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A Bayesian Lower Bound for Parameter Estimation
of Poisson Data Including Multiple Changes
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Abstract

This paper derives lower bounds for the mean square errors of parameter estimators in the case of Poisson distributed data
subjected to multiple abrupt changes. Since both change locations (discrete parameters) and parameters of the Poisson distribution
(continuous parameters) are unknown, it is appropriate to consider a mixed Cramér-Rao/Weiss-Weinstein bound for which we
derive closed-form expressions and illustrate its tightness by numerical simulations.

I. INTRODUCTION

Parameter estimation in the context of discrete Poisson time series submitted to multiple abrupt changes is of practical
interest in many applications, such as the segmentation of multivariate astronomical time series [[1]-[3[]. In this context, the
observed data (distributed according to a Poisson distribution) are subjected to abrupt changes whose locations are unknown.
The values of the Poisson parameters associated with each interval are also unknown quantities that need to be estimated.
Several strategies have been investigated in the literature [4]—[8]]. However, to the best of our knowledge, lower bounds for
the mean square error of the resulting simulators have been derived only in a few specific cases. For instance, the case of
a single change-point in the observation window was studied in [9]. The case of multiple changes was considered in [10].
The difficulty of deriving bounds for the parameters of piece-wise stationary data is mainly due to the discrete nature of
changepoint locations for which classical bounds such as the Cramér-Rao bound (CRB) are not appropriate anymore. In [9]],
[10], the authors considered a lower bound for the mean square error (MSE) that does not require the differentiability of the
log-likelihood function. Specifically, deterministic bounds, such as the Chapman-Robbins bound, have been derived for a single
change-point in [9]], and then extended to multiple changes in [[10], with the strong assumptions that the Poisson parameters
are known. On the other hand, and in order to improve the tightness of the resulting bound, we proposed in [[11]], [12] the use
of the Weiss-Weinstein bound (WWB), which is known to be one of the tightest bound in the family of the Bayesian bounds.
Nevertheless, these analyses were limited to the case of known Poisson parameters both in the single [[11] and multiple [[12]]
changepoint scenarios.

In this paper, we fill this gap by proposing and deriving a new Bayesian lower bound for the global MSE (GMSE) of
the parameters of Poisson distributed data subjected to multiple changepoints. The proposed bound is a mixed Cramér-Rao
(CR)/Weiss-Weinstein (WW) bound adapted to the fact that some unknown parameters are discrete (the WW part of the mixed
bound is associated with the change locations) and that the other parameters are continuous (the CR part of the mixed bound
is associated with the Poisson parameters). The idea of combining these two bounds had already been introduced in [13]],
under a recursive form. Of course, using a WWB for both discrete and continuous parameters would be theoretically possible.
However, the WW bound is expressed as the supremum of a set of matrices whose computation is infeasible in our scenario.
Thus, the mixed Cramér-Rao/Weiss-Weinstein bound is the appropriate alternative, whose computation can be achieved using a
convex optimization procedure to compute this supremum based on the computation of the minimum volume ellipsoid covering
a union of derived ellipsoids.

II. MULTIPLE CHANGE-POINTS IN POISSON TIME-SERIES: PROBLEM FORMULATION
We consider an independent discrete Poisson time series subjected to multiple changes. The resulting observation vector
x=[zr1,... ,xT}T (of length T') is defined as
zy ~P (M), fort=1,...,¢
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where P (), for k =1,..., K+1, denotes the Poisson distribution of parameter Ay on the k-th segment, i.e., Pr(x; = k¢) =
Artexp{—Ar}/(x¢!), K denotes the total number of changes (assumed to be known), and ¢;, denotes the k-th change location,
i.e., the sample point after which the parameter \; of the current segment switches to ;1. The segmentation problem addressed
in this work consists of i) segmenting the time series x, i.e., estimating the locations of the changes ¢, and ii) estimating the
Poisson parameters \;, on each segment. The resulting unknown parameter vector is 8 = [AT, tT] T, with A 2 A,y A K+1]T

and t 2 [t1, ... ,tK]T. This unknown parameter vector lies in the parameter space © = Rf“ x {1,... 7T}K, where R
denotes the set of real positive numbers. Using a Bayesian framework, we consider that both vectors A and ¢ are assigned a
known prior. More precisely, the Poisson parameters A\ are assumed to be independent and identically distributed (i.i.d.), and
are assigned the conjugate gamma distributions with parameters oy, and 3, leading to the following prior

K41
s

FN) = klle o

in which I¢ (.) denotes the indicator function on the set £, and I'(.) denotes the usual gamma function, i.e., for a > 0,
INa) = f0+°° 2% Lexp(—x)dz. On the other hand, we assume that each change location t, for k = 1,..., K, is defined
as the following random walk ¢ = t;x_1 + € where ¢ are i.i.d. variables following a discrete uniform distribution on
the set of integers {1,...,7}, and t; = 0. The value of 7 is chosen so that the final change ¢y is at least located before
the last observation, i.e., the maximum possible value for 7 is Tiax = [(T'—1) /K|, where |.| denotes the floor function.
Consequently, we obtain the following prior distribution for the unknown vector ¢

Mgkt exp (= BAk) I, (Ak) (2)

K
1
Pr (t = e) = 7-7 H H{Zk—l-i-l ~~~~~ L1147} (gk) @)
k=1
with ¢y = 0. Since vectors A and t are independent, the joint prior for A and ¢ is expressed as f (X, t =€) = f (X) Pr(t = £).
From the model @), the likelihood of the observations can be written as

K+1 Lr Kt

fe=rnt=0=T] TI Zewi- @)

k=1 t={;_1+1

The aim of the present paper is to study the estimation performance of the vector € by deriving a lower bound on the mean
square error (MSE) of any Bayesian estimator é(w) of 6. Both subvectors A and t of 8 have to be estimated simultaneously.
However, as already mentioned in Section [, the Cramér-Rao bound is not suited for changepoint analysis, since £ is a vector
of discrete parameters. Thus, the idea is to use two different lower bounds w.r.t. each subvector of 6, resulting in a “mixed”
Bayesian bound that corresponds to the Bayesian CR bound for the first subvector A of €, and that corresponds to the so-called
WW bound for the second subvector ¢ of 6. As already mentioned, the use of such a combined CR/WW lower bound was
initiated in [[13]] in a target tracking context. Since our framework is different, the next section is devoted to the presentation of
this bound, which we will refer to as the “Bayesian Cramér-Rao/Weiss-Weinstein bound” (BCRWWB). It is in fact a special
case of a general family of lower bounds exposed in [14].

