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Outline of the talk

é Study funded by CNES

NNNNNNNNNNNNNNNN - Review of spectral analysis methods

1. What is spectral analysis?
2. The Welch periodogram
a. Influence of the weighting temporal window

b. Influence of the length and number of segments
c. How to better estimate the slope?
3. Other methods of spectral analysis?

Comparisons made

on simulated Sea Level Anomalies (SLA)

and

on real signals from SARAL/AIltiKa, Agulhas current area
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1. What IS SpECtra| AnalySiS? From a theoretical point of view

Observed signals = realisations of a stochastic process
Agulhas Current

Sea Level Anomaly (SLA) measurements

SLA(m) Power Spectrum Density

(PSD or « spectrum »)
: 1 0
Pa(f) = lim E[+|X1(f)

X(f)=FT{z(t),t=0,...,L}

To compute a PSD, one needs to:

 Know the process on a finite temporal window L,
 Compute the squared modulus of the Fourier transform
 Compute the mathematical expectation (statistics?)
 Compute the limit when L tends to infinity (how?)
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1. What is Spectral Analysis? From a practical point of view

Observed signals = realisations of a stochastic process

Agulhas Current
Sea Level Anomaly (SLA) measurements PSD Estimation

= Periodogram

SLA(m)

& 1
| -Shm-(f) = -vl DFT {."1.’(7),),7), —1 ) - N — 1}|2

s

It looks like the PSD but

0 No stochastic process,

No mathematical expectation,
No limit computation

.
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Periodogram =
One possible estimator, but with bias and variance
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2. The Welch periodogram

1 A - U e
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Which one?

ber of segments?
Size?
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: a. Influence of the
2. The Welch perlodogram weighting temporal window

Which weighting temporal window? Depends what you are looking for...

S O I Comoltve BiG,oa(f)] = S(f) W (S

[llustration on an academic example:
Signal 4 smusmds * whlte Gau55|an noise

Rectangular
window

10°F

IW(f)I? rectangular

10 ' '
102 F
10% :
1 '}

Hannij :; 9.05 0.1 0.15 0z 0.25 03 9.35 0. 0.45 .05
: requencies

Blackman-Harris _
window

’ 10°

Blackman-Harris

2000 2010 2020 2030 2040 2050 2060 200 2050 2090 2100

frequencies
10
Frederic J. Harris,
On the use of Windows for Harmonic Analysis N s N s s X
with the Discrete Fourier Transform, 005 01 0.1 S92 0a 03 08 req L“,gh cies

Proceedlngs of the IEEE, Vol.66, No.1, January 1978, pp 51-83.
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a. Influence of the
weighting temporal window

2. The Welch periodogram

SLA AltiKa — cycle 4 — Agulhas Current

10%¢ - .
10‘ 2 -:
A Rectangular tapering in red |
€ 10°F ‘
g Blackman-Harris tapering in black
a
@D
ai10 ' f
102 Two
; L PSD estimations,
' For both estimations: ,
' Detrend, no zero-paddin both biased
‘ ’ P & (convolutive bias)
3 [l

2 102 107! 10
Wavenumber (cpkm)
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, b. Influence
2. The Welch periodogram of the length & number

SLA AltiKa — cycle 4 of segments

Agulhas Current
10' f v T

Length of segments

]
: . 1

= Frequency resolution 0} \( PSD estimation :
; (25 segments of 3000 samples)
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c. How to better estimate
the slope?

2. The Welch periodogram

SLA AltiKa — cycle 4 - Agulhas Current

! It comes from
the frequency scale
of the DFT:

Only 4 points
to estimate

i the slope
! Classical =
o | M frequency values
%'0 i uniformly
3 1 distributed
é : between
o 10°F

i 0andF,

R BUT

102 L PSD estimation W | oltimetry

. (25 segments of 3000 samples)

Frequency scale =
logarithmic

1072 107! 10°
Wavenumber (cpkm) \ /
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: c. How to better estimate
2. The Welch periodogram ,
the slope?
Well-suited to SLA spectra: SLA AltiKa - cycle 4 - Agulhas Current
10% ¢ .
In bIack « cIa55|caI » DFT on 3000 samplés
DFT computed on a No zero-padding, 4 points to estimate thle slope
10'E !
logarithmic :
In red, DFT on a logarithmic |

frequency scale, on 3000 samples :

frequency scale 4
i \. 110 points to estimate the slppe

10 F

PSD (m2/cpkm)

. IO2 3
« classical » frequency scale
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2. The Welch periodogram

Spectral Bias Window Variance Fast log

analysis choice algo  frequency
scale

methods V

May induce bias

In slope estimation
Necessary to

average
several segments

Other methods of spectral analysis?

