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Abstract—The aviation Minimum Operational Performance
Standard defines the SBAS protection levels as the product of
the estimated standard deviation of the positioning error and a
scaling factor called K-factor. The K-factor depends on the time
window of interest and on the correlation between errors in the
time window. The K-factors defined in aviation are difficult to
generalize to other specifications in other domains, such as rail
and maritime applications.

This article presents a simple formula to calculate the K-
factor for any value of integrity risk and time interval. The
resulting K-factor is shown to be mathematically rigorous under
the hypothesis of Gaussian error distribution but without any
assumption on the correlation structure of the successive position
estimates. The Gaussian assumption can be relaxed and replaced
by overbounding with a Gaussian distribution with a very
good approximation. This formula can be used in any GNSS
application where integrity is needed.

Index Terms—K-factor, protection level, integrity risk, GNSS
augmentation, SBAS

I. INTRODUCTION

In GNSS applications, integrity is defined as a measure of
the level of trust a user can place in a position estimate.
The concept of integrity was originally developed in the
field of civil aviation for Safety-of-Life applications, such
as commercial aircraft landing. Nowadays, its generalization
beyond aviation is an area of intensive research since it is the
prerequisite to the operational deployment of the emerging
Safety-of-Life applications such as autonomous transportation
(e.g. train, car, taxi-drone).

Integrity is based on the definition of four specific features:
the alarm limit (AL), the time to alarm (TTA), the integrity
risk (IR) and the protection level (PL). The alarm limit is
the position error (PE) threshold not to be exceeded without
triggering an alert. The TTA is the maximum allowed time
that elapses between when the navigation system is out of
tolerance and when the equipment triggers the alert. The
position estimate is a random variable, distributed according
to a specific cumulative distribution function. Hence we can
compute the probability P that it falls outside of the considered
confidence interval, which is called protection level (PL).

Integrity is compromised when anomalies occur that can
cause unpredictable PE beyond the operational PL for more
than TTA consecutive seconds over a time interval T. The
integrity risk (Ir) is then defined as the probability that the
true position lies outside of the PL at any time within a time
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interval T, and for TTA consecutive seconds. As an example,
for aviation precision approach operations these parameters
are Ip = 107 for a duration T' = 150 s, with a TTA of 6 s.
The specifications of the Minimum Operational Performance
Standard (MOPS, [1]) define the PL as the product of the
variance standard deviation of the positioning error and a
scaling factor called K-factor. These K-factors can also be
understood as quantiles of the normalized residual errors
distribution, sometimes known as safety index (SFI). The
tuning of the K -factor is critical for user performances: a large
protection level ensures a larger margin on IR but degrades the
availability and continuity of the Satellite Based Augmentation
System (SBAS) for instance.

The statistical study of the behaviour of the positioning
errors is complicated by the fact that successive position
estimates are not independent variables. This is because the
SBAS system provides corrections for satellite orbit determi-
nation, tropospheric and ionospheric delay, which are phys-
ical phenomenon with longer intrinsic time-scales than the
frequency of GNSS measurements (typically one estimate per
second). Furthermore, errors from the user’s environment such
as multipath also affect the correlation of the position errors
in a complicated way.

Taking this time correlation into account, the MOPS sets
K -factor values for every approach covered by SBAS (see [1]
and [2]). For example, K = 5.33 for vertical protection level
in precision approach. This value comes from assuming that all
errors are perfectly correlated in a time window of 360 seconds
and corresponds to the 10~7 quantile of a 1D Gaussian dis-
tribution. However, the MOPS recognizes that this modelling
of the errors’ time correlations is somewhat arbitrary. This
makes it difficult to generalize to other specifications outside
of aviation, like maritime and rail applications.

To tackle this problem, Antic, Maliet & Trilles [3] intro-
duced the Gauss Markov K-factor (GMK), which uses PSD-
overbounding techniques to find a rigorous upper bound for
the K -factor for any specifications. It improves upon the
MOPS standard with a mathematically justified method and
with a finer modelling of the time correlation. We show that
in practice, the GMK method has two main limitations: first,
it often leads to over-conservative K -factors due to the PSD-
overbounding step, and second, it is difficult to generalize to
non-Gaussian tails.



In this paper, we suggest a simple method to determine
the K-factor for any specification of integrity risk and time
window. We provide a ready to use analytical formula for
the K -factor as function of Ip and the time window T that
can be applied to any field. Then we prove mathematically
that, under the assumption of Gaussian distribution, the K-
factor in the independent case is a rigorous upper bound of
the optimal K -factor for any correlation structure of the time
series. Furthermore, we show that this result is still valid if we
relax the Gaussian distribution assumption and replace it by a
Gaussian CDF-overbounding assumption, which is commonly
used in the navigation community.

II. DEFINITIONS AND ASSUMPTIONS

We consider a series of GNSS position estimation done
periodically (typically one estimate per second). The collection
of N estimates in the time window of interest will be denoted
Z = (2n)1<n<nN. Z is a vector of N random variables and
we will assume that it follows a Gaussian distribution, centred
on the true position of the receiver Z* = (z})1<p<n. The
precise assumptions on the probability distribution of Z are
detailed in the next subsection II-A.

