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Explainability in machine learning

Explainability in machine learning refers to the ability to make a model’s 
decisions or predictions understandable to humans.
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Why it matters?

Ø Trust and transparency 
Ø Debugging and improvement:
Ø Accountability and ethics:
Ø Fairness and bias detection:

Types of explainability:

Ø Global explainability
Ø Local explainability

Image taken from Frontiere.io



The concept of attribution
Attribution refers to identifying the impact or contribution of input 
features on a model’s output. 
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An example: Medical diagnosis model

Consider a model that predicts the likelihood of a 
disease based on age, family history, blood 
pressure, and cholesterol levels.

Suppose the model predicts a 70% probability of 
the disease. 
Attribution quantifies how much each feature 
contributed to the prediction. For instance:

• High cholesterol might contribute 30%.
• Age could contribute 20%.
• Family history could add 15%.
• Blood pressure might add 5%.

Image taken from the Internet.



Predicting house prices
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The model takes in features 
such as: Square footage, 
Number of bedrooms, 
Location (e.g., distance to 
city center), Age of the 
house, Condition of the 
house.
Now, suppose the model 
predicts that a specific 
house is worth $500,000.
Attribution answers the 
question: How much did 
each feature contribute to 
this price prediction?Image taken from the Internet.



Loan approval

Suppose a machine learning model predicts a 70% chance of loan approval for a customer based on:

ØIncome
ØCredit score
ØEmployment status

An attribution method provides 
values for the contribution of each 
feature, e.g., 

ØIncome: +20% (pushed the 
prediction up by 20%)
ØCredit Score: +30%
ØEmployment Status: +20%
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Image taken from Forbes.com



Approaches
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o Gradient based methods (saliency maps, integrated gradients)

o Perturbation-based methods (SHAP - SHapley Additive exPlanations)

o Surrogate models (decision trees)

o Attention mechanisms (transformers in NLP)

o Layer-wise relevance propagation

oModel-specific methods (tree SHAP) Lloyd	Shapley
1923-1926



Our workhorse: Gaussian processes

• A Gaussian process (GP) is a probability distribution over a space of 
functions. 
• A GP is specified by its mean and covariance functions, 𝑚 𝐱 , 𝑘 𝐱, 𝐱! .
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<latexit sha1_base64="NKJf9Jglsx0OarFJBhFwDCNzmJI=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUEFKIkVdFgV1WcE+oAllMp22Q2cmYWYilJCNv+LGhSJu/Qx3/o2TNgttPXDhcM693HtPEDGqtON8W4Wl5ZXVteJ6aWNza3vH3t1rqTCWmDRxyELZCZAijArS1FQz0okkQTxgpB2MrzO//UikoqF40JOI+BwNBR1QjLSRevbBjacohx5HeoQRS24baYWfjk96dtmpOlPAReLmpAxyNHr2l9cPccyJ0JghpbquE2k/QVJTzEha8mJFIoTHaEi6hgrEifKT6QMpPDZKHw5CaUpoOFV/TySIKzXhgenMDlXzXib+53VjPbj0EyqiWBOBZ4sGMYM6hFkasE8lwZpNDEFYUnMrxCMkEdYms5IJwZ1/eZG0zqruebV2XyvXr/I4iuAQHIEKcMEFqIM70ABNgEEKnsEreLOerBfr3fqYtRasfGYf/IH1+QOPT5W/</latexit>

F ⇠ GP(m, k)
<latexit sha1_base64="CW/a9x0Ad4iBiqI6Sq2s+aWINi0=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0VoXZREiroRiqK4rGAf0IYymU7aoZNJmJmIJeQf3Pgrblwo4taNO//GSZtFbT0wcOace7n3HjdkVCrL+jFyS8srq2v59cLG5tb2jrm715RBJDBp4IAFou0iSRjlpKGoYqQdCoJ8l5GWO7pK/dYDEZIG/F6NQ+L4aMCpRzFSWuqZx10fqaHrxtdJCd6Upj8vfkzKZXgB/VmhZxatijUBXCR2RoogQ71nfnf7AY58whVmSMqObYXKiZFQFDOSFLqRJCHCIzQgHU058ol04slNCTzSSh96gdCPKzhRZzti5Es59l1dma4o571U/M/rRMo7d2LKw0gRjqeDvIhBFcA0INingmDFxpogLKjeFeIhEggrHWNBh2DPn7xImicV+7RSvasWa5dZHHlwAA5BCdjgDNTALaiDBsDgCbyAN/BuPBuvxofxOS3NGVnPPvgD4+sXMrSdHg==</latexit>