III. BAYESIAN CRAMER-RAO/WEISS-WEINSTEIN BOUND

We are interested in studying the estimation performance of a parameter vector @ that lies in a parameter space © =
RE+1 x NX . As explained in the previous section, this parameter vector can be split into two subvectors, A € Oy = Rf +
and t € ©, = NX 5o that § = [)\T, "] T and © = © x ©. From a set of observations a € (2, the vector  can be estimated
by using any Bayesian estimation scheme, leading to an estimator 6 (z) = [5\ (:C)T,i(m)T]T. Let us recall that we aim at
obtaining a lower bound on the global mean square error (GMSE) of this estimator, which corresponds to the Bayesian CR
bound w.r.t. A, and which corresponds to the WW bound w.r.t. t. The GMSE of 0 (x) is defined as the (2K + 1) x (2K + 1)
matrix

GMSE(8) =E. 0 {[0 -8 (2)][0 -0 ()"} (5)

in which E,, ¢ {.} denotes the expectation operation w.r.t. the joint distribution f (z, @) which depends on both the observations
and the parameters. Based on [[14], by appropriately choosing some real-valued measurable functions ¢, (x,0),k=1,...,2K+
1, defined on € x © such that the following integrals exist and satisfy [yv; (x,0) f (2,6)d6 = 0 for almost every (a.e.)
x € Qand for k=1,...,2K + 1, the following matrix inequality holds

GMSE() - vp'v” (6)
in which V' is a (2K + 1) x (2K + 1) matrix whose elements are given by
Vi = Eszo {0k, (z,0)} (7



and P is a (2K 4+ 1) x (2K + 1) symmetric matrix, whose elements are given by

[P]kJ = Ew,@ {7% (CC, 0) ¢z (CE, 0)} . 3

Note that the matrix inequality (6) means that the difference between its left and its right hand sides is a nonnegative definite
matrix. One key point in the theory developed in [14]] is the choice of the measurable functions v,. For k restricted to

{1,..., K + 1} (continuous Poisson parameters), we define these functions as for the CR bound, i.e.,
Inf(20) ifgc @
x,0) = RV 9
Yy (z,0) {O, it ¢o 9

where ©' = {0 €O : f(x,0) > 0 ae. x € Q}. Conversely, for k restricted to {1,..., K} (changepoint locations), we define
these measurable functions as for the WW bound, i.e.,

[ @6+ hy) \/f(a:,e—hk) (10,

Vicr1rk (T,0) = \/M - F(@.0)

where hy, is any vector of size 2K + 1 of the form hy, = [0%_,, 07 Ay, Oﬂ_k]T, for k =1,..., K, in which 0;, denotes
the zero vector of length k. Note that the value of hj can be arbitrarily chosen by the user as far as it allows the invertibility
of P.

The next step in our analysis is to derive the matrix V. Denote as Vg5 the K x K diagonal matrix whose elements are, for
any k€ {1,...,K}

x,0+h
[V22]k,k = —thw,e { W} . (11
Substituting (©) and (I0) into (7), we obtain
—Ik+1 O(K+1)><K:|
V= 12
|:OK><(K+1) Vo (12)

where Ik denotes the (K + 1) x (K + 1) identity matrix and O(x41)xx is the (K + 1) x K zero matrix, provided the
following conditions are satisfied

1) f(«,0) is absolutely continuous w.r.t. Ag, k=1,..., K + 1, a.e. © € ;

2) limy, o Ak f (2,0) =limy, 400 A f (£,0)=0,k=1,..., K+ 1, ae. z € Q.

Note that these two conditions correspond to the necessary and usual regularity conditions for the derivation of the Bayesian
CR bound.

Similarly, by plugging (9) and (I0) into (), we obtain the expression of the matrix P, which can be split into four blocks

as follows p p
P— 11 12} 13
|:P’{2 Py (13)

in which P15 is the (K + 1) x (K 4 1) matrix whose elements are

Oln f (x,0) 8lnf(ac,0)}

(14)

P = E“’"’{ O O\

Py, is the (K + 1) x K matrix whose elements are

Puls, :Em7e{aln§;:,0) (\/f(;cé;)’u) N \/f(?(z,;)hl)ﬂ (15)

and finally P55 is the K x K matrix whose elements are

_ f(:l:,a—i—h) f(il:,e—h) f(:l:,a—i—h) f(wve—h)
[P”]’“E“””{W f(w,O)k_\/ f(aa@)k)(\/ f(wﬂ)l_\/ f(wﬁ)l)}' 1o

Note that the same bound can be obtained by defining all the functions v, for k € {1,...,2K + 1} as in , with
hy = [0{71, R, OZTKH#JT, by letting hy, tend to O for £k = 1,..., K + 1, and by using a Taylor expansion. Finally, the
tightest lower bound is obtained by maximizing the right hand side of () w.r.t. hq,..., hxk.




IV. APPLICATION TO MULTIPLE CHANGE-POINTS IN POISSON TIME-SERIES

This section presents the main results about the derivation of the lower bound presented in Section [II] for the problem
formulated in Section [l The full calculation details are provided in the appendices. The joint distribution of the observation
and parameter vectors can be expressed as

flx=Kr,0)=f(x=rIAt=0)f(A\t=21¢). (17

After plugging @), (3) and (4) into (17), we can deduce the expressions of f (x,6 + hy) fork=1,..., K, and 0f (x,6) /O
for k =1,..., K + 1. Let us first introduce some useful notations for the following mathematical functions. We first define
the function ¢y, (y) of the vector y = [y1,y2]" € R? as

2
a Y2 — /Y1
on, () =y Tyt exp{—ﬁ (y1 +y2) — [P W} (1%
and the following integral as
Bak+ak+1
®(hy) = —/ dy. (19)
( k?) T (ak) T (ak-i-l) Ri Qohk (y) Yy

We also define the function ¢y, ,, ., (2) of the vector z = [21, 22, z3]" € RY as the trivariate version of ¢, , i.e.,

2
k=1 k1 =1 ha 1exp{6(zl+zz+z3)|hk(\/g_2\/a)|hk |(\/£ \F) } (20)

¢hk,hk+1 (2) = 2] 29 23

We finally define the three functions u, v and w as follows

D i ) < K — 1 and [hy| <7
w(r,hg) =< Tl i g = Koand |hg| <7 1)
0 if ‘hk|>7’
wwifkgf{*l
_ and max (|hg|, [hrs1]) < 73
O (T, by hig1) = r=lhicl ik K and hic| < 73

T2

0 if max (|hg|, |Pkt1]) > 7,

(22)

w (Z, T, hk: hk-‘rl) = 2max (T - |hk| - |hk+1|7 0) - HlaX(T — Inax (|hk‘7 ‘hk+1|) 70)

1 — Tl_min(‘hk|7‘hk+1‘) (z) (23)
1—7r(2)

in which 7 (z) = exp {—zg + /Z122 + \/Z223 — \/2123}. Using these functions, we now give the expressions of the matrix

blocks composing V' and P, i.e., Vaa, P11, P12, P2 and Py which were introduced in Section
After plugging into (TI) and computing the expectations, we obtain, for k =1,..., K

(Vaolkr = —hi u(r, he) @ (hy) 24

—max (7 — |hg| — |hg+1] +1,0) +

The expression of P15 is obtained by substituting (I7) into (T4), which leads to a diagonal matrix whose elements have the

following form (for ay, > 2) )
_(BE+1) B
[Pk = (2(ak_1) +ak_2> . (25)

Similarly, the expressions of Pis (of size (K + 1) x K) and Ps; (of size K x (K + 1)) can be obtained after plugging
into (T3), which leads to

[A11 0 0
Asq Az
P, =P3 = g Az 0 (26)
: Ak x
| 0 0 Agi1k]
where, for k=1,...,K,andl=korl=k—1,
aptapgy n +1
Ap;=xhu(r,h 7/ () -1 d 27
k,l l ( l) F(Cl{l)l—‘(al+1) ]R%r Yo @hl (y) Yy



w9

where both “+” signs are “+” signs if [ = k — 1, and they are signs if [ = k.
Finally, by substituting into (I6), the matrix Py can be written as the following symmetric tridiagonal matrix

B, C; 0 0
Cl Bg 02 :
P22 = 0 02 B3 0 (28)
S . Cg_1
L0 -~ 0 Ckg-1 Bk |
where, for k=1,... K,
Bk = Q(U(T,hk) —u(T,th)(I)(Qhk)) (29)
and, fork=1,... K — 1,
/B(Xk+(¥k+1+ak+2
Cy = hi, h hi, h dz. 30
k= v (T, hie, b 41) T a0 T (or) T (ares) /Ri Dhhpss (2)W(Z, T, i, hiy1)dz (30)

A. Practical computation of the bound

The lower bound given by the right-hand side of (6), that we will denote by R can be computed using the previous formulas,
i.e., from 24) to (30). It can be noticed that some integrals (in (24), and (30)), do not have any closed-form expression
requiring some numerical scheme for their computation. In this paper, we have used the adaptive quadrature method [15] that
proved efficient for our computations.