12
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3. Other methods of spectral analysis?
Parametric spectral analysis

1 AutoRegressive (AR) modeling
p

Ale) x(n) = —Zakaz(n — k) +e(n)

k=1

AR spectral estimator
Not suffering from effects of windowing

Better stability for short signal segments O'g
Better spectral resolution SAR (f) —

2

p
|]_ + z ak6i27rfk
k=1

Choice of orderp
Not reversible AV 4

Slightly more complicated to code
parametric model — has to be adapted to signals of interest 13
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3. Other methods of spectral analysis?
Parametric spectral analysis

AutoRegressive Spectral Analysis (AR)
SLA AltiKa — cycle 4 — Agulhas Current

1 segment
(3000 samples)

Spectral estimation
possible
on small segments

Slope can be estimated .|

No need to average
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LY
- Study funded by CNES L
4. Conclusions cnes

CENTRE NATIONAL D’ETUDES SPATIALES

Spectral analysis based on Fourier transform
[ Zero-padding or logarithmic frequency scale

good for slope estimation
Bias due to any weighting temporal window

& Large variance | SLA Altika - cycle 4

=> necessary to average several segments | Agulhas Current
1 segment (3000 samples)

o S ———
©

102 10!
Wavenumber (cpkm)

rAWR spectral estimation

. 4 No windowing effect,

;1 Low variance, no need to average several segments
Logarithmic frequency scale available

@ Choice of order p

.| SLA AltiKa —cycle 4
.| Agulhas Current
"1 1 segment (3000 samples)

10° 10

10!
Wavenumber (cpkm)
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To illustrate bias and variance of Fourier based methods:

Su pplementa ry Slides An « academic » example

e g

R - Theoretical PSD

10' -

\00 -

IO" E-

‘0'2& 4 sinusoids +

white Gaussian noise
10'3 3
L frequencies
0.05 0.1 0.15 02 0.25 03 0.35 04 0.45

17
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To illustrate bias and variance of Fourier based methods:
An « academic » example

Supplementary slides

PSD estimation

Convolutive bias using periodogram
10'F M :
|

10° Variance

For a white Gaussian noise

10°F v S
Var(5(f)) — S5° (QI
104 frequencies l ]IV |_> +
0.;]5 01.1 0.115 OTZ 0.l25 OL.3 0.135 04 0.45 18
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To illustrate the influence of the length and the number

S U p p I eme nta ry S I I d es of segments in Fourier based methods:

An « academic » example

One segment of 100
samples
100 b
Length of segments
-5 1 L 1 L L L — 1
10 Q 0.05 0.1 0.15 02 0.25 03 0.35 04 0.45 05 - Frequency reSOIUthn

frequencies

" One segment of 1000
3 | samples

5 ] s 1 L | 'l L INNLS!
19 Q 0.05 01 0.15 02 0.25 03 0.35 04 fre(g]b‘:encigsﬁ
10 segments of 1000 Numl?er of segments
ol samples = Variance
of the spectral estimator
-5 Il 1 1 Il 1 | L 1 L
L Q 0.05 01 0.15 02 0.25 03 0.35 04 fre%’.‘b‘)encigs.‘) 19
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To illustrate what is ZERO-PADDING

S U p p I eme nta ry S I I d es (interesting to better estimate the slope)

From the N—-1 _infnT
Discrete Fourier transform ... For 0 < f < F,, Xp(f) = Z x(n)e 5
n=0

N-1
... To the algorithm For k = O, ,N - 1’ XD ( ) — Z x(n)e—iQWkﬁs nds
0 nED

| | /

>

Necessary disc(t)'etisation of the frequency scale

N-1
ooooooooooo»k

N signal samples _ N frequency values

... ZERO-PADDING: just add zero values after the signal samples (same as window effect)

VAV /\/\/\/ 00000000...000000000 _ MxN frequency values

N signal samples + (M-1)xN zero values
0000 00000 060000600 0 0 006 k

A finer discretisation of the frequency scale, a better representation
20
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Supplementary slides

Without ZERO PADDING

To illustrate what is ZERO-PADDING
(interesting to better estimate the slope)

15

10k

J
0005 001 0015 002 0025 003 0035 004 0045 005 005

frequencies

=F Fourier Transform = % Fourier Transform

0t computed on wt 'l computed on

s N frequency values - st | NxM frequency values
0t from f=0to F, 0t from f=0to F.

= (sampling frequency) | (sampling frequency)

5 0.005 001 0015 0‘ 0.025 0.03 0.5 0.04 05 Q) 0.055 |
f(;sequenaes
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Supplementary slides

SLA AItha - cycIe 4 — Agulhas Current

To illustrate what is ZERO-PADDING
(interesting to better estimate the slope)

A better estlmatlon of the slope

10% Ty pac) Wlthout zero- paddlng
in red
10! 4 points to estimate
1L g
10 % . the slope
¥
= 100t | WITH zero-padding™s
& in black
2, 34 points to estimate
3 the slope
- 10 2 0.&]4 0.(II)6 0.(IX)8 0.;]1 O.(;IZ 0.(;140.0.1&.018).‘02
Wavenumber (cpkm)
102E [ |
\MJ
A better fit
wtl— - e St to estimate
107 10 10° 10 10

Wavenumber (cpkm) the sIope




To illustrate

S U p p I eme nta ry S I I d es Fourier based spectral analysis v.s. AR spectral analysis

SLA AltiKa — cycle 4 — 1 segment
Agulhas Current (3000 samples)

10°F
10'3{ |
4 l ]
10°F | E
. . | ]
iak ¢, Varianceis reduced | 1
|
| No need to average several segments
10'6{ | IO'GF s
| |
10'170"‘ 107 0 1<IJ° : 10.170‘3 07 0 1<I)°
Wavenumber (cpkm) Wavenumber (cpkm)
Periodogram AR spectral estimation (p=150)
(1 segment of 3000 samples) (1 segment of 3000 samples)
Zero-padding, detrend, rectangular window 23
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