E(F (x)) = m(x)
<latexit sha1_base64="x9eVuZbZ1SAmb5Wj/8BjB3Kp3sY=">AAACLnicbVBdSwJBFJ21L7OvrR57GZJIQWQ3pHoJJCl6NEgTVGR2nNXB2Q9m7oqy+It66a/UQ1ARvfYzGj8eTDswcOace7n3HicUXIFlvRuJldW19Y3kZmpre2d3z9w/qKogkpRVaCACWXOIYoL7rAIcBKuFkhHPEezR6ZXG/mOfScUD/wGGIWt6pONzl1MCWmqZNw1gA4hLQX+UwbeZhkeg67jxYJTNzf9Os1l8hXtzSm7ebJlpK29NgJeJPSNpNEO5Zb422gGNPOYDFUSpum2F0IyJBE4FG6UakWIhoT3SYXVNfeIx1Ywn547wiVba2A2kfj7giTrfERNPqaHn6MrxjmrRG4v/efUI3MtmzP0wAubT6SA3EhgCPM4Ot7lkFMRQE0Il17ti2iWSUNAJp3QI9uLJy6R6lrfP84X7Qrp4PYsjiY7QMcogG12gIrpDZVRBFD2hF/SBPo1n4834Mr6npQlj1nOI/sD4+QVTcKgd</latexit>

Cov(F (x), F (x0)) = k(x,x0)



A bit of history

Danie Gerhardus Krige (26 August 1919 – 3 March 2013) - a 
South African statistician and mining engineer; was professor at 
the University of the Witwatersrand, Republic of South Africa. 
In the 1950s, sought a more accurate method to estimate ore 
grades by considering the spatial structure and the variability of 
samples.
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Georges François Paul Marie Matheron (2 December 1930 
– 7 August 2000) was a French mathematician and civil 
engineer of mines. His PhD advisor was Paul Lévy. He 
established a rigorous mathematical framework for kriging, 
describing it as the best linear unbiased estimator for 
spatially correlated data. Published in Traité de
géostatistique appliquée, Editions Technip 1962



A bit more history

9

1903-19871777-1855

1894-1964



A recommendation for fn reading 
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Sharon Bertsch McGrayne is 
the author of highly-praised books 
about scientific discoveries and 
the scientists who make them.



Gaussian process regression

• Gaussian process regression (GPR) is a Bayesian approach to learning 
an unknown functional relationship.
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Likelihood
<latexit sha1_base64="YO5aVg5Ubq7FCxBoY5Z8XtH/h5E=">AAACHXicbZDLSgMxFIYz9VbrrerSTbAIFaTMSFGXRUEEQSrYC7SlZNJMG5pkhiQjlHFexI2v4saFIi7ciG9jpp2Cth4IfPz/OeSc3w0YVdq2v63MwuLS8kp2Nbe2vrG5ld/eqSs/lJjUsM982XSRIowKUtNUM9IMJEHcZaThDi8Sv3FPpKK+uNOjgHQ46gvqUYy0kbr5cpsjPXC9aBQ/XMK2ohyOFYxYdBMXpy6Pj6Z4HR928wW7ZI8LzoOTQgGkVe3mP9s9H4ecCI0ZUqrl2IHuREhqihmJc+1QkQDhIeqTlkGBOFGdaHxdDA+M0oOeL80TGo7V3xMR4kqNuGs6kxXVrJeI/3mtUHtnnYiKINRE4MlHXsig9mESFexRSbBmIwMIS2p2hXiAJMLaBJozITizJ89D/bjknJTKt+VC5TyNIwv2wD4oAgecggq4AlVQAxg8gmfwCt6sJ+vFerc+Jq0ZK53ZBX/K+voBn8yi3w==</latexit>

y|F ⇠ N (m,K)

<latexit sha1_base64="HNHUda/iRcaRaOf/s59aY3kWbDU=">AAACDnicbVDLSsNAFJ34rPVVdelmsBQqQkmkqBuhKIjLCvYBTQiT6aQdOpmEmUkxhH6BG3/FjQtF3Lp25984abPQ1gMDh3POZe49XsSoVKb5bSwtr6yurRc2iptb2zu7pb39tgxjgUkLhywUXQ9JwignLUUVI91IEBR4jHS80XXmd8ZESBrye5VExAnQgFOfYqS05JYqicvhJbyp2gFSQ89PHyYuP4Yn0B4jQSJJmU7pXNmsmVPARWLlpAxyNN3Sl90PcRwQrjBDUvYsM1JOioSimJFJ0Y4liRAeoQHpacpRQKSTTs+ZwIpW+tAPhX5cwan6eyJFgZRJ4OlktrSc9zLxP68XK//CSSmPYkU4nn3kxwyqEGbdwD4VBCuWaIKwoHpXiIdIIKx0g0VdgjV/8iJpn9ass1r9rl5uXOV1FMAhOAJVYIFz0AC3oAlaAINH8AxewZvxZLwY78bHLLpk5DMH4A+Mzx/VoZti</latexit>

yn = F (xn) + "n
<latexit sha1_base64="q7foZIbxI8VDNAwKtzZvxjmThO4=">AAACFnicbVDLSgMxFM3UV62vqks3wSJU0DJTirosunElFewDOrXcSdM2NMkMSaZQhn6FG3/FjQtF3Io7/8b0sdDqgcDJOfdy7z1BxJk2rvvlpJaWV1bX0uuZjc2t7Z3s7l5Nh7EitEpCHqpGAJpyJmnVMMNpI1IURMBpPRhcTfz6kCrNQnlnRhFtCehJ1mUEjJXa2VPsD0HRSDNuvxL7mgnsCzB9Ajy5GefdEyv1BNwX2/K4nc25BXcK/Jd4c5JDc1Ta2U+/E5JYUGkIB62bnhuZVgLKMMLpOOPHmkZABtCjTUslCKpbyfSsMT6ySgd3Q2WfNHiq/uxIQGg9EoGtnCysF72J+J/XjE33opUwGcWGSjIb1I05NiGeZIQ7TFFi+MgSIIrZXTHpgwJibJIZG4K3ePJfUisWvLNC6baUK1/O40ijA3SI8shD56iMrlEFVRFBD+gJvaBX59F5dt6c91lpypn37KNfcD6+AVkQnto=</latexit>