The concept of integrity is specified by the integrity risk Ig,
the time window 7' and the time to alert (TTA). For example,
for aviation precision approach, Ir = 10~7, T = 150 s and
TTA = 6 s. The goal of the integrity monitoring is to build
protection volumes V;, around each estimates z,, such that the
true position z; never exits V;, for more than TTA consecutive
seconds [4]. The probability of such an event during the time
window 71" has to be maintained below [g.

In order to treat this problem mathematically, we will use an
approximate but conservative definition of integrity. We will
say that integrity is maintained if the true position always lies
in the volume during the entire time window with very high
probability:

P(Vne[l,N], z;, € V) > 1—1Ip (1)

When the period between each z, is smaller than TTA, it
is straightforward to see that the condition (1) implies the
condition of integrity given above (if every real position is in
the corresponding protection volume, there is no exit from the
protection volumes for more than TTA consecutive seconds).

From this remark, we see that enforcing condition (1) on a
subset of position estimates regularly separated in time by at
most TTA is enough to guarantee integrity. So in general, the
number of estimates N one needs to consider in equation (1)
is given by the ceiling of the ratio T'/TTA.

A. Positioning errors distribution

In all what follows, we are making the following assump-
tions about the probability distribution of the positioning
estimates Z.

o The dimension of the positioning measurement is denoted
d: for example in case of vertical positioning (for air-
craft), we have d = 1, in maritime positioning d = 2.
In what follows, we will consider the case d = 1 for

simplicity (so that z,, € R), however the generalization of
all our results to d > 2 is straightforward and is detailed
in Appendix A.

o The position estimators are unbiased, so that the mean of
the positioning errors is zero. In other words, E(z,) =

o The distribution of the errors follow a multidimensional
Gaussian law. This is a natural but very strong assumption
that allows us to benefit from the numerous properties of
Gaussian distributions. This means that the probability
distribution is completely determined by the correlations
between each measurements summarized in the square
matrix X;; = cov(z;, z;). This assumption is necessary
for the GMK method presented in section III-B. It is
also important for the method of section V but it can be
relaxed to a more realistic assumption.

o The standard deviation at each position estimation is
accurately measured by the system and accessible to the
user. This is also a strong assumption because it requires
the system to have a full understanding of its error
sources. We will also relax this assumption in section
V.

B. Definition of the K-factor and building of the protection
volume

The protection volumes V;, are built through the notion of
K-factor (see [1] appendix J). At each position estimate, we
assume that the system measures accurately the error of z,
(in other words, the system measures the covariance 02 =
Ynn = Var(z,). From this, we define the protection volume
as an interval centred on the estimator output with radius equal

to K times the standard deviation:
Vo = [zn_K0n7 Zn+KUn] (2)

The goal of integrity studies is to determine a K-factor such
that the inequality (1) holds, while keeping K small enough
to have reasonable protection volumes (2).

C. Infinity norm of a normalized Gaussian vector

The way the K-factor is built encourages us to work with the
vector of reduced errors X = (z,)1<n<n (sometimes known
as safety index or SFI) defined by

= Zn — 2}
On

Then X follows a Gaussian distribution with zero mean

and covariance matrix C' which is linked to the estimates

covariance matrix by the formula:

E,;j
00

Cij = COV(l‘i,l‘j) =

In particular all diagonal elements C'; are equal to 1, meaning
that each reduced error x; follows a centred normalized normal
distribution when marginalized over all other measurements.



The definition of the protection volume (2) becomes simpler
with the reduced errors:

<Vn € [1,N], z: € [zn — Kon, 2n —|—K0n]> &

1<n<N

(||X|oo — max [lea] < K)

The condition of integrity (1), that all real positions lie in
the corresponding protection volume, translates to having the
infinity norm of the vector X smaller than the K-factor.
Thus we are interested in computing the probability of large
deviations of a normalized Gaussian random variable with zero
mean.

ITII. STATE OF THE ART METHODS FOR K-FACTOR
DETERMINATION

A. The MOPS method

The K-factor determination by the MOPS detailed in [2]
is based on the following modelisation of the time correlation
of the reduced errors: it assumes that X (¢) and X (¢ + 6t) are
perfectly correlated if §t is smaller than the reference corre-
lation time T = 360 seconds and independent if §¢ is larger
than 360 seconds. The numerical value of Tj is motivated by
the time scale involved in ionospheric corrections.

From here, the determination of the K-factor is a straight-
forward calculation. For a time window of length 7', the MOPS
model considers only ny = [T/Ty] independent measure-
ments (one per time window of 7y = 360 s). X denotes the
vector of reduced errors and follows a ng-dimensional centred
Gaussian distribution of correlation matrix I,,, (the identity
matrix). Then we have for one-dimensional measurements,
using the independence of the errors:

no

B(|X oo < K) = [[ BUlexll < K) = Fy(K)™

k=1
The probability factorises from the independence property. In
the case d > 2, one has to replace the function F; by the
corresponding function Fj; given in Appendix A. In the one-
dimensional case, we have Fy(K) = erf (K/v/2) where erf
denotes the error function'. Imposing the integrity condition
(1) and using that in practise Iy is very small gives the K-
factor formula:

K =F" ((1—1@%) ~ F! (1—13) 3)
o

where ng is the ceiling of the ratio T'/Tj. This is the same
formula as the one given in [2].