In addition, we would like to stress that, even if it does not appear explicitly with the adopted notations, the matrix R
actually depends on the parameters o, ...,ax 11,5, 7,h1,...,hg (only the dependency on hq, ..., hx has been mentioned
from to [23)). Since each vector h = (hy,...,hx) leads to a lower bound R(h), one obtains a finite set of lower
bounds W = {R(h) | h € H}, in which H is the set of all possible values of h. As already mentioned, the proper
Cramér-Rao/Weiss-Weinstein lower bound is the tightest value of R(h), namely the supremum of W, that we denote by
B = sup(W) = supy, . p, B2(h). The supremum operation has to be taken w.r.t. the Loewner partial ordering, denoted
by “=<” [16]. This ordering implies that a unique supremum in the finite set ¥} might not exist. However, it is possible to
approximate this supremum by computing a minimal upper-bound B™* of the set W: this bound is such that, for all h € H,
B* = R(h), and there is no smaller matrix B’ < B* that also verifies B’ = R(h), Vh € H. It has been shown in [10], [17]
that finding B* is equivalent to finding the minimum volume hyper-ellipsoid £(B*) = {x € RX | 2T B*x < 1} that covers
the union of hyper-ellipsoids ¢(R(h)) = {x € R¥ | 7 R(h)x < 1}. The search of this ellipsoid can actually be formulated
as the following convex optimization problem [[17]]:

minimize log (det (Bl/z)) 31
bl ZoabZ Zoa"'abNh 207

[B_l - bn(R(h)n)_l Or+1)x1

=X 0242
O1x (2K +1) b, —1 1

(nzl,...,Nh)

subject to

in which N, denotes the number of elements of the set H, and R(h),, € W is an indexed version of R(h) (i.e., when n
varies from 1 to Np, h runs through all the possible combinations of hq, ..., hx, and R(h), runs through all the elements of
W). The problem can be solved efficiently using a semidefinite programming tool, such as the one provided in the CVX
package [[18].

V. NUMERICAL RESULTS

This section analyzes the evolution of the proposed bound as a function of a parameter that is classically used for changepoint
estimation performance. This parameter is either referred to as “amount of change” [19], “magnitude of change” or “signal-to-
noise ratio” (SNR): in [9]-[/11], for Poisson distributed data, the SNR is defined as v = (Ap11 —)\k)Q/)\2, fork=1,...,K+1.
In our context, since each Ay is a random variable with a gamma distribution of parameters « and J (as stated in ), this
leads to a lower bound B that does not depend on Ay,..., A1, and a fortiori on v. However, the bound depends upon the
parameters «y and (3, which can then be used to drive the average (M\),.., = ax/ generated by the Gamma prior. Thus, by
substituting (A),..., With Ay in the definition of v, we obtain 7 = (a1 — ay)?/ai. Such a definition implies that the higher
v, the higher the amount of change between two consecutive segments, on average.

In this study, we present some simulation results obtained for 7" = 80 observations, K = 1 change, and with U ranging
from —20 dB to 15 dB. Such a choice for the value of K is justified by the fact that it yields less complex expressions of
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Fig. 1. Estimated GRMSE and proposed lower bound w.r.t. the change-point ¢1, versus SNR, with 7" = 80 snapshots and K = 1 change in the mean rate
of a Poisson time series.

the estimators given in and . We chose oy = 3, and the subsequent a is given by ap = aj(1 + /7). We compare
the proposed bound with the estimated global mean square error (GMSE) of the maximum a posteriori (MAP) estimator of
0 = [\, A2, t1]T. It is worth mentioning that, given the posterior density f(\,¢|z = &) (that is proportional to ), there is

a closed-form expression of the MAP estimator of A, for a given £, that is, for k=1,..., K + 1:
Ly
ap + S k| —1
~MAP t=lp_1+1
A Up_1,0g) = . (32)
b (G ) B+ (b — 1)
This closed form expression is then used to obtain the MAP estimator of ¢
. ~ MAP
§A = argmaxIn f ()\ 0),t =Llx = n) . (33)
L

The estimated global root mean square error (GRMSE) of iMAP computed using 1000 Monte-Carlo runs and the associated
lower bound are compared in Fig. [I] Even if there exists a gap between the GRMSE and the bound, the difference decreases
as ¥ increases: at 7 = 10 dB, the difference in terms of number of samples is no more than 3 samples; at 7 = 15 dB, it is less
than 0.1 samples. The MAP behavior even seems to be closer to the bound for > 15 dB. However, it could not be displayed
for numerical reasons, the GRMSE tending steeply to zero. Finally, the derived bound provides a fair approximation of the
changepoint estimation behavior, in this context of Poisson data when the Poisson parameters A; are unknown.

APPENDIX
DETAILS ABOUT THE DERIVATION OF THE BOUND

In this section, we give all the calculation details leading to the bound given in Section [[V]

A. Derivation of Vo9 and Pas
Let us first remark that

[Vaoly. . = —hwC (g, 02k +1) and (P22l = (hi, hi) + ( (=hi, —hi) — C(—hy, hy) — C(hy, —hi)  (34)
in which ¢ (h, hy), for k € {1,..., K}, denotes

\/f(ac:fe,)\,t:£+hk)f(a::f<a,)\,t:£+h2)

A
¢ (b, hi) =Bzt Flx=rAt=20)
=3 [ S i@ =mAt =t f (e =rAt =€+ B)dx G
Le7K Rerl wkeNT



with vectors hy, and h; of the form hy, = [0{_,, hy, 0% _, ] Tand h} = [0, h, Oﬂfl]T, both with size K. Note that function
¢, even though it is written as a function of two vectors hy, and hj, is actually a function of the two scalars hj, and hj (which
are the non zero components of the two aforementioned vectors). Throughout the following developments, we will either use
((hg, hy) or ((hg, h}), depending on the convenience.

Since Vo9 is diagonal and Pso is symmetric, we can assume [ > k, without loss of generality.

Developing each probability density function (p.d.f.) in (35) from (I7), we have

(b k) = Y / .