"n ⇠ N (0,�2
n)

<latexit sha1_base64="rzu+AOiE9u5i+qWj3T1RdhrUhH4="></latexit>

m =

2

64
m(x1)

...
m(xN )

3

75

<latexit sha1_base64="hsrlmQ1pgDuY+2AU0e0991ZjVnw="></latexit>

K =

2

64
k(x1,x1) · · · k(x1,xN )

...
. . .

...
k(xN ,x1) · · · k(xN ,xN )

3

75

<latexit sha1_base64="y9DeQxCvkDBze64xICedqqhWjcY=">AAACKHicbVDLSsNAFJ3UV62vqks3g0VwVRIRdSOKblxJBfuApoTJ5KYOnUzCzEQMoZ/jxl9xI6JIt36Jk7aIVg8MHM45lzv3+AlnStv2yCrNzS8sLpWXKyura+sb1c2tlopTSaFJYx7Ljk8UcCagqZnm0EkkkMjn0PYHl4XfvgepWCxudZZALyJ9wUJGiTaSVz1zI6Lv/DDPhvgUuz70mch9o0n2MMSZ52DXxe59EGtVsMy7xi6I4DviVWt23R4D/yXOlNTQFA2v+uoGMU0jEJpyolTXsRPdy4nUjHIYVtxUQULogPSha6ggEahePj50iPeMEuAwluYJjcfqz4mcREplkW+SxVlq1ivE/7xuqsOTXs5EkmoQdLIoTDnWMS5awwGTQDXPDCFUMvNXTO+IJFSbbiumBGf25L+kdVB3juqHN4e184tpHWW0g3bRPnLQMTpHV6iBmoiiR/SM3tC79WS9WB/WaBItWdOZbfQL1ucXGlOmow==</latexit>

y =

2

64
y1
...
yN

3

75

Model

Goal: Obtain a posterior distribution 
over possible functions 

<latexit sha1_base64="+uRG1lJ2GVkLIW5XY7vvqMsDeAI="></latexit>

D = {(xn, yn)|n = 1, · · · , N}



Gaussian Process Regression

• Gaussian process regression (GPR) exploits GPs by recognizing that 
they are conjugate to Gaussian likelihoods. 
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Prior belief
<latexit sha1_base64="dGp5uN9Xj64i7gD8Xt56RokB3PU=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKkhJpKjLoqAuK9gHNKFMppN26MwkzEyEEurGX3HjQhG3/oU7/8ZJm4VWD1w4nHMv994TxIwq7ThfVmFhcWl5pbhaWlvf2Nyyt3daKkokJk0csUh2AqQIo4I0NdWMdGJJEA8YaQejy8xv3xOpaCTu9DgmPkcDQUOKkTZSz967gp6iHHoc6SFGLL1uTCr8eHTUs8tO1ZkC/iVuTsogR6Nnf3r9CCecCI0ZUqrrOrH2UyQ1xYxMSl6iSIzwCA1I11CBOFF+Ov1gAg+N0odhJE0JDafqz4kUcaXGPDCd2aFq3svE/7xuosNzP6UiTjQReLYoTBjUEczigH0qCdZsbAjCkppbIR4iibA2oZVMCO78y39J66TqnlZrt7Vy/SKPowj2wQGoABecgTq4AQ3QBBg8gCfwAl6tR+vZerPeZ60FK5/ZBb9gfXwD6ASV6Q==</latexit>

F ⇠ GP(m, k)
Posterior belief

Likelihood
<latexit sha1_base64="YO5aVg5Ubq7FCxBoY5Z8XtH/h5E=">AAACHXicbZDLSgMxFIYz9VbrrerSTbAIFaTMSFGXRUEEQSrYC7SlZNJMG5pkhiQjlHFexI2v4saFIi7ciG9jpp2Cth4IfPz/OeSc3w0YVdq2v63MwuLS8kp2Nbe2vrG5ld/eqSs/lJjUsM982XSRIowKUtNUM9IMJEHcZaThDi8Sv3FPpKK+uNOjgHQ46gvqUYy0kbr5cpsjPXC9aBQ/XMK2ohyOFYxYdBMXpy6Pj6Z4HR928wW7ZI8LzoOTQgGkVe3mP9s9H4ecCI0ZUqrl2IHuREhqihmJc+1QkQDhIeqTlkGBOFGdaHxdDA+M0oOeL80TGo7V3xMR4kqNuGs6kxXVrJeI/3mtUHtnnYiKINRE4MlHXsig9mESFexRSbBmIwMIS2p2hXiAJMLaBJozITizJ89D/bjknJTKt+VC5TyNIwv2wD4oAgecggq4AlVQAxg8gmfwCt6sJ+vFerc+Jq0ZK53ZBX/K+voBn8yi3w==</latexit>

y|F ⇠ N (m,K)
<latexit sha1_base64="f5mk4sc7igQXmQ9ggaywkl0rHdI="></latexit>

mp(x) = m(x) + k(x)>(K+ �2
nI)