As a numerical illustration, we compute the K -factor for
several aviation cases, with requirements described in [2]:

I'The error function is defined by the following integral:

erf(z) = %/0 et at

It is linked to the normal cumulative distribution function ¢ by the relation
erf(z) = 2®(zv/2) — 1.

« for aviation precision approach (PA) and vertical protec-
tion level, we have Ip = 10~7 and d = 1 for a time
window of T' = 150 s (thus ny = 1), which gives a
K -factor of Kypa = 5.33

o for PA and horizontal protection level, we have I =
2x 1079, d = 1 (it covers only the along-track horizontal
direction) and T" = 150 s, which gives a K-factor of
KHPA =6.0

« for en route to non-precision approach (NPA), we have
Ir =5x107% d=2and T = 3600 s (thus ng = 10),
which gives a K-factor of Knpa = 6.18

B. The GMK method

Recently, a novel method for the K-factor calculation has
been published by [3]. The GMK method consists in com-
paring the reduced errors X (¢) to an autoregressive model
of order 1 (AR(1) model) Y (t) of stationary variance o
and parameter e~ Y7, At is the time step of the GNSS
measurements (typically 1 s) and 7 is the time constant of the
exponential correlation decay. The parameters of the AR(1)
process Y (t) are chosen in order to impose the following
condition on the power spectral density (PSD):

Vf, Sx(f) < Sy (f) )

where S denotes the PSD of the processes X or Y. If the
inequality is satisfied, we say that Y PSD-overbounds the
process X.

The choice of the AR(1) model is motivated by the fact
that the corresponding K -factor can be upper-bounded by
considering its continuous version, the Ornstein-Uhlenbeck
process. The result is:

P (mtax||y(t)||2 > K) ~

1 /K2\? . [2T d 2
ol ) ¢ T T wm) T
r (9 \ 2 pa K K

where d denotes the dimension of the individual measurement.
The K-factor is obtained by inverting the above formula and
we can conclude that the K -factor of X is upper-bounded by:

Kx < oKy (1) (5)

For more details and proofs, we refer to the publication [3]
and to the references therein.

IV. LIMITS OF THE STATE OF THE ART METHODS
A. Limits of the MOPS model

It is straightforward to see that for the aviation VPA and
HPA K-factor determination, the MOPS values are always
a lower bound of the real K-factor for the condition (1)
under the assumptions of Gaussian distribution of section II-A.
Assuming one measurement per TTA, the vector of reduced
errors X is a centred Gaussian vector of dimension N = 25.
We denote by C' its (known or unknown) correlation matrix.



Let us fix Kp; the MOPS K-factor for aviation VPA or
HPA corresponding the respective specified Ir. Then since
(I Xloo < Knr) = ([le1]] < Kar), we have:

P(|Xloo < Knr) SP(2a]l < Kn) =1—-1r  (6)

because the MOPS K -factor is computed with a unique one-
dimensional Gaussian (ng = [T/To] = 1 for T = 150 s)
and z; follows a normal distribution of variance 1. This
inequality is in the wrong direction compared to the integrity
condition (1) and expresses the fact that the MOPS K -factor
defines a rigorous protection volume only in the limiting case
where all measurements are perfectly correlated (meaning that
Vi, j, Ci; = 1), which is precisely the assumption of the
MOPS. This means that for short time intervals, the MOPS
K -factor value of 5.33 corresponds to the most optimistic case
under the assumptions of section II-A.

A more rigorous approach would be to calculate the number
of effective number of independent samples as defined in [4].
This however requires a prior knowledge of the correlation
matrix and extensive numerical calculations. This motivates
us to turn to different methods in order to compute rigorously
the K -factor.

B. Limits of the GMK method

The GMK method [3] has two main advantages compared
to the MOPS method. First, it makes a finer modelisation of
the time correlation of the reduced errors, and only assumes
that X is a stationary series. Second, it gives a rigorous upper-
bound of the K -factor over the hypothesis presented in section
II-A. However, it also has some important limitations.

a) K-factor dependency on the shape of the distribution:
One important drawback of the GMK method is the linear
dependence on ¢ in formula (5). This makes the K-factor
returned by the GMK method very sensitive to the value of o.
If the shape of the reduced errors PSD is too different from
the AR(1) PSD, a large variance o is needed for the process
Y to PSD-overbound the process X. This in turn, generates a
large K-factor.