VIOt =+ h)fnt =+ k) S (/@ =rIAt = £+ ) f(2 = kAt = £+ k)| dA

VA2 KENT
= / (A, £, hy, b)) C(N £, by, h)) dX (36)
VIVAS RKH
in which
(A L i hp) =/ FOE = £+ hi) fAt = £+ b)) 37)
and
(O Ry hy) = Y \/f(sc = KAt =L+ h)f(z=KAt=L+h). (38)

KENT

We first calculate (37), and then (38).
1) Derivation of (X, £, hy, h}): From (2) and (3)), one can deduce

K+1 e
, J—
(A £, by, b)) = H o)

A exp (—=BN) Ir, (\)

i=1

1

7-7 (H H{L 1+l o1 +T]} (E )> ]I{lk,lfh,ﬁ»l ----- Lp_1—hg+7} (Ek) H{ZkJrthrl ..... Lp+hy+7} (€k+1)
K

(HH{& 1+l +7} (E ))

Lo mteo i —ngary (&) Loengr. o tiengry (€141)

=1
K+1 6041 1
[ (Otl /\’?‘iil exp (—5)\1) ]I]R+ ()\z) . T—Kﬂjhk)h; (f) 39)

in which Jhk,h;, for [ > k + 1, denotes the following set (that is a subset of N¥)

Tny, = H G +1, o+ [ X ({1 + 1, b + 73Nl — R+ 1, ey — h + 7)) (40)
z;ékk+1 X({ﬁk+1,...,£kJrT}ﬂ{karthrl,...,Ek+hk+7'})
iALI+1 ><{61_1+1,...,£l_1+r}ﬁ{€l_1—h§+1,...,€l_1—h§+7})

x({a+1,..4+7yn{b+hj+1,... .0+ h)+7}),
forl =k +1, itis

K
jhk Wy = H{fi_1+1,...,€i_1+’r} X({&c—l+1,-~,£k—1+7_}m{gk—1*hk+]—,~~7€k—1*hk+7—}) 41
x({le+ 1, e +73N{le+he+ 1, 4+ i+ 7}
ﬂ{ek_h;wﬂ'f'l,,ek— ;€+1+7—})
x({£k+1+1,-~-7€k+1+7}
N{les1+hfyy + 1, by + Ry +7}),

i=1
itk k+1,k+2

and for [ = k, it is

jhk,h;: H {61 1+ 1.4 1+7‘} x({ék_l+1,...,€k_1+7}ﬁ{€k_1—hk+1,...,€k_1—hk+7} 42)
ﬁ{gk_l—h;C—Fl,...,Ek_l—h;C—FT})
x({bo+1,. . e+ 730l +he + 1, b+ g+ 7}
N{l+h,+1,.... 0, + by +7}),

=1
ikl Ft 1

with €0 =0.



TABLE I

LOWEST ELEMENTS (4;)min AND GREATEST ELEMENTS (; )max OF THE SETS Z; FOR¢ = 1,..., K, INTHE CASE UT (I > k + 1).
i (gi)min (Ei)max
k Zk,1 +1+max(—hk,0) Zk,1 +T—max(hk,0)
k+1 Zk +1+max(hk,0) Zk +T—max(—hk,0)
l £_1 + 1+ max(—hj,0) £_1 + 7 — max(h},0)
I+13Gl+1<K) £; 4 1 4 max(hj, 0) £y 4+ 7 — max(—hj, 0)
itk k+1,1,1+1 li_1+1 bici+T
TABLE 1T
LOWEST ELEMENTS (€;)min AND GREATEST ELEMENTS (¢; )max OF THE SETS Z; FOR¢ =1,..., K, INTHE CASEFSD (I = k + 1).
% (Zi)min (Zi)max
k fk,1 + 1+ max(—hk, 0) Zk,1 +7— max(hk, 0)
k+1 Zk+1+max(hk,—h;€+1,0) €k+T—maX(—hk,h;€+l,0)
k+2Gfk+2<K) ek+1+1+max(h;v+1,0) ek+1+7—max(—hgc+l,o)
Z#k,k+1,k+2 ki—1+1 ki_1+T
TABLE III
LOWEST ELEMENTS (4;)min AND GREATEST ELEMENTS (¢;)max OF THE SETS Z; FOR¢ = 1,..., K, IN THE CASE D (I = k).
7 (Ki)min (Zi)max
k Zk*l +1+rnax(—hk,—h;w0) Zk,1 +T—max(hk,h;€,0)
k+1GfEk+1<K) £ + 1 + max(hg, by, 0) £, + 7 — max(—hy, —h},0)
i £k k+1 li1+1 i1+ T

To summarize this, and in an effort to make it more explicit, the set jhk,h; C N¥ can be written as the cartesian product
of K sets Z; C N of consecutive integers, with i = 1,... K:

K
Tneny = [ Zi- (43)

i=1
The lowest elements (¢;)min = minZ; and the greatest elements (¢;)max = maxZ; of the sets Z; for i = 1,..., K are given

in tables and for the three cases i) [ > k + 1 (case “UT”, for “upper triangle”), ii) [ = k + 1 (case “FSD”, for “first
subdiagonal”), and iii) [ = k (case “D”, for “diagonal”), respectively.
2) Derivation of ((X, £, hy, h)): It follows directly from that

K+1 £; L +hy A\t Lra1 A\t
- - _ M ey (— s
flx=kKIA\t=~L+hy) = 1:[1 _éH 1 _[H Rl exp(—Ag) By 11 s exp(—Ag+1) (44)
i;égchJrl t=C;_1+ t=li_1+ t=Ci+hir+
and
K+1 4; L1+h; At Ly Kt
- - N — A _ I+1 _
fle =kr|A\t=L+h)) = H H H p” exp(—XA;) H/ " exp(—Ai41) (45)
#ﬁgﬂ t=C;_1+1 t=0_1+1 t=£,+h]+1

with ¢y = 0 and {1 = T. By plugging and into , one obtains the expression of é()\J, hi, h}), whose writing
actually depends on the three aforementioned cases, i.e., i) UT (I > k+ 1), ii)) FSD (Il = k+ 1), and iii) D (I = k).



i) Case UT (I > k +1): In this case, by plugging and into (38), one obtains:

+o0 +oo K+1 l; )\m £ —max(—hy,0) P
(nehh)=>" .Y | ] 11 o exp(—\;) 11 K’:! exp(—Ag)
k1=0 k=0 z;é}{fkl-',-l t=0;_1+1 t=Cr_1+1
AL+
£ +max(hy,0 ¢
y k mﬁ k50) A /)\k)\k:+1nt 3 Ak + Akt1 ﬁ /\Zfﬁ—l (_/\ )
PR 2 iyl AT AR

t=~0, —max(—hy,0)+1 t={,+max(hy,0)+1

¢, —max(—h},0) £;+max(h;,0) Kt
I R | B
! : ! 2
t=0;_1+1 t=£;—max(—h},0)+1
L 2\t
I+1
X exp(—A 46
II o] P(—Ai41) (46)
t:[ﬁ»max(h;,O)Jrl
Note that the sums indices K1, K2, .., Key, Key41s .-« Ky -y Ky, .., K7 are separated in @ This implies that the sums
of products become products of sums, and since
+oo )\Kt
Z’ exp(—X;) =1, 47
KR!
k=0

then (46) becomes
L +max(hy,0) 400 K
- Ak + Akl Ak Akt1
C(A,E,hk,h;) = H (exp{—2+ Z \/7
t=~0; —max(—hy,0)+1 k=0
El+max(h2,0)

+oo Kt
» H (exp {_)\l +2)\l+1 } Z 2V )\l:li-l )
t-

t=£;—max(—h},0)+1 K£:=0

50 KN\ Pkl 50 w1
Ik |)\k + b1 +Z V AEAR+1 I AL+ At JFZ VA A1 l
F 2 = K! P ! 2 = K!

I
@
X
o)

Il
@]
»
el
— —

Mo+ A ) A A
hk|k+2k+1}exp{|hk|\/)\k)\k+1}exp{h2|l+21+1}exp{|h;|\//\l/\l+1}
(Vs = V&)’ (VA = vA)”
] exp { [ YA

=p
in which, for k =1,..., K,

Ak )\k+1)p|h£| (A1 Aig1) (48)

—_— 2
P( Ak, Akg1) = exp {_ ( )\kHQ_ V) } : (49)

Note that é()\,ﬂ, hy, h;) does actually not depend on £ in this case.

ii) Case FSD (I = k + 1): This case is more complicated than the two others, because the writing of depends on
whether (1 + R, 2 (i + hi (note that in the case UT (I > k + 1), one always has £; + h; > {;, + h;, ; this can be seen
by analyzing table . The case {j4+1 + hj, 41 < L + hy is often referred to as “overlap case” in the following. It is first of
interest to determine when this case occurs.

