matching?
+ Learn another transport from 7() t0 pgasa

+ Find an ordinary differential equation (ODE) deterministic
transformation!
25



Flow matching - goal

) ))))))))))?{5))))»»»,,,,,

A\

We seek a velocity field «; such that

d

i) = ule@), Vee(ol

(1)

for which ¢y = 7 and ¢y = paaia

26



Flow matching - algorithm

Learn a function vy (¢, z) with the algorithm
* Sample zy ~ N (0,1), 21 ~ pgata, @and t ~U(0,1)
+ Stochastic gradient descent on 6 with loss

21 — 2
1-1

‘ 2

oot @) -

Looks like score matching, but we predict a direction rather than noise

What does it do on average?

2
EFM(Q) = Emmmle(ﬂCo,ml)Hve(tv xt) - ut(xt ‘ Ty, l’l)”
t~U([0,1])

Visualize with the following [blog-post] or [playground]

27


https://dl.heeere.com/conditional-flow-matching/blog/conditional-flow-matching/
https://twitwi.github.io/Presentation-2025-02-27-ot-cfm-irisa/#/35

Flow matching - sampling

Sampling from the model

iAEl = (ptzl(Io) = EDO”*’ (I(),O — 1)

where EDO" (-, to — t1) solves (1) from t, to ¢; with vy (¢, -) instead of u

A

A

A

A

A
AW
2%
7\
A
A
A
A
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Riemannian flow matching for INSAR

29



Back to INSAR

An image of InSAR phases
< d pixels that are mod27
< d complex phases

& dceircles

& a d-torus

A d-torus with the Euclidean metric is a Riemannian Manifold

Flow matching for distributions on Riemannian manifolds exists!

30



Flow matching on Riemannian manifolds (Chen 2024)

RFM : equations are more intricate but conceptually the same!

+ Velocities lie on the tangent space

- Ty, T2
/ 5

/

W €

\"le = Ruw; (&)

« Straight lines between two points are geodesics

Wy = expy, (k(t)log,, (wo))

expqy(u) = (w+ u) (moc 1 27)
With simple operators for the torus
Jugw (wp) arctan2(sin(wy, — wq), cos(wy, — wg))

31



Flow matching on the torus

Learning

2

Lrem(0) = B wimp(wo,wn) || Vo(t, We) — wg (wy | wo , wy )||g

t~ U([0,1])

Sampling (inference)

W1 = pi=1(wo) = EDOp’ (wp,0 — 1) (2)

32



Application to INSAR : some results

Dataset : Mexico city seen from Sentinel-1

+ 2 cubes of 40 SAR image phases

* Raw (2p-InSAR)  ~ Pdata
* Clean (MT-nSAR) ~ piria’

* Every 12 day between 14/08/19 and 6/12/20
+ ~ 3.6k x 16k pixels — many patches
+ 40(39)/2 = 780 possible interferograms

Flow matching tasks

* Generation:map U(T4) — pdata

+ Denoising : map pdata—>p§l;t?;l

33



Preliminary results - generation (1/2)

w)——————————— Wy = (W) = EDO"(w,0 > t) — W1

34



Preliminary results - generation (2/2

35



Preliminary results - denoising (1/2)

Raw wy Denoised o1 (wg) Clean w;

36



Preliminary results - denoising (2/2)

Raw wy Denoised o1 (wg) Clean w;

37
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