As an illustrative example, we consider the following toy-
model for the reduced error series X (¢). We consider that the
positioning errors follow an AR(1) process with time constant
7 = 360 s for long time-scale error sources plus a small white
noise (representing for example some thermal fluctuations at
the user level). The error is dominated by the AR(1) process
with variance aiR(l) = 0.95 and the white noise has variance
02 = 0.05. This makes a process X (t) with a PSD very similar
to the PSD of a pure AR(1) but with a heavier tail (see figure
1). For the numerical example, we take the specifications of
aviation APV: T = 150 s, TTA = 6 s (meaning that we
consider one position estimate per TTA) and I = 107",

For the pure AR(1) process with 7 = 360 s, the GMK
method gives a factor K = 5.80, about 10% higher than the
MOPS prescription of 5.33 for aviation APV. However with
the addition of the white noise, the K -factor becomes K =

Overbounding of an AR1 process plus white noise

102 — AR1 + WN (theory)
AR only {theory)
=== (verbounding curve
0t
7w
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Fig. 1. Plot of the theoretical PSD of a process X (t) = Xagr1(t) + Xn (¢)
where X ar1 is an AR(1) process of variance 0.95 and time constant 7 =
360 s and X is a white noise of variance 0.05 (in blue continuous). In
yellow dashed line, the PSD of an AR(1) process with the same time constant
and variance normalized to 1. In red dashed line, the AR(1) process which
PSD-overbounds X (¢) with parameters o = 1.65 and 7 = 126 s.

9.86 (and an optimal PSD-overbounding with a process Y of
parameters 0 = 1.65 and 7 = 126 s). This illustrates that a
small deviation from an AR(1) process translates to a large
inflation of the K-factor in the GMK method when doing the
overbounding process.

b) Real-time determination of the K-factor: A question
arisen by the GMK method is how to monitor in real-
time the error correlation and the K -factor computation. In
GNSS augmentation systems, the error correlation and PSD-
overbounding are more naturally done at the pseudo-range
level. However, even if this is done for each line of sight,
it does not translate easily to a PSD-overbounding at position
level. This is because the pseudo-range errors are multiplied
by the geometry matrix which is varying in time as the GNSS
satellites move across the sky and cross the horizon. Even
if the PSD-overbounding is done at pseudo-range level, it is
difficult to derive a general overbounding at position level
independent of the user’s position and has to be done for every
user.

Furthermore, the errors monitored by GNSS augmentation
systems are typically orbit and propagation errors and do not
include user-specific errors such as multipath. These errors
and their time correlation are strongly dependent on the user’s
environment and movement so their effects are difficult to
include in the GMK method.

V. PROPOSED METHOD: THE K-FACTOR IN THE
INDEPENDENT CASE

In this section, we suggest to compute the K-factor by
considering that all measurements are independent, meaning
that we consider N = T'/TTA effective independent samples.
This method has the advantage of simplicity: the K-factor
can be computed easily for any integrity risk and any number



Kr,d=1|10"3 | 1075 | 1077 | 107?

1 3291 | 4417 | 5327 | 6.109

10 3.890 | 4.892 | 5.731 | 6.467

25 4.107 | 5.069 | 5.884 | 6.604

150 4504 | 5.400 | 6.174 | 6.865

3600 5.138 | 5.944 | 6.658 | 7.305

10800 5341 | 6.122 | 6.818 | 7.451

Kr,d=21]10"3 | 1075 | 107 | 107?

1 3717 | 4799 | 5.678 | 6.438

10 4292 | 5257 | 6.070 | 6.786

25 4500 | 5.428 | 6.219 | 6.920

150 4882 | 5749 | 6.501 | 7.174

3600 5495 | 6.277 | 6972 | 7.604

10800 5.691 | 6.450 | 7.128 | 7.747
TABLE I

NUMERICAL VALUE OF THE K -FACTOR COMPUTED IN THE INDEPENDENT
CASE BY THE FORMULA (7) FOR DIFFERENT VALUE OF N (= [T/TTA])
AND I IN THE CASE OF UNIDIMENSIONAL MEASUREMENTS. THE
INDEPENDENT CASE IS AN UPPER-BOUND OF THE K -FACTOR FOR ANY
CORRELATION MATRIX C' AND FIXED IR, d, N.

of estimates in the time-window. Moreover, we can prove
mathematically that it is a rigorous upper-bound of the optimal
K -factor, whatever the correlation structure of the successive
measurements. Furthermore, it is also quite robust if certain
assumptions of section II-A are relaxed. On the numerical side,
the K-factor can never be smaller than the one obtained by
the MOPS method but it is often numerically better than the
factor obtained with the GMK method.

A. Computation of the K-factor in the independent case

We consider here the vector of reduced errors X of size
N and assume that all measurements are independent: this
means that X follows a Gaussian distribution of correlation
matrix C' = Iy (the identity matrix). The calculation is the
same than in the previous section, equation (3): the multiple
integral factorises and we derive an analytic formula for the
K -factor that depends only on NV and the integrity risk Ig.

The independent K-factor formula : The expression
for the K-factor in the independent case is given in
general by the formula K; = Fd_1 ((1 — IR)zlvi
the function Fj is given explicitly in Appendix A. In the
most common cases d = 1 and d = 2, they are explicitly:

K91 = 2 erf™! ((1 - IR)%) )
Kd=2 = \/2log (1 (- JR)%)

where Iy is the integrity risk, IV the number of position
estimates in the time window and d the dimensionality
of the position estimate.

where

The table I shows numerical values corresponding to differ-
ent values of N and different level of integrity risk for d = 1
and d = 2. From the discussion in section II, N is given by
the ceiling of the ratio 7/TTA.

