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Abstract: In the signal theory framework the "analytic signal” is a particular polar representation of a signal . It 

defines an envelope (a modulus) and a phase (an argument) and these parameters are basic in communications. In this 

paper, we show that amplitude demodulations generally change envelopes and reduced phases. Consequently we show 

that recent results in laser communications about these parameters are erroneous. 
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1. INTRODUCTION 

 Atmospheric turbulence induces limitations of 

performances in optical communications. Recent papers 

study fluctuations in laser propagation on distances going to 

dozens of kilometres [1-3]. To measure influence of 

atmosphere, the received beam is mixed with a delayed 

version and frequency downshifted of the transmitted wave. 

The delay is in the order of magnitude of the propagation 

time to maintain the beam coherence. A first frequency 

downshift is obtained from an AOM (acousto-optic 

modulator) which puts the wave in an intermediary 

frequency (in the order of few 100MHz). This electrical 

signal holds the information about the laser beam. A second 

demodulation sends the spectrum in baseband. 

 The envelope gives insights about the widening of the 

laser wave. Nevertheless, demodulations introduce changes 

about envelopes and this drawback seems to be forgotten by 

researchers. This paper establishes links between envelopes 

and phases before and after demodulations. Computations 

are done in the deterministic framework rather than in the 

random framework because examples are easier to construct. 

2. ENVELOPE AND PHASE 

 We give some definitions in the signal theory framework.  

1) Let  be a function with real values. The Fourier 
transform  is defined by 

            (1) 

The Hilbert transform  is defined by  

            (2) 

The analytic signal  of  is defined by [4, 5]  

               (3) 
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 is a complex number. If  and  are the components 
of positive and negative frequency of  

  

          (4) 

 Then we have 

              (5) 

 An amplitude demodulation of shift  is the 

operation which leads to  

        (6) 

  is some phase defined by devices and times of 

propagation. In communications, the signal   is 

multiplied by  and filtered in baseband. 

Roughly speaking, the multiplication by  

changes the frequential components at  in two components 

at  and . The first one (resp. the second one) 

is cancelled by a lowpass filter for  (resp. ). The 

result is . 

 2) The envelope  and the phase  of   are 
defined as the modulus and the argument (modulo  of the 
analytic signal 

 .          (7  

 In real conditions  (the "spectrum" of ) cancels 
outside the neighborhood of some frequencies for instance 

 is shifted in baseband by a 
demodulation. The result is a new function whose spectrum 
cancels outside a neighborhood of the frequency 0. The 
envelope and the phase of this last function are then 
computed. It seems commonly admitted that this operation 
does not change the envelope value. 

 If  is split in four parts  
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           (8) 

then we have, from (5) , (6) 

 

(9) 

where  is the analytic signal of  (the demodulated 

version of ). Consequently to (9) we are sure that the 

demodulation does not change the envelope when  and 

 are the null function (  and  are conjugate functions 

because  f  is assumed real). It is the case when the frequency 

bands of f do not intersect the interval ),( 00
,  The 

property is untrue in other cases. 

 3) For instance we consider the function 

 

 When  we have, from (8) 

  

   

And also, from (4), (6), (9) 

 , ,  

 Clearly the envelopes of  and of its demodulation 
 are different. The first one is equal to and 

the second one is . For other values of  the 

results are different. When ,  the envelope does 

not change, which is not the case for . Fig. (1) 

depicts the envelope for some values of ,  Computations 

are straightforward. 

 4) In this example we have a problem of aliasing, 

drawback which is well known in sampling theory. In the 

demodulation process, the frequency bands (-11, -9) and (9, 

11) are folded on the same interval (-1, 1). The band (-11, -

10) goes up to (-1, 0) where the band (9, 10) goes down. To 

avoid this drawback, it suffices to measure   for two 

different values  of . For instance 

  

which leads to (  and I stands for the imaginary 
part)

 

Fig. (1). Envelope for 4 values of the frequency shift. 
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10) 

provided that 

 Formula (10) provides the analytic signal  of  in 

function of the analytic signals ,  for two 

demodulations of  with the same frequency downshifting 

. 

3. REMARKS 

  1) In radio communications, the amplitude modulation 
begins with a signal in baseband which is frequency 
upshifted in some frequency band for propagation. At the 
receiver the signal is frequency downshifted in baseband, 
using the frequency carrier of the modulation. In this 
situation the received signal is identical to the transmitted 
signal except for a time delay. Then envelopes at the 
transmitter and at the receiver are identical. But  (the 
signal in baseband) and  (the 
modulated signal) do not have the same envelope. For 
instance, with  we have the following sequence 

  

 

while we have  

 

 The reason: in the computation of the analytic signal, 
only the positive part of the spectrum is taken into account. 
In Fig. (2) we show the signal in baseband, its envelope and 
the modulated version. Its envelope and the signal in 
baseband are proportional. 

 2) In optical communications, we may admit that the 
transmitter is monochromatic with some frequency   
(  in the complex model). The propagation widens the  
beam spectrum so that the returned beam  has a 
continuous spectrum in some limited set 

. As explained above, a demodulation 
of frequential amplitude  will change the envelope. But 
the latter will be unchanged in demodulation with frequency 
shift  such that  Actually, we see 
that such a demodulation does not create aliasing. 

 3) Let a real function  such that (  ) : 

 

  cancels outside of 
    we have in the same time 

 ,

 

 Moreover, if the real function )(tr  is such that 

 

the Bedrosian’s theorem [6] implies that the analytic signal 
of 

(11) 

is reduced to  

 

Fig. (2). Modulated signal (…) and its envelope (-), envelope of the signal (---). 
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         12) 

 Actually, most of the people accept implicitly that these 

restrictive hypotheses about the bandwidths of  and 

 with respect to  are verified, and then they admit 

the last representation (12) . To assume a bounded spectrum 

for these quantities is a risky bet. Among reasons, they are 

non-linear functions of the studied function  It is easy to 

give counter-examples, for instance defining  as a 

periodic rectangular function. 

4. CONCLUSION 

 The concept of envelope is used in radio communications 
[5], laser propagation [1], radar backscatter [7]. The 
envelope is often measured looking at the analytic signal 
after demodulation which allows to work in baseband. In this 
paper, we show that the result is different of the signal 
envelope in its original frequency band except some cases 
(for instance when the Bedrosian’s theorem can be used). 
We give a method to compute the true envelope (and the true 
phase) with two and not one demodulations. This paper is 
written in the functions framework taking into account a 
deterministic context, easier to handle than a random one. 
Properties are still true in the framework of stationary 
random processes. In classical amplitude modulation-
demodulation, a signal in baseband A is sent in another 
frequency band (for instance multiplying by  
large enough). The result B is returned in baseband and low-
pass filtered. The result C is equal to A (except for a 
multiplicative constant). Then the envelopes of A and C are 

proportional and the phases differ from  (except for an 
additive constant). Actually this property is untrue for B and 
C (or A and B). Consequently, the envelope and the phase of 
a laser beam (then in a high frequency band like B) can 
become very different after demodulation in baseband. This 
drawback is not taken into account in laser communication 
literature. 
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