By analyzing the line “/ = k + 17 in table [l we can first remark that this case is possible only if Ay > 0 and hj_, < 0.
In addition, since the set 7y, depends on ¢y, the formal condition for the overlap case to occur can be written as:

i1 € Tigr, Logr + Py < L + i, (50)

which is equivalent to
(Ckt1)min + i1 < Ly + By (51



Using the expression of ({41)min from table [, we obtain that the condition for the overlap case is finally
hi >0 and hj,; <0 and min(|hgl, |Rjiq]) > 2. (52)

In the case whithout overlap, i.e., when the condition l| is not met, the derivation of § (A £, hy, h;) is exactly the same
as in the case UT, which means we obtain

EOVE, g ) = 7 O Aol ey, Aera). (53)

On the other hand, when there is overlap, i.e., when the condition (52) is met, the derivation of (38) is done in the following
way:

+o0 +o0 K+1 4; ot Cegr1thy Kt
k) =S S | Tl I 2ewn)| I Wwexp{_mw}

0 0 =1 t=l; 141 t=lp+1 Fir! 2
K1= K= = =l;_ =
! T itk 1, k42 ! k
L+hy Kt
y H V Ak A k42 exp At Ak
lit! 2

t=lit1+h) ,+1

Lrt1 Kt
= VN1 Motz { A4l + Akt }
X H YT exp g - TR
Ht! 2
t=Ci+hy+1
pU )= (VA g) pft IO (4 Ayn) 54
- Ul TP ) =R (N Ngt2) b

using the same manipulations as those leading to . Note that in this case, ¢ (X, €, hy, b)) effectively depends on £. We
introduce the following definition, where the notation A2 denotes the truncated vector [Ag, Ag+1, >\k+2]T of A

Py Akt 1) (k15 Adky2)

Ma) = P(Ak, At2) G
= exp {*)\k+1 + VA e+ 1+ VA1 A2 — \/)‘k>\k+2} : (56)

Then we retrieve the function r(.) used in . Using this definition, we can rewrite (54) as
CONE, By By ) = P (N, Meet) p 7500 (N1, M) 7t F b ) =(Bethi) (3 o) (57)

iii) Case D (I = k): In this case, we have to consider the fact that h;c can either take three values: either h;C = hy, or
h;g = _hk’ or h;c = 02K+17 aCCOrding to "
If b}, = hy, gives directly
(L Ry, hy) = > f(@ = K|A t =L+ hy)
reNT

=1 (58)

since it is the sum of a probability distribution over its whole domain.
If h}, = —hy, equation (46) becomes

“+o00 +oo K+1 £ )\Kt L —|hk| )\ﬂt
(b =Y o> ] II e 11 Jee=dw
k1=0 k=0 . =1 t=0;_1+1 t=Llp_1+1
itk kt1
Ly Kt
gy V ARAR+1 Ak + Akt
X H ———————expy{—————
Ht! 2
t:ékf\hk|+1
L1 Kt
k+1
X H /1; exp(—Ar+1)
t=Li+|he|+1
= " (O, M) (59)

using the same manipulations as those leading to (48).



At last, if h;c = 02541, then equation becomes:

+o0 +o00 K+1 l; A £ —max(—hy,0) Kt
(R, 00 1) = > o> | ] I Z5ew=M) 11 B exp(—Ak)
k1=0 k=0 i=1 t=b; 141 by 41t
it b k1
L +max(hg,0 Kt
i (710) v Ak Ak+1 Ak 4+ Ak+1
X H 4 expy —————
Ht! 2
t={; —max(—h,0)+1
Lry1 A
k41
X
H o exp(—Ag+1)
t={,+max(hy,0)+1
= p" (A, A1) (60)

using once again the same manipulations as those leading to (#8).
3) Derivation of ((hy,h}) and final expressions of Va2 and P: In order to obtain closed-form expressions of ((hy, h)),
we use the expressions obtained for (X, £, by, h)) and C(X, £, hy, b)) in the three cases

i) UT, using with J, n; given by , and
ii)  FSD, using with J, n/ glven @ an elther @ or @ depending on whether there is overlap or not,
respectively (see condition

iii) D, using » with Jp, ne glven by (42), and elther or dependlng on whether h) = hy, hj, = —hy,
or hj, =
We then plug them into to obtain the final expression of ((hy, h}). Finally, the expressions of V25 and Py, are obtained
by using (34). Let us give these details in each of the three aforementioned cases UT, FSD and D.
i) Case UT (I > k + 1) and derivation of the upper-triangle terms of Psy: Notice first that this case enable us to derive
the upper-triangle terms of P, according to @ As just explained, by plugging @ (in which Jj, p; is given by @)) and

(@8) into (B36), we obtain
K+1 B ,
hk, hl Z /RK+1 (H )\O‘l exp( B )) 7 ‘7’% . ([) p‘hk|()\k7 )\k+1)p|hl|()\l, /\l+1)d>‘

VIV

ﬁak+ak+1 /@al+al+1
K ( Z Hjhkvhi (£)> I (ar) T (ar1) T () T (cug1)

VISYAN

2
VN — VA
x (/ AgETL g 1exp{—ﬁ()\k+)\k+1)—hk|( ’““2 ) }d)\kd)\kH)
R
2
a Vg1 — VA
x ( / AT 16XP{5(>\1+>\l+1)|h2|( 3 V) }dAzdml)
R

Card (jhk,h;) ,
=% () @ (k) (61)

T

in which ® (.) is defined in , and Card (Jhk h/) denotes the cardinality of the set 7, ;. By analyzing Tablel we can
show that

Card (jhk’h;>

= =u (7, hg)u (T, hy)

u
- Card (j—hk,—hl) o Card (j_hlmhl) o Card (jhkv—hl) 62
N TK N K - K (62)
where u (7,.) is defined in (2I). Then, plugging into (34), we obtain
[P22], = ¢ (hi, hi) + ¢ (=hi, —hi) — C(—=hy, hy) — C (hy, —hy)
=0 (63)

since neither ® (hy) nor Card (]hk,h;) depend on the signs of hj and hj. Equation finally gives us the tridiagonal
structure of matrix Pas, that appears in @



ii) Case FSD (I = k + 1) and derivation of the first superdiagonal terms of Pas: Let us first remark that the expression
of [Pao]k k+1 in can be rewritten as

[Paok k1 = sign(hrhpi1) [C(hel, g ]) + C(— |hal, = [hrsa]) = C(= el [hrga ) = (1wl — [hega )] (64)

This writing enables us to dispose of considerations on the signs of hj, and hj1 in order to determine in which term of (34)),
a possible overlap has to be taken into account. Here, this has to be done only for the last term ((|hg|, — |hxt1]|), Whatever
the signs of hy and hgq.