The main point of the K -factor in the independent case is
that for fixed IV the formula (7) gives a rigorous upper-bound
of the optimal K-factor whatever the correlation matrix of
the safety index vector X. In other words, the probability of
having large deviations is maximum in the case where the
correlation matrix is diagonal. The real measurement errors
are correlated in an unknown way, but the correlation has an
effect of decreasing the optimal K -factor associated to the
measurement series. This result is summarized in the following
theorem.

Theorem I: Let X be a random vector of dimension
N following a Gaussian distribution of zero mean and
normalized correlation matrix C' (meaning that for all
diagonal elements are 1) and Y a random vector of same
dimension with correlation matrix I5. Then for all K we
have the following inequality:

Pl X[l < K) 2 P([[Y]lo < K) ®)

In particular, for Ir and K;(Ig,N) given by formula
(7), we have:

P([Xlloe < Kr) 21 —1Ig

whatever the correlation matrix C.

A proof of this result in the case d = 1 is presented in
Appendix B-A following the method described in [5]. This
result is known in the mathematical community since the
1960s, see for example [6]-[8]. Note that the hypothesis of
Gaussian distribution in section II-A is necessary for the
theorem to hold. In the case d > 2, a similar theorem still
holds but the proof requires a stronger theorem, the Gaussian
Correlation inequality proven in 2014 by [9] (see Appendix A
and B-B).

Beyond the independent K-factor: For a fixed N and
IR, if C denotes the correlation matrix of the estimators and
K¢ (IR) is the optimal K -factor (the I quantile of a Gaussian
distribution (0, C)), theorem 1 gives an upper bound of the
K -factor. On the other hand, equation (6) gives a lower bound
for the optimal K-factor so we have for all C":

V2erf (1 - Ig) < Ko(Ig) < V2erf™! ((1 - IR)%) 9)

Both bounds are optimal in the sense that they are reached
for specific correlation matrices (C' = Iy for the upper bound
and C' a matrix of 1’s for the lower bound).

If C can be estimated, one can compute the optimal K-
factor K(Ir) by extensive simulations. However, the nu-
merical improvement is bounded by the left hand side of the
inequality above (for /g = 10~7, N = 25 and d = 1, we can
go from K; = 5.88 to, in the most correlated case, K = 5.33).
Moreover, the difficulty is to make sure that the computed K-
factor is indeed an upper bound of the true K -factor because
of possible errors in the determination of C'.



B. Robustness of the independent method

Measurement campaigns have shown that the distribution of
positioning errors typically have a heavier tail than a Gaussian
distribution, contradicting our assumption in section II-A. The
way to deal with non-Gaussian distributions is usually through
CDF-overbounding [10], [11].

In this paragraph, we relax the assumption of the errors
following a Gaussian distribution. Instead, we allow for any
distribution, but we assume that for any measurement n, the
marginal distribution of the error z, — z;, (marginalizing over
all other measurements) is correctly CDF-overbounded by
a Gaussian distribution with variance o, up to some value
1 — Lp with Lp very small. In other words, the GNSS
system has some information on the error distribution of each
measurement. This CDF-overbounding defined in [10], [11]
means that for all n, we have:

P(lznl < k) = P(lyll < k) = Fi(k)

where y ~ N(0,1) for all k as long as the right-hand side
Fi(k) is smaller than 1 — L. This is because for distributions
with a heavier tail than a Gaussian, CDF-overbounding by
a Gaussian on the entire real line is not possible. Note that
the variance o, of the overbounding Gaussian can be very
dependent on the limit Lp.

Now since X is not a Gaussian vector, we cannot use
theorem 1, however we can use the following inequality?

P (mr?xuxnll < kz) >1->"P(|zall > k) (10)

If we choose K = F; '(1—1Ir/N) and assume that the CDF-
overbounding condition holds (i.e. Ly < Ig/N), we have
P(|lzn|| > k) < Igr/N and so:

(1)

This is precisely the condition of integrity (1). It is met at the
conditions that each error is CDF-overbounded until Lg =
Ig/N and for a K-factor equal to:

1
]P’(max”xnﬂ SK) > 1—NFR:1—IR

K = F7' (1= I/N) ~ ' (1= In) %) = Ki(In, N)

neglecting only terms of order 112% and higher. This means
that the K -factor computed by the independent method can
be extended to the case where the error distribution is non-
Gaussian. The weaker condition is to have a Gaussian CDF-
overbounding of the error distribution to a level of I /N. Then
K;(Igr,N) (7) remains a rigorous upper-bound of the optimal
K -factor up to terms quadratic in Ig.

Note that CDF-overbounding also includes the case where
the standard deviation is overestimated in the case of Gaussian
distributions. This is because a Gaussian with a larger standard
deviation always CDF-overbounds a Gaussian with smaller

ZI} is obtained by applying P(ANB) =1—-P(AUB) >1-P(A) —
P(B) with A = {X : |z1| <k} and B = {X : |z2| <k} and then

induction over n.

standard deviation for all Lg. Thus the K-factor in the
independent method is robust in the case where the o,, are
bounded from above instead of being accurately estimated.