�1(y �m)
<latexit sha1_base64="svHX9Umk+LrvCFtuzJuGDOr4NWU="></latexit>

kp(x,x
0) = k(x,x0) + k(x)>(K+ �2

nI)
�1k(x0)

<latexit sha1_base64="mCGjYsPvRrQVpIRstFzJlW1X8fU="></latexit>

k(x) =

2

64
k(x,x1)

...
k(x,xN )

3

75

<latexit sha1_base64="NukZAoXOgvvRlJzzXW3VbhNVCac=">AAACEXicbVDLSsNAFJ34rPUVdelmsAgVpCRS1GVRUZcV7AOaECbTaTt0JgkzE6HE/IIbf8WNC0XcunPn3zhpg2jrgQuHc+7l3nv8iFGpLOvLmJtfWFxaLqwUV9fWNzbNre2mDGOBSQOHLBRtH0nCaEAaiipG2pEgiPuMtPzheea37oiQNAxu1SgiLkf9gPYoRkpLnlm+vHc4UgOMWHKRQkdSDn+Eq3pa5l50OPSiA88sWRVrDDhL7JyUQI66Z3463RDHnAQKMyRlx7Yi5SZIKIoZSYtOLEmE8BD1SUfTAHEi3WT8UQr3tdKFvVDoChQcq78nEsSlHHFfd2bHymkvE//zOrHqnboJDaJYkQBPFvViBlUIs3hglwqCFRtpgrCg+laIB0ggrHSIRR2CPf3yLGkeVezjSvWmWqqd5XEUwC7YA2VggxNQA9egDhoAgwfwBF7Aq/FoPBtvxvukdc7IZ3bAHxgf3/GJnRU=</latexit>

F |D ⇠ GP(mp, kp)



Attribution Theory

• Feature attributions quantify how much each input variable 
contributed to the output result.
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<latexit sha1_base64="ovNjLy80oNohGJMZbobKp/7fnMI="></latexit>

F (x)� F (x̃) =
DX

i=1

attri(x|F )

New prediction Baseline point Contribution of feature 𝑖
%
	

%
	 	

Blood Pressu
re

Smokin
g Histo

ry

Exercis
e

Age

Cellphone Use

Attributions to a 
patient predicted

cancer risk 



Attribution Theory

Consider the Bayesian linear regression model

The predictions from the model are given by

𝐹 𝒙 − 𝐹 $𝒙 = 𝒘! 𝒙 − $𝒙 = ∑"#$% 𝑤"(𝑥" − $𝑥")

and the canonical choice for the attribution to the 𝑥"  feature is 

𝑎𝑡𝑡𝑟" 𝒙 = 𝑤"(𝑥" − .𝑥")

14

𝑦|𝒙,𝒘 ∼ 	𝒩(𝒘!𝒙, 𝜎&	)



Attribution Theory

Let 

Then we can show that
𝒘|𝑿, 𝒚 ∼ 𝒩(𝝁′, 𝚺′)

where 

𝚺! = 𝚺"# +
1
𝜎$
𝑿%𝑿

"#

𝝁! = 𝚺! 𝚺"#𝝁 +
1
𝜎$
𝑿%𝒚	

And
𝑎𝑡𝑡𝑟& 𝒙 |𝑿, 𝒚 ∼ 𝒩 𝜇&! 𝑥& − 7𝑥& , Σ&&! (𝑥& − 7𝑥& $)

15

𝒘 ∼ 	𝒩(𝝁, 𝚺)



Integrated Gradients

In this work, we use the Integrated Gradients definition of attributions:

The Fundamental Theorem of Line Integrals states the following:

9
'
∇𝐹	𝑑𝒙 = 𝐹(𝛾 1 ) − 𝐹(𝛾 0 )

∇=
𝜕
𝜕𝑥$

	…
𝜕
𝜕𝑥%

and Γ is a path in ℝ%  parameterized by 𝛾 𝑡 , for 0 ≤ 𝑡 ≤ 1. 
16

<latexit sha1_base64="LgDIY52RrCwjSxo1E2FYTPrO+ew="></latexit>

attri(x|F ) = (xi � x̃i)

Z 1

0

@F (x̃+ t(x� x̃))

@xi
dt



Geometric motivation for Integrated Gradients

• Let 𝛄: 0,1 → ℝ%  be a curve such that 𝛄 𝑡 = .𝐱 + 𝑡 𝐱 − .𝐱 .
• From the fundamental theorem of line integrals (Stokes’ theorem):
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<latexit sha1_base64="8RQPd1iDJb9KwY+nFNnry5k+ejo="></latexit>