Let us first derive ((hg,hj_ ) in the case without overlap, i.e., when the condition (52) is not met. This will give us the
expression for the three first terms of (64), and possibly the fourth if min(|h|, |hy41]) = 1. As already explained, by plugging
@ (in which Jj, s is given by @) and @ into @ we obtain, in the same way as in the case UT:

B
['(a;)

K+1

¢(hy, ;c+1) = Z /RK+1 (1_[1

VISVAS

. 1 ,
)\i i—1 exp(ﬁAZ)> TiK]Ijhk Wt (,e) plhk‘ (>\Im >\k+1)p|hk+1‘(Ak,+17 Ak+2) dA

k41

ﬁak+ak+1+ak+2

1
- K (Z HJ;L,CJL;H (£)> (o) (ap+1)T (og+2)

VISY/AN

- - Air1 — VAR)?
R ety 1exp{—ﬁ<xk+xk+1+m2>—|hk|(V e

R}
Motz — V/Aet1)?
— |t (VAirs 5 k1) }d)\k dAgy1dAgs2
Card (jhk’h;wrl) /Bak+0¢k+1+ak+2
= b (ks dAg dAgg1 dA 65)
K T{an) T ()T (nr2) /]R3+ ¢hk,hk+l( kikt2) Ak A1 dAgso (

where ¢, 5, () is defined in . By reading Table [, we can deduce that

Card (jhk;h;c+1) B

K

pu

(T — |hk|)(7' - mafx(fhkah;H»laO) gmax(hk’ 7h;€+1’0))(7— — |h;€+1‘)7 ifk+1<K-1
T and max(|hx|, |h) 4 |) <7 -1,

— — — ! - —h
(7 — [hr—1]) (7 — max( hK*b?hK’O) max(h 1, hK’O)), ifk+1=K (66)

T and max(|hg_1|, |R%]) <7 —1,
0, if max(|hK,1|7\h/K|) >T.

Finally, the results for the first three terms in (]B_Z[) are, for k < K — 1:
(7 — |Pi) (7 — [P = [P 1 ) (7 — |Prgeqa )

7—3
50% Faky1tagta

8 [(ag)T(ag+1)T (apt2)

(7 — [h]) (r — max(|h], [hrs1])) (T = [

7—3
/Bak Fagpt1takte

X
I(ar)L(ak41)l (ak+2)
and for k = K — 1, (67) and become respectively
(T = lhg 1 [)(7 — |hg 1| — |hk])

7-2
ﬁQK—1+QK+QK+1 (69)

AK-1; dAg 1.
[(ax-1)(ak)M(akt1) Jrs Plhse-t el (A —1:861) QA

CRrls [hria]) = C(=lhel, =lhrgal) =

(67)

/¢’|hk|,|hk+1|()‘k:k+2)dAk:k—i—Q
RE

C(=1hwl, [hga]) =

(68)

/ Bl hpss| Akikr2) AA g2
RY

C(lhx—1|,|hK]) = ((—=|hg 1|, —|hK]|) =

X




and
(7 — |hx—1]) (7 — max(|hg 1], |hK]))

C(—|hr-1], [hK]) = 2
T
IBQK—1+QK+QK+1 (70)
AK_1. dAg_1.
x Flax-1)(ax)M(akt1) Jrs Pl hael s 1etc2) dAse i
If there is no overlap (i.e., min(|hg|, |hrs1]|) = 1), the fourth term in (64)) is also given by or (70), i.e., we have

C(lhe] s —lhrs1]) = C(—Ihels [hisal)- (71)

This term_has a different writing if there is an overlap, i.e., when min(|hx|, |hr+1]) > 1. By referring to the overlap
condition , it appears that for values of £} 1 that satisfy £441 < £+ |hi|+|hii1]. the quantity (X, £, ||, —|hgy1]) has to
be written according to , whereas for values of £, 1 such that €1 > )+ |hy|+ | Ryt ], the quantity C(X, 2, ||, —|hyg1])
has to be written according to @) Then, the sum in @ w.r.t. {11 has to be split into two parts, the first of which contains

the terms with overlap, i.e., for £x1 € {€x + max(|hs|, |het1]) + 1,..., 8k + |he| + |he41| — 1}, whereas the second part
contains the terms without overlap, i.e., for {41 € {€i + |hi| + [hk+1],- ., €k + 7}. More explicitly, we rewrite (36) in the

following way

il o=l = = [ w0 b bice) C € b A
+

LenK
K+1 o
= / 11 MY exp(=BA) | D0 [S1(A Lack, Ty oy r) + Sa (A, Lack, by ey )] | | dA
g+t | 2 T'(ay)
+ i=1 £y, ELF
(72)
in which, for i,j = 1,..., K, £;.; denotes the truncated vector [(;, ..., ¢;]T, the quantity Sy (X, £1.%, hg, hit1) is
Le+|hi|+|hgs1|—1 1
Sl(Aa‘elikvhk)hk-‘rl) = Z Z TiKI[j\hka\hk_*_l\(z) C(A7£7|hk|7_|hk+1|) (73)
Lrr1=Lk+1)min Ljyo.x €ELK k-1
in which é(A,l, |hi| s —|hi+1]) is expressed according to ll and Sa(X, €.k, hi, hi11) denotes
Lr+T1 1 i
So( A, Ly, ey iy 1) = > Yo Tk i (O S k] —[hiya]) (74)
Lesr1=Lr+|hp|+|hry1] | Logo.x €ELK—F-1
in which ¢(X, £, |hi|, —|hri1|) is expressed according to (53).
For the subsequent derivation, we will use the following rewriting of J|p,, |, —|n,.,|» for k < K —1:
Thiely=hisr] = Tiekm) % {0 +max([he, [hrga]) + 1,0 b + 7 % jk+2:K,—|hk+1| (75)
with
) k—1
Tk, || = (H{éi—l +1,..., 41+ T}) X {lg—1+ 1, b1 — |hg| + 7} (76)
i=1
and K
jk+2:K,—|hk+1| ={lpt1+1,.. b1 — || + 7} ¥ ( H i +1,.. i+ T}) . (7
i=k+3

In the same manner, for k = K — 1, we will rewrite Jj5, |, —|n,,,| a5

T slthae] = Tik—1jhse | X {0x—1 +max(|hg_1|, |hx|) + 1,... Lr_1 + T} (78)



Let us first develop (73), for k < K — 1, by splitting Jj,|,—|n,.,| according to

1 plhel() A [Petal( ) A
1 (0 i ) = g L e et P e Aes2)

K Lit+|hgy1|+]hil
T (r(Aew+2))
Li+hi |+ hgy1]—1

x Z (’I"(}\k:k:+2))ek+1 Z L7,

Lyp1=Lip+max(|hg|,|hry1])+1 Lpto g ELK—k—1

e ®
_ Card (jk+2:K,7|hk+1|) PP Ay Mesr) P41 (A1, M)

K Letlheri1]+|h
T (T(Ak:k+2)) k| Pea |+ Al

Li+|hk|+ b1

X Z (r()\k:k+2))€k+l

L1 =Ly +max(|hg|,|hr1])+1

jl:k,\hk\(el:k)

B Card (jk+2:K,7|hk+1|) PP (e A1) P41 (Nt Az
K (T()\k;k+2))&+|hk+lthk‘

1 — (T(Ak:k+2)) [P |+ i1 —max(|hg],|hr4+1])—1

Litmax(|hils ht1])+1
' Hjhk,\hk\(elik) (r(Akkt2)) kol

X

(by summing the terms of the geometric

1= 7(Agkt2) ’ series with common ratio 7(Ak.x+2))
Card (jk+2:Ka_|hk+l|> 1—min(|h|,|h
- = plhk‘(AkH)\k+1)p|hk+1|()\k+1’)\k+2) (T(Ak;k-s-z)) (1helslhrtal)

min(|hl,|het1])—1

Lo (rQee2) T (61:1) (79)