C. Numerical comparison with the MOPS and GMK method

Let us highlight the numerical difference between the K-

factor in several cases specified by the MOPS.

o for aviation APV (T' =150 s, TTA = 6 s leading to N =
25 and Ir = 10~7) the computation with the independent
method gives K7 vpa = 5.88, corresponding to a 10%
increase of the protection volume compared to the MOPS
value of 5.33.

o for aviation APH (Ir =2 x 1079, d =1 and N = 25),
we get K gypa = 6.50, which is a 8% increase compared
to the MOPS value of 6.0.

o for en-route to NPA (Ip =5x1078,d=2,T =1h and
TTA =10 s so N = 360), the factor in the independent
case is Ky npa = 6.74, a 9% increase compared to the
MOPS value.

In all cases, the independent K-factor is larger than the
MOPS values because it considers more than one independent
measurement per 1y. However the increase is reasonable con-
sidering that the independent K -factor satisfies the integrity
condition (1).

Compared to the GMK method, the K -factor in the indepen-
dent case has the advantage of not having a linear dependence
on one parameter. The independent K -factor grows with the
number of measurements /V but the growth is only logarithmic.
Since the independent computation neglects the correlation
completely, we expect the GMK method to perform better for
large correlation time. On the other hand, the GMK method
is limited by the rapid growth of the K-factor with o: it
is adapted only for PSD profiles close to the shape of an
AR(1) process. To illustrate, we go back to the toy-model
of figure 1 for which the GMK method gives a K-factor
of 5.80 (in a pure AR(1) case) and 9.86 (AR(1) plus white
noise). The independent K -factor is 5.88 in both cases, slightly
higher than the AR(1) case, but significantly smaller than the
perturbed AR(1) case. In practise, the independent K -factor
is often smaller than the GMK factor, and moreover is easier
to implement.

VI. CONCLUSION

In conclusion, we have presented the formula (7) (and
(13) in the general case) for K-factor computations based
on a majoration by the independent case. The formula is
simple, analytic, and depends only on the specifications of
the integrity risk I, the number of measurements N in
the time window of interest and the dimension d of the
protection volume. It requires no additional assumption on
the correlation structure of the successive position estimators
which is difficult to measure in practice and can vary wildly
in different environments and conditions.

Theorem 1 (and 2 in the general case) ensures that the
resulting K -factor satisfies mathematically the simplified in-
tegrity condition (1) under the assumptions of section II-A.



Section V-B shows that the integrity condition still holds
with weaker assumptions, namely that the estimator error is
correctly CDF-overbounded by a Gaussian distribution up to
the Iz /N quantile.

Compared to previously existing methods, the independent
calculation has the advantage of being mathematically justified
by theorems 1 and 2. Because the proposed method is simple,
there is no need to estimate and overbound the correlation
of the time series, which makes the method less sensitive to
mismodelling of the error time series. Moreover, this approach
is robust to deviations from the Gaussian assumption. The ob-
tained numerical values are larger than the ones obtained with
the MOPS method — it is the price to pay for mathematical
rigor — but often tighter than the ones obtained with the GMK
method. Because of its simplicity, mathematical validity and
robustness, we recommend to use the independent K -factor
formula for new integrity services like ARAIM and SBAS
extension beyond aviation.

APPENDIX A
GENERALISATION TO HIGHER DIMENSIONS

In the main text, we have treated the measurements as one-
dimensional but GNSS position measurements are often of
higher dimension. All of the presented results easily generalise
to higher d with small modifications.

A. Definition of the protection volume

If Z = (zn)1<n<n is the series of position estimators
during the time window of interest with z,, € R, it follows
by assumption a Gaussian distribution centred on the true
positions and with a square covariance matrix X of dimension
Nd. The “error” o2 of the estimator n is defined as the largest
eigenvalue of the covariance matrix cov(z,, z,) of dimension
d x d (see [1] appendix J). From this, the protection volume
V,, definition (2) is replaced by a ball (for the usual Euclidean
norm) centred on the estimator output z,, and of radius Ko,:

V.. = B(zn, Koy,) = {z eR? : |z — znll2 < Kan}

Then the condition of integrity (the true position is always in
the protection volume for the whole time window) translates
to the vector X as:

(Vn € [1,N], =, € Vn> & < max_|z,]2 < K)
1<n<N

This is some sort of infinity norm of the vector X that we will
denote as || X ||oo- The reduced errors X are normalized in the
sense that the covariance matrix cov(zy,x,) has eigenvalues
as most 1.

Now that we have defined the protection volume, we want
to determine an upper-bound to the K -factor in order to ensure
the integrity condition P(||X|lcc < K) > 1 — Ig. As in
the d = 1 case, such an upper-bound is given by the case
where all estimators are independent and furthermore spatially
homogeneous. The theorem 1 is restated as:

Theorem 2: Let X = (2,,)1<n<n be a random vector
of dimension Nd following a Gaussian distribution of
zero mean and normalized covariance matrix in the sense
that for all n, the matrix cov(z,,, ,) has eigenvalues as
most 1. Let Y = (yn)i<n<n be a random vector of
same dimension with covariance cov(yy,,y,) = I for
all n and cov(yn,ym) = 0 if n # m (all estimators are
independent and spatially homogeneous). Then for all K

we have the following inequality:
P([Xlloo < K) =2 P([[Y oo < K) (12)

where || X||cc = max(]|z,||2). In particular, for Ir and
K;(Ig,N) given by formula (7), we have:

Pl X[lo < K7) 21— 1g

whatever the covariance matrix of X.