F (�(1))� F (�(0)) =

Z

�
rF · dx

<latexit sha1_base64="3bBwnEVay8OsjNiC1V5yVj9m9GY=">AAACEHicbVDLSsNAFJ34rPUVdelmsIjtwpJIUZdFQVxWsA9oQplMJu3QySTMTMQS+glu/BU3LhRx69Kdf+OkzaK2Hhg4c8693HuPFzMqlWX9GEvLK6tr64WN4ubW9s6uubffklEiMGniiEWi4yFJGOWkqahipBMLgkKPkbY3vM789gMRkkb8Xo1i4oaoz2lAMVJa6pknEN6UnRCpgRekj+MKPJ35O4oyn2h5XOmZJatqTQAXiZ2TEsjR6Jnfjh/hJCRcYYak7NpWrNwUCUUxI+Oik0gSIzxEfdLVlKOQSDedHDSGx1rxYRAJ/biCE3W2I0WhlKPQ05XZqnLey8T/vG6igks3pTxOFOF4OihIGFQRzNKBPhUEKzbSBGFB9a4QD5BAWOkMizoEe/7kRdI6q9rn1dpdrVS/yuMogENwBMrABhegDm5BAzQBBk/gBbyBd+PZeDU+jM9p6ZKR9xyAPzC+fgHyKpv3</latexit>

F (x)� F (x̃)

<latexit sha1_base64="gMTgjs7J9T7tfl8I4J/4iGZ8J/U=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cV7APbUjLpnTY0kxmSjFiG/oUbF4q49W/c+Tdm2llo64HA4Zx7ybnHjwXXxnW/ncLK6tr6RnGztLW9s7tX3j9o6ihRDBssEpFq+1Sj4BIbhhuB7VghDX2BLX98k/mtR1SaR/LeTGLshXQoecAZNVZ66IbUjPwgfZr2yxW36s5AlomXkwrkqPfLX91BxJIQpWGCat3x3Nj0UqoMZwKnpW6iMaZsTIfYsVTSEHUvnSWekhOrDEgQKfukITP190ZKQ60noW8ns4R60cvE/7xOYoKrXsplnBiUbP5RkAhiIpKdTwZcITNiYgllitushI2ooszYkkq2BG/x5GXSPKt6F9Xzu/NK7TqvowhHcAyn4MEl1OAW6tAABhKe4RXeHO28OO/Ox3y04OQ7h/AHzucPADaRJQ==</latexit>x

<latexit sha1_base64="ev0ZF9Tq3IbwdXwGORr5QJBvxJM=">AAAB+3icbVDLSsNAFJ3UV62vWJdugkVwVRIp6rLoxmUF+4AmlMlk0g6dTMLMjbSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOn3CmwLa/jcrG5tb2TnW3trd/cHhkHtd7Kk4loV0S81gOfKwoZ4J2gQGng0RSHPmc9v3pXeH3n6hULBaPME+oF+GxYCEjGLQ0MutuhGHih5kLjAc0m+X5yGzYTXsBa504JWmgEp2R+eUGMUkjKoBwrNTQsRPwMiyBEU7zmpsqmmAyxWM61FTgiCovW2TPrXOtBFYYS/0EWAv190aGI6Xmka8ni6Rq1SvE/7xhCuGNlzGRpEAFWR4KU25BbBVFWAGTlACfa4KJZDqrRSZYYgK6rpouwVn98jrpXTadq2brodVo35Z1VNEpOkMXyEHXqI3uUQd1EUEz9Ixe0ZuRGy/Gu/GxHK0Y5c4J+gPj8wfzm5UM</latexit>

x̃

<latexit sha1_base64="h94m1k5Q8BA7PWH+RQZj74ZFwpU=">AAAB/HicbVBLSwMxGMzWV62v1R69BIvgqeyKqMeiF48V7AO6S8lm0zY0jyXJCstS/4oXD4p49Yd489+YbfegrQMhw8z3kclECaPaeN63U1lb39jcqm7Xdnb39g/cw6OulqnCpIMlk6ofIU0YFaRjqGGknyiCeMRIL5reFn7vkShNpXgwWUJCjsaCjihGxkpDtx5EksU64/bKgzHiHM2GbsNrenPAVeKXpAFKtIfuVxBLnHIiDGZI64HvJSbMkTIUMzKrBakmCcJTNCYDSwXiRIf5PPwMnlolhiOp7BEGztXfGzniushnJzkyE73sFeJ/3iA1o+swpyJJDRF48dAoZdBIWDQBY6oINiyzBGFFbVaIJ0ghbGxfNVuCv/zlVdI9b/qXzYv7i0brpqyjCo7BCTgDPrgCLXAH2qADMMjAM3gFb86T8+K8Ox+L0YpT7tTBHzifP4rMlVw=</latexit>�
∇𝐹

𝑑𝐱
𝑑𝑡

!
Γ
∇𝐹	𝑑𝒙 = !