1-— T(Ak:k-&-Q) T1ik by Lk )
According to (77), we have
- (7 = [ DTHF720 0 gy <7 -1
Card (ijrzzK’*lh"’“l) - {0 if |hpr| >7 (80)

so 57 is given, for k < K — 1, and provided that |hx11]| < 7 — 1, by

(7—|Pr1al)

(T(Ak'kj%))1*min(\hk|’\hk+1\)_ 1
ST i b, hieyr) = Tplh’“‘()\kJ\kﬂ) P (g, Aeyo) :

K - L7 £1.1,)(81
1 7ﬂ(>‘k:k-t,-2) Jl:k"hk\( 1k>( )
and if k L, by splitting Jjp,_,|,—|n| according to (78), we obtain, by similar manipulations as those leading to ..79

1—min(|hg—1],|h
(T()\K—I:K—i-l)) (Ihr—1llhxl) _ 4

I —r(Axk-1:5+1) (32)

1
Si(A bk, hx-1,hi) = TprlhKfll()\K—h Ak) P (N ke, Aic 1)

X ]Ijl:K—l,|hK_1\(£1:K_1) ’

Let us now develop Sy from where, as already mentioned, (X, £, |hg|, —|hxi1]) is given by . For k < K — 1,

ly+T1

1
SQ(Aﬂel:k‘v hk) h’k+1) = Z Z 7'7]1‘7|hk\~*\hk+1\ (E) p‘th(A]ﬁ )\k+1)p|hk+ll()\k+1ﬂ )\k+2)
Lp1=Li+|hi|+|hrs1] | Lryox EZK—F-1
1 O+
= T?plhkl(Ak’Ak+1)plhk+1‘(>\k+17>\k+2) Z Z ]Ij|hk|a*\hk+1\ (f)
Lrrr1=Lr+|hi|+|hpy1] | Lryo:x €ELK—F-1
Cd<~., ) — | = |k 1,0
_ ard ( Ju42:5,— byt ) max(7 — [h| — [hpgr] + )p‘h’”()\k N )
K » Ak+1)P k1 Ak+2)8 7, Lk
7 — [P ]) (7 — [he| — [hea| +1
_ | N s )plhkl()\ka/\k+1)P‘hk+1‘(>\k+17>\k+2)]1j1:kmk| (1:x) s (83)

provided that 7 — |hg| — |hgy1| +1 > 0 and |hpyi| <7 — 1.
If k= K — 1, we obtain in the same way

max (7 — |hg_1| — |hg|+ 1,0
So(Alik—1,hx—1,hi) = (| le|< o] )p‘h"*l‘(AK—h)\K)PlhKl()\KJKH)]I

‘elzK—l) .
(84)

T1K—1,lhge_q| (



We then plug (81) and (83) into to obtain, for k < K — 1

ﬁ

K+1

(1l I ) / I

1—min(|hg]|,|h
. ((T(Ak:kJrZ)) (Ihelslhesal)

T—h
“Lexp(—BA;) Z (7_]|€7+];+1|)p|hk|(Ak,)\k+1)p‘hk+1‘(/\k+17)\k+2)
£1.x €Lk

- - 1 I .
1—r(Apnso) +max(7 — ] = [Arri| + ,0)> T, €re) || dX

Card (jk+2'K _|hk+1|> K+1 Ou

N TK /K+1 H

% (T(Ak:k.t,_z))17min(\hk|v\hk+1\) B
1= T(’\k:k+2)

/\qi_l exp(—BA) P (A A1) "1 (A1, Awro)

+max(7 — ‘hk| — ‘hk+1‘ + 1,0))

X Z Hjl:k,\h,k\(el:k) dA

0., ELF
Card (jk+2:K,—|hk+1|) Card (jl:k,\hkl)
= "
K+1 a;
X/ N Uexp(—BA) o (A, A1) 4 (N1, Aso)
RE+T - P(Oz,) ¢ ’ ’
1—min(|hk],|hk41])
(rMek+2)) -
— |hg| — |h 1,0 dA 85
X( 1 —r(Mk:kt2) +maX(T i = Vg + 1. ) (8
where Card (jlzk,|hk\) is given, according to , by
~ Tk_l(r—\th if |hg| <7-1;
Card : = ’ - ’ 86
ar (jl.k,‘hkl) {0, if |hk| Z - ( )

Then, after integrating out w.r.t. variables A1, ..., Ax_1, Agt3,..., Ak in , and provided that max(|hk\ , \hk+1|) <7T-1,
we finally obtain

1—min(|hg|,|he+1])
™= hl) (= [ AGTEEE) -
C(lhe], =|hrsa]) = ( )(3 - )/R:s ¢|hk|7|hk+1|(Ak:k+2) ( : )
¥

T 1-— T(Ak;k+2)
+max(7' — |hk| = |hks1] + 1,0)) dAg:k+2  (87)

and for k = K — 1, by plugging and into (72), we obtain in the same way

h Ak -1
C(‘hK71|7_‘hK|): (|I(1/ ¢\hK 1\|hK\()\K 1K+1) <(T( Ko1K

)>17min(\hkfl’\hl<|)| 1

I—r(Ax—1:x41)
+ HlaX(T — |hK_1| — |hK| + 1,0)) dAK—l:K-Q—l- (88)

Finally, by plugging (67), (68) and (87) into (64) for £ < K —1, and equivalently (69), (70) and (88) into (64) for k = K —1,

we finally obtain

/Bak+ak+1+ak:+2

r (Oék) I (k1) I (ap2)

where functions v(.) and w(.) are defined in and (23)), respectively.

[Pk ki1 = Cr = v(7, hg, hiy1) /3 BPh i r (B)W(2, T, e, Bygy1) dz (89)
R‘F



iii) Case D (I = k) and derivation of the diagonal terms of P2y and of V 22: This case enables us to derive the diagonal

terms of Py (using the cases hj, = hy and h}, = —hy), and the diagonal terms of Va2 (in the case hj, = 0), since
[Pa2]k,r = ((hg, hy) + ((—hy, —hy) — ((—hy, hy) — ((hy, —hy) (90)
and
[Vaolkk = —hi((hi, 02k 41). o1

The two first terms in (90) can be obtained by plugging (58) and (39) (with Jj,, n, given by [@2)) into (36), i.e.,
C(hi, i) = C(—hy, —hi) = Y /le Y fl@=rAt=10+h;)dX
+

VA<V reNT
= Z/Kl<f()\,t:£+hk)zf(:l:zn)\,tzf—l-hk))d)\
VISYAN R++ KENT

=1

B 1
a;—1 o .
> /Rf“ (1_[1 Fag e /a’AZ)) L, (€) A

VASY/AS

(3 5 ) T (7 i)

VIVAS

=1
Colhl)®  f k< K — 1 and |hi| <7

T

T—|hK| ifk=K and |hg| <7

T

0 if |hk| > T
= u(T, hg). 92)
The two other terms in (90) can be obtained by plugging (59) and (%) (with Jy, s, given by @#2)) into (36), i.c.,
K4l o, 1
hy,—hy) = ai—l —BA) | —T 2[Ry
C(hi, —h) g{ /R o (1_1 Ty el BM) L, (0P ks Arr) dA
1 Bak+ak+l
=|— Iy, . )| o———
(rK P )> Tlan) (o)
2
X (/2 )\zkfl)\giﬁl_l exp {—5 (/\k + )\k+1) - |hk| (\/)\k:+1 — )\k) } dAg d>\k+1>
R+
= u(T, 2hy)®(2hy) 93)
= ((~hg, hy), %94)

where u(T, hy) is defined in . Finally, by plugging and into , we obtain the diagonal terms of [Pas]y i, for
k=1,... K
[Po2ii = Bi = 2(u(r, hi,) — u(T, 2hy,) ®(2hy)). (95)
Finally, with (63), (89) and (93), we retrieve the results given in (28), (29) and (30).