B. Explicit independent K -factor formula

The K-factor in the independent case is easy to calculate.
We have P(| X[l < K) = [1P(J2a]l < K) = Fa(K)"
where the function F}; is given explicitly by the expression:

1

lll<K (27)

2
Fy(K) = —esllel gy
2
It is the CDF of the Euclidean norm of a Gaussian random
vector in dimension d of zero mean and correlation matrix .
Then, the K-factor in the independent case is given by

Ki(Ip, N) = F;* (1= In)Y) (13)

For small d, the explicit forms are F; (K) = erf (K/v/2) and

FR(K)=1- e~ with the independent K -factor formula
given in equation (7). For d > 3, the function F; can be
expressed as a combination of polynomials, exponential and
error function but cannot be analytically inverted:

F3(K) = erf (\2) - \/ZKG—KZ’

To finish, the lower and upper bounds of equation (9) gener-
alise in dimension d to:

VZerf ' (1 - Ip) < K(Ig,C) < Fy'! ((1 - JR)%)

C. CDF-overbounding

For d > 2, there is no universal definition of CDEF-
overbounding. However, all the developments of section V-B
hold by replacing the overbounding condition by the following
condition: for all k such as Fy(k) < 1— Lp we have:

P(llzall < k) = Fa(k)

meaning that the first 1 — Ly fraction of the error distribution
is “less spread out” than a Gaussian distribution.



APPENDIX B
PROOF OF THE THEOREM

A. d =1 case

In this section, we will sketch the proof of theorem 1 in
the case d = 1. The theorem comes from the following result
proven by Kathri in 1967. Let Y = (Y1,Y3) be a random
Gaussian vector of dimension n = nq + no (with Y; of size
n;) of zero mean and covariance matrix

Y11 Yo
E =
<2F1F2 %)
with the partition corresponding to Y7 and Y. Let Cy and Cs

be two symmetric convex subsets of R”* and R™2 respectively.
If rank(X12) = 1, we have the following inequality:

]P)(Yl c(Crand Ys € 02) > P(Yl c Cl)P(YQ S 02) (14)

Then theorem 1 follows from applying the above result with
n=1ny=n-1 01 ={jy1| <K}, Co ={Vi>2,[y;| <
K} and then induction on n. With this partitioning, X15 has
size 1 X (n — 1) and has thus rank at most 1 so (14) applies.

Let us now move to the proof of (14). Since rank(313) =
1, there exists two vectors a; € R™ and as € R™ such
that X150 = a1 ag. We introduce a new normal random vector
Y = (Y1,Y,Z) of dimension n + 1 with zero mean and
covariance matrix:

B Y Y2 @
— T
E = 212 222 a9
T T
ay  ay 1

Then the distribution of (Y7, Y3) conditional onZ =zisa
multivariate normal of mean i and covariance ¥ where i =
(zay, zaz)’ and

f—E— aq aq T_ Ell—alalT 0
o as ag - 0 222 — agag

and therefore Y] and Y, are conditionally independent given
Z (note that this is only possible because X192 = alag thus
Y12 must have rank at most 1).

Now we define the two functions of z:

9i(2) =P (Yi € Gi|Z = 2) :/

Ci —zZa;

Ji(y)dy

for i = 1,2, where f; denotes the Gaussian density function
of covariance X;; — aialT. We use Anderson’s theorem (1955)
[12] to show that the two functions g; are symmetric and non-
increasing functions of |z|, meaning that:

|z1] < |22 = gi(21) > gi(22) (15)

More precisely, Anderson’s theorem states that for f : R® —
R a nonnegative symmetric unimodal function (unimodal
means here that for all real ¢, the set {x € R"™ : f(x) > ¢} is
convex), K a symmetric convex subset of R", then for every
y € R™ the function

h:tw— f(x)dx

K+ty

is a symmetric unimodal function of ¢. For a proof, we refer to
[5], [12]. It is straightforward to check that the hypothesis of
Anderson’s theorem are verified for the functions g; and that
a symmetric and unimodal function of R satisfies the property
(15).

From the property (15), we can write:

V21,22, (91(21) — g1(22)) (92(21) — g2(22)) > 0

and thus taking the expectation with respect to z; then zo, we
see that cov(g1(Z), g2(Z)) > 0. But we have that:

Elg(2)] = E[P (Y1 € C1|Z)] =P (1 € (1)
and similarly F [g1(Z)] = P (Y1 € C4) whereas
Elg(2)92(2)] = E[P (1€ Ci|Z)P(Yz € Co|Z)]
= FE[P(Y1 €CyandY; € Cs|Z)]
P(Y:1 € Crand Vs € Cy)
by the conditional independence of Y;,Y> given Z. So the

positive correlation cov(g1(Z), g2(Z)) > 0 gives us exactly
equation (14) which concludes the proof.