0

1
(
𝑖=1

𝐷
𝜕𝐹(𝜸(𝑡)	
𝜕𝛾𝑖

𝑑𝛾𝑖
𝑑𝑡

𝑑𝑡

              =∑𝑖=1𝐷 𝑥𝑖 − 2𝑥𝑖 ∫0
1 𝜕𝐹 𝜸 𝑡

𝜕𝛾𝑖
𝑑𝑡

=(
𝑖=1

𝐷

𝑎𝑡𝑡𝑟𝑖(𝒙|𝐹)



Attributions of GPs are GPs
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<latexit sha1_base64="dGp5uN9Xj64i7gD8Xt56RokB3PU=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKkhJpKjLoqAuK9gHNKFMppN26MwkzEyEEurGX3HjQhG3/oU7/8ZJm4VWD1w4nHMv994TxIwq7ThfVmFhcWl5pbhaWlvf2Nyyt3daKkokJk0csUh2AqQIo4I0NdWMdGJJEA8YaQejy8xv3xOpaCTu9DgmPkcDQUOKkTZSz967gp6iHHoc6SFGLL1uTCr8eHTUs8tO1ZkC/iVuTsogR6Nnf3r9CCecCI0ZUqrrOrH2UyQ1xYxMSl6iSIzwCA1I11CBOFF+Ov1gAg+N0odhJE0JDafqz4kUcaXGPDCd2aFq3svE/7xuosNzP6UiTjQReLYoTBjUEczigH0qCdZsbAjCkppbIR4iibA2oZVMCO78y39J66TqnlZrt7Vy/SKPowj2wQGoABecgTq4AQ3QBBg8gCfwAl6tR+vZerPeZ60FK5/ZBb9gfXwD6ASV6Q==</latexit>

F ⇠ GP(m, k)

<latexit sha1_base64="mmr703mFYl9pTEw0ciXL5lvTeis="></latexit>

µi(x) = (xi � x̃i)

Z 1

0

@m(x̃+ t(x� x̃))

@xi
dt,

i(x,x
0) = (xi � x̃i)(x

0
i � x̃i)

Z 1

0

Z 1

0

@2k(x̃+ s(x� x̃), x̃+ t(x0 � x̃))

@xi@x0
i

dtds

Theorem: If 𝐹 is distributed according to a GP, 

where 𝑚 ∈ 𝐶$ ℝ%  and 𝑘 ∈ 𝐶& ℝ%×ℝ% , then

where the mean and covariance functions are given by

<latexit sha1_base64="FashMfuz9XHv1RgQjsI1ViB3Y+s=">AAACIHicbVDLSgNBEJz1GeMr6tHLYBAiSNiVoB5FQT1GMFHIhqV3MqtDZnaXmV4xrPkUL/6KFw+K6E2/xsnj4KugoajqprsrTKUw6LofzsTk1PTMbGGuOL+wuLRcWlltmiTTjDdYIhN9GYLhUsS8gQIlv0w1BxVKfhF2jwb+xQ3XRiTxOfZS3lZwFYtIMEArBaU9QNSBqFBfAV6HUX7bvzveor4RaiQxkPlJvV/xVRaIbb8LaQqB2ApKZbfqDkH/Em9MymSMelB69zsJyxSPkUkwpuW5KbZz0CiY5P2inxmeAuvCFW9ZGoPipp0PH+zTTat0aJRoWzHSofp9IgdlTE+FtnNws/ntDcT/vFaG0X47F3GaIY/ZaFGUSYoJHaRFO0JzhrJnCTAt7K2UXYMGhjbTog3B+/3yX9LcqXq71dpZrXxwOI6jQNbJBqkQj+yRA3JK6qRBGLknj+SZvDgPzpPz6ryNWiec8cwa+QHn8wt666Ms</latexit>

attri(x|F ) ⇠ GP(µi,i)



Practical result

• The theorem shows that Integrated Gradients attributions preserve 
Gaussianity.
• Since we obtain a GP posterior from GPR, it follows that the 

attributions of functions modeled by GPRs are also GPs.
• Thus, we can sensibly discuss the distribution of 𝑎𝑡𝑡𝑟" 𝐱 𝐹  and its 

properties.
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<latexit sha1_base64="NukZAoXOgvvRlJzzXW3VbhNVCac=">AAACEXicbVDLSsNAFJ34rPUVdelmsAgVpCRS1GVRUZcV7AOaECbTaTt0JgkzE6HE/IIbf8WNC0XcunPn3zhpg2jrgQuHc+7l3nv8iFGpLOvLmJtfWFxaLqwUV9fWNzbNre2mDGOBSQOHLBRtH0nCaEAaiipG2pEgiPuMtPzheea37oiQNAxu1SgiLkf9gPYoRkpLnlm+vHc4UgOMWHKRQkdSDn+Eq3pa5l50OPSiA88sWRVrDDhL7JyUQI66Z3463RDHnAQKMyRlx7Yi5SZIKIoZSYtOLEmE8BD1SUfTAHEi3WT8UQr3tdKFvVDoChQcq78nEsSlHHFfd2bHymkvE//zOrHqnboJDaJYkQBPFvViBlUIs3hglwqCFRtpgrCg+laIB0ggrHSIRR2CPf3yLGkeVezjSvWmWqqd5XEUwC7YA2VggxNQA9egDhoAgwfwBF7Aq/FoPBtvxvukdc7IZ3bAHxgf3/GJnRU=</latexit>

F |D ⇠ GP(mp, kp)

<latexit sha1_base64="F6/M1K3QrqpPIS6yrHflLwHO18s=">AAACIXicbVDLSgNBEJz1GeMr6tHLYBASkLArQT2KinqMYFTIhqV3MqtDZh/M9Iphk1/x4q948aBIbuLPOHkcNLFgoKiqZrrLT6TQaNtf1szs3PzCYm4pv7yyurZe2Ni80XGqGK+zWMbqzgfNpYh4HQVKfpcoDqEv+a3fPh34t49caRFH19hJeDOE+0gEggEaySscAaLyRMkNAR/8IHvqdc/L3TPqahHSochAZhe1nkmknthz25Ak4ImyVyjaFXsIOk2cMSmSMWpeoe+2YpaGPEImQeuGYyfYzEChYJL38m6qeQKsDfe8YWgEIdfNbHhhj+4apUWDWJkXIR2qvycyCLXuhL5JDnbWk95A/M9rpBgcNTMRJSnyiI0+ClJJMaaDumhLKM5QdgwBpoTZlbIHUMDQlJo3JTiTJ0+Tm/2Kc1CpXlWLxyfjOnJkm+yQEnHIITkml6RG6oSRZ/JK3smH9WK9WZ9WfxSdscYzW+QPrO8ftAKj1g==</latexit>

attri(x|F )|D ⇠ GP(µi,i)

<latexit sha1_base64="+EXPwTfUmAte5tRLlNknc4aYuSE=">AAACIXicbVDJSgNBFOyJW4xb1KOXxiAoSJiRoB5FRT1GMBrIhOFNpydp0rPQ/UYMk/yKF3/FiwdFchN/xs5ycCtoKKrq0e+Vn0ih0bY/rNzM7Nz8Qn6xsLS8srpWXN+41XGqGK+xWMaq7oPmUkS8hgIlryeKQ+hLfud3z0b+3T1XWsTRDfYS3gyhHYlAMEAjecVjQFSes+uGgB0/yB4G/Yu9/jl1tQjpWGQgs8vqwCRSz9l3u5Ak4Dl7XrFkl+0x6F/iTEmJTFH1ikO3FbM05BEyCVo3HDvBZgYKBZN8UHBTzRNgXWjzhqERhFw3s/GFA7pjlBYNYmVehHSsfp/IINS6F/omOdpZ//ZG4n9eI8XguJmJKEmRR2zyUZBKijEd1UVbQnGGsmcIMCXMrpR1QAFDU2rBlOD8PvkvuT0oO4flynWldHI6rSNPtsg22SUOOSIn5IpUSY0w8kieySt5s56sF+vdGk6iOWs6s0l+wPr8Aqf7oy4=</latexit>

attr1(x|F )|D ⇠ GP(µ1,1)
<latexit sha1_base64="GGM6YmgI5kHv2BK/wmNtl8+zfiM=">AAACIXicbVDLSgNBEJz1GeMr6tHLYBAUJOxK0BxFg3qMYBIhG5beyawOmX0w0yuGNb/ixV/x4kGR3MSfcfI4aLRgoKiqZrrLT6TQaNuf1szs3PzCYm4pv7yyurZe2Nhs6DhVjNdZLGN144PmUkS8jgIlv0kUh9CXvOl3z4Z+854rLeLoGnsJb4dwG4lAMEAjeYUKICqvuueGgHd+kD30H8/3H6vU1SKkI5GBzC5qfZNIveqB24UkAa+67xWKdskegf4lzoQUyQQ1rzBwOzFLQx4hk6B1y7ETbGegUDDJ+3k31TwB1oVb3jI0gpDrdja6sE93jdKhQazMi5CO1J8TGYRa90LfJIc762lvKP7ntVIMKu1MREmKPGLjj4JUUozpsC7aEYozlD1DgClhdqXsDhQwNKXmTQnO9Ml/SeOw5ByVylfl4snppI4c2SY7ZI845JickEtSI3XCyBN5IW/k3Xq2Xq0PazCOzliTmS3yC9bXNwL1o2c=</latexit>

attrD(x|F )|D ⇠ GP(µD,D)



Closed-Form Expressions for Attributions

• We can provide closed form expressions and code implementing  the 
attributions of GPs with squared exponential type kernels.
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<latexit sha1_base64="ArWb/ukKkJ4JijqXgtbv7pm+qKM="></latexit>

E(attri(x)) =
NX

n=1

↵nAn,i(x),

Var(attri(x)) = Bi(x)�
NX

n=1

NX

m=1

⇤n,mAn,i(x)Am,i(x),

<latexit sha1_base64="eqANOI2gj3MvUcwvodKPqvwNS4M=">AAACVHicbZFNaxsxEIa1m6RN3TZ1mmMvIqbEhsbsmtDmEgj9gBwTWicBy1608qwtLO0u0myxEfsjm0Ohv6SXHio7hqRJBwYe3plhNK/SUkmLUfQrCDc2t5483X7WeP7i5c6r5u7rS1tURkBfFKow1ym3oGQOfZSo4Lo0wHWq4CqdfVrWr76DsbLIv+GihKHmk1xmUnD0UtKczRL39UvdZprjNM3cvH53hwcdSk8os3Ki+aiXRJTBvKRMQYZteshspRMnT+J69JmyzHDh2vNEHvo86Ix6tesxUMoDZUZOpthJmq2oG62CPoZ4DS2yjvOkecPGhag05CgUt3YQRyUOHTcohYK6wSoLJRczPoGBx5xrsEO3MqWmb70ypllhfOZIV+r9Cce1tQud+s7lwfZhbSn+rzaoMDseOpmXFUIubhdllaJY0KX DdCwNCFQLD1wY6d9KxZR7e9D/Q8ObED88+TFc9rrx++7RxVHr9OPajm3yhuyTNonJB3JKzsg56RNBfpDfAQmC4GfwJ9wIt25bw2A9s0f+iXDnLxbrsUs=</latexit>

kSE(x,x
0) = �2

0 exp

 
�

DX

i=1

(xi � x0
i)

2

2`2

!

• After some derivations, the attributions have the following mean and 
variances,



Experiment with Simulated Data
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The data were generated according to 𝑋$ ∼ 𝒰 0,10 , 𝑋& ∼ 𝒰 0,10 ,	

𝑁( ∼ 	𝒩 0,1 , 𝑦 = sin 𝑥$ sin 1.5𝑥& +
1
2
	𝑛)

 



Breast Cancer Diagnosis
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• GPR provides uncertainty in predictions
• More important features (of the 30 features) have more uncertainty.



Breast Cancer Diagnosis (cont’d)
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The variation of attribution of two features across patients 



Predictions using the Taipei Housing Data
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Random Feature GPs
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• Random feature GPs use the spectral representation of the kernel function to 
approximate the kernel.

<latexit sha1_base64="fw8CgBKQskHL8j6mSDk+IfQneP0=">AAACMnicbVDLSgMxFM34rPU16tJNsEhbkDIjRV0W3eiugn1Ap5ZMmmlDM5OQZKRl6De58UsEF7pQxK0fYfoAa+uBwOGcc8m9xxeMKu04r9bS8srq2npqI725tb2za+/tVxWPJSYVzBmXdR8pwmhEKppqRupCEhT6jNT83tXIrz0QqSiP7vRAkGaIOhENKEbaSC37ppfzQqS7fpD0hye/NJuHHhJC8j70RJfOhPL3nuZiXs3mW3bGKThjwEXiTkkGTFFu2c9em+M4JJHGDCnVcB2hmwmSmmJGhmkvVkQg3EMd0jA0QiFRzWR88hAeG6UNAy7NizQcq7MTCQqVGoS+SY52VPPeSPzPa8Q6uGgmNBKxJhGefBTEDGoOR/3BNpUEazYwBGFJza4Qd5FEWJuW06YEd/7kRVI9LbhnheJtMVO6nNaRAofgCOSAC85BCVyDMqgADB7BC3gHH9aT9WZ9Wl+T6JI1nTkAf2B9/wCc8qr7</latexit>

k(x,x0) ⇡ �(x)>�(x0)

<latexit sha1_base64="HiNUHodIP8GsEX8k3hj0YP1Lc/M="></latexit>

�(x) =

2

666664

sin(v>
1 x)

cos(v>
1 x)
...

sin(v>
Mx)

cos(v>
Mx)

3

777775

• The frequency vectors v(	are randomly sampled from the power spectral 
density of the kernel.

• This representation yields equations which are more tractable during the training 
of a GPR model.

<latexit sha1_base64="4PDnHKDBwHYScRqsdMws1OR9Tio="></latexit>

E(F (x)|D) = m(x) + k(x)>(K+ �2
nI)

�1(y �m)

⇡ m(x) + �(x)>�(�>�+ �2
nI)

�1(y �m)



Random Feature GPs
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• Random feature GPs admit simple to evaluate attributions.
• Since RFGPs approximate GPR, the RFGP attributions should approximate the 

GPR attributions. 
<latexit sha1_base64="l0BQflY+ZH9XDrzalaGUhjN+8zw="></latexit>

E(attri(x)) = (xi � x̃i)⇣(x)A
�1�y,

Var(attri(x)) = (xi � x̃i)
2�2

n⇣(x)
>A�1⇣(x), <latexit sha1_base64="wG/RZeqbMf0/+eTV87FSt33O4bk="></latexit>

A = ��> +
M�2

n

k(0, 0)
I2M

<latexit sha1_base64="0YJMXM6HuywgPUX9AmbICo8xp2U="></latexit>

⇣(x) =

2

66666664

v1,i
v>
1 (x�x̃)

(cos(v>
1 x)� cos(v>

1 x̃))
v1,i

v>
1 (x�x̃)

(sin(v>
1 x)� sin(v>

1 x̃))
...

vM,i

v>
M (x�x̃)

�
cos(v>

Mx)� cos(v>
M x̃)

�

vM,i

v>
M (x�x̃)

�
sin(v>

Mx)� sin(v>
M x̃)

�

3

77777775

2 R2M⇥1,



Conclusions

ØWe developed a bridge between the theory of feature attribution and 
GPR. 

ØBy representing attributions as distributions, we can quantify a 
model's confidence in its feature attributions.

ØWhen the selected GPR model admits analytically tractable 
attributions, we mitigate the need for computationally expensive or 
otherwise inaccurate approximations. 

ØWhile non-parametric methods like GPR, at face value, offer a non-
interpretable approach to ML, our study of feature attribution may 
provide  more trust in GPR models. 

ØFurthermore, these results will extend the theoretical and practical 
scope of GPR models to more XAI domains.
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