To conclude this section, the expression of ((hy, 025 +1) can be obtained by plugging (with Jj, o given by with
hf, = 0) and into (36). This yields

K+1 Lo,
‘ L 1
C(hk702K+l) = Z /RK+1 <H F(a))\?z 1eXp (5}\1)> TiK]IJthO (,e) plhkl(Ak;Ak-i-l)dA
+ i=1 v

LeZkK
1 Bak+ak+1

S T, (0]

TK (zg( Thy,0 ( )) F(Oék)F(Olk+1)

2
ap—1yQp41— \% A B \/)‘7
" (/Rz AR exp {5()% + A1) — [ ( k+12 g } W d/\’“’l)
+

= u(7, hy) @ (hy) (96)

which directly leads to the result we give in (24), i.e.,
[V22]k,k = —hk u (7', hk) (I) (hk) . (97)



Derivation of P11

[P11]ki = Exat {

Olnflx =r,A\t=£)0Inf(x =K\t =210

o T T

LeZK

From (@)

and from (2) and (3)

It is straightforward that

On the other hand,

O

|

Z Oln f(x = kA, t=1£)

wkENT

using (TOT).

Z Oln f(x = kAt =4£)0ln f(x = K|\, t = )

KENT O\

o\
Z Oln f(x = kA, t=£)0In f(x :K‘)\’t:e)f(m:npx,t:ﬁ)
8Ak 8Al
KENT
Oln f(A,t=1¢) Oln f(x = kA, t=1£) _ _
L va— %; e flz =K\t =12
Oln f(At=1¢) Oln f(x =k|A t=1¥) B B
+—8)\k Z o flx=rIA\t=1¢)
wENT
Oln f(A, t = )8lnf A t=2¢
+ o Z flx=rA\t=2£)|d (98)
K€eNT
Oln f(z = K|\, t = £) 1 &
I B R wD DR (99)
t=lp_1+1
Ol f(A\t=4£) 1
) VI (o 1))\7 B. (100)
Z flx=rAt=20) =1 (101)
keNT
B o Oln f(x = k|A, t=1¢)
o, fle=r|\t=20) = Z o,
KENT
Z fle=kr|\t=20)
RENT
=0 (102)
Y =kl t=1¥)
/ _( k K+1 L; Kt
= (lp—1 —le) (b1 — ) + o= b) [( ) H T exp(—A;)
K
KeNT t'=L_1+1 i=1 t=0;_1+1
(g _e 0 K+1 £; Ke
4+ — k-1 k Z ,‘<;t/ H L exp(—/\i) (103)
neNT t'=0;_ i=1 t=0;_1+1

Let us first develop

BRI

t'=Lr_1+1 =1 t=l;_1+1

S

)\
t"=0;_1+1

K+1 £; )\Nt

exp(—\;) = H K;Z' exp(—X\;)
i=1 t=f; 41 ¥
1#£k

L Ly, Kt
X

t' =l _1+1

K+1 l; ot
e | TI 1T 2
t I{t!

> 11 /,\.gkt exp(—Ae) | 2

t=Lr_1+1 ¢
tA£t



Thus

ly, K+1 £; Ht
E E Ky H exp i)
rENT t'=flr_1+1 i=1 t=4;_

K+1 £; Kt

- 3 [T I 2 ewcn)

T— (L —Lp_1) i=1 t=4; _1+1
€N k—fk—1 2k 1

[“Firzek,71 7'<'Zk.+1:T]T

(105)
L Ly A AR
k k
X Z o / Z H gl exp(—Ax) meXP(—)\k)
Koy, 41y, eNte k-1 | t/=Lr_1+1 t:Zk,}Jrl
t£t
On the one hand
K+1 4 K+1 Li At
> (11 1T I (X )
ReNt \ il t=tio R izl t=tioat1 \meeN v
= 17— s—tx—1)
-1 (106)
On the other hand
Ly Ly Ky A\
k k
—-A —r -
Z . t’—;: " t—€H+1 gl exp(—Ax) (ke — 1) exp(—Ak)
Ky _q+1:6, ENTRTR—L k-1 *tf;gt}
b, —Llp_1—1
S SRR D3r V) Ry S
- gl PR (ke — 1)1 TPV
t/ =l _1+1 KEN Ry =1
=1
Ly,
= 2 N
t'=l_1+1
=M (U — li—1). 107)
Then, we obtain
(61— ) S R
7)\7 Z Z % H H exp(=Ai) | = (b1 — ) (b — lr—1) (108)
k kENT t'=f_1+1 i=1 t=0;_1+1 ket
and
(61 = ) N PSSR TPV
e > oo | IT T Z5ep=r)| = e =)l — biy). (109)
! wkeNT t'=0;_1+1 =1 t=0; _1+1 Kt
The writing of the fourth term in the right hand side of (103) depends on whether k =1 or k # [.
e For k # [, using the same kind of manipulations as in equations (104) to (107), we find
Ly, £y K+1 £; A Ly, £
Z Z A% Z R H H 7" exp(—)\Z) = Z )\k Z )\l
KENT t'=lp_1+1 t=0_1+1 i=1 t=0;_1+1 K- t'=l,_1+1 t'=0_1+1
=Ml — L) N (0 — £1—1) (110)
which finally leads, by plugging (T08), (I09) and (II0) into (T03), to
01 =k|A\,t=14£)01 =k|A\t=12¢
3 nfle=rAt=00mf@=rkAt=0 ;. _ .\ p -0 (111)

(9)% 8/\l

weNT



e Conversely, if k¥ =, then (TI0) becomes

Li 2K+1 £ Ant
> > om | IL I Tee=2)
keNT | \#'=t,_1+1 i=1 t=f;_141
Ly Ly Ly K+1 £ )\Ht
=y DA N N B I B | “rexp(=A) | - (112)
KENT | \#/'=f,_141 u=Lp_1+1v=u+1 i=1 t=0; 141
On the one hand, we have
Ly K+1 4 A Ly +oo A\
Z Z K3 /;t! exp(—\;)| = Z Z /{%—I{’:/! exp(—Ag)
wkeNT t'=L0p_1+1 i=1 t=~0;_1+1 t'=Lp_1+1 k=1
Lr i +oo K )\mt/—l
= e exp(—Ag) LA S
t’:g;ﬁ-l ,.@;1 (ke —1)!
ek I “+o00 Kyt
d ALt
S S SRR pi e
t'=0_1+1 L Ky =1 d)\k (K:tl o 1)
L, I +oo Kyr
d ALt
=Y e (3 A
,— 1)1
t'=l_1+1 L d)\k Ky =1 (Ht 1)
ek r d
= > | eXP(_)‘k)K(Ak GXP(Ak))}
t'=l_1+1 " k
Ly
= > PMw+)
t'=lr_1+1
= (ék - gk—l))\k(/\k + 1) (113)

and on the other hand, we have

Zk Zk