B. d > 2 case

If d > 2, the proof presented above fails because the
condition rank(X15) = 1 can no longer be insured. The result
remains true and is a consequence of the following stronger
and more recent theorem:

Theorem 3 (Gaussian Correlation Inequality): Let X
be a Gaussian vector of dimension n of zero mean. Then
for all convex sets E/, F' C R™ that are symmetric about
the origin, we have the inequality

P(X € ENF)>P(X € E)P(X € F)

For a proof of this theorem which is beyond the scope of this
paper, we refer to the articles [9], [13].

Now let X, Y two Gaussian vectors of RN? verifying

the conditions of theorem 2. For a fixed K we define the
sets B, = {X € RV : ||z, ||, < K} which are symmetric
about the origin and convex. By successive applications of the
Gaussian Correlation Inequality, we get

P (X € fj En)

N
P(X € b, = HP(HCEnHZ < K)

P([ Xl < K) =

>

=

3
Il
-

Then for all n we have P (||z,|l2 < K) > P(||ynl2 < K).
This is straightforward to see because the covariance matrix
cov(Ty, T, ) has eigenvalues at most one and y,, ~ N(0, I).
This finishes the proof:

v
=

P([[ X < K) P(llznll2 < K)

3
Il
-

IV
=

P(llynllz < K) = P([Y [l < K)

3
Il
-



ACKNOWLEDGMENT

The authors would like to thank Sébastien Trilles from
Thales Alenia Space, Eric Chaumette and Jordi Vila-Valls from
ISAE-SUPAERO for useful discussions and comments.

[2]

[3]

[5]

[6]

[7]

[8]

[9]

[10]

[11]

[12]

[13]

REFERENCES

“Minimum Operational Performance Standards for Global Position-
ing System/Satellite-Based Augmentation System Airborne Equipment,”
RTCA DO-229E, 2016.

B. Roturier and E. Chatre, “The SBAS integrity concept standardised
by ICAO - Application to EGNOS,” NAVIGATION, vol. 49, pp. 65-77,
2001.

J. Antic, O. Maliet, and S. Trilles, “SBAS protection levels with Gauss-
Markov K-factors for any integrity targets,” NAVIGATION, (in review).
C. Milner, B. Pervan, J. Blanch, and M. Joerger, “Evaluating Integrity
and Continuity Over Time in Advanced RAIM,” in PLANS 2020
IEEE/ION Position, Location and Navigation Symposium, ser. 2020
IEEE/ION Position, Location and Navigation Symposium (PLANS).
Portland, United States: IEEE, Apr. 2020, pp. 502-514 / ISBN:
978-1-7281-9446-2. [Online]. Available: https://hal-enac.archives-
ouvertes.fr/hal-02866350

M. D. Perlman, “Anderson’s Theorem on the Integral of a
Symmetric Unimodal Function over a Symmetric Convex Set and its
Applications in Probability and Statistics,” 1988. [Online]. Available:
https://stat.uw.edu/research/tech-reports/andersons-theorem-integral-
symmetric-unimodal-function-over-symmetric-convex-set-and-its

C. G. Khatri, “On Certain Inequalities for Normal Distributions and
their Applications to Simultaneous Confidence Bounds,” The Annals
of Mathematical Statistics, vol. 38, no. 6, pp. 1853 — 1867, 1967.
[Online]. Available: https://doi.org/10.1214/aoms/1177698618

Z. Sidak, “On Multivariate Normal Probabilities of Rectangles:
Their Dependence on Correlations,” The Annals of Mathematical
Statistics, vol. 39, no. 5, pp. 1425 — 1434, 1968. [Online]. Available:
https://doi.org/10.1214/aoms/1177698122

K. Jogdeo, “A Simple Proof of an Inequality for Multivariate
Normal Probabilities of Rectangles,” The Annals of Mathematical
Statistics, vol. 41, no. 4, pp. 1357 — 1359, 1970. [Online]. Available:
https://doi.org/10.1214/aoms/1177696913

T. Royen, “A simple proof of the gaussian correlation conjecture
extended to multivariate gamma distributions,” 2014. [Online].
Available: https://arxiv.org/abs/1408.1028

B. DeCleene, “Defining pseudorange integrity - overbounding,” Pro-
ceedings of the 13th International Technical Meeting of the Satellite
Division of The Institute of Navigation (ION GPS 2000), pp. 1916-1924,
September 2000.

J. Rife and D. Gebre-Egziabher, “Symmetric overbounding of correlated
errors,” NAVIGATION, vol. 54, no. 2, pp. 109-124, 2007. [On-
line]. Available: https://onlinelibrary.wiley.com/doi/abs/10.1002/j.2161-
4296.2007.tb00398.x

T. W. Anderson, “The integral of a symmetric unimodal function over
a symmetric convex set and some probability inequalities,” Proceedings
of the American Mathematical Society, vol. 6, no. 2, pp. 170-176,
1955. [Online]. Available: http://www.jstor.org/stable/2032333

R. Latala and D. Matlak, “Royen’s proof of the gaussian correlation
inequality,” in Lecture Notes in Mathematics. Springer International
Publishing, 2017, pp. 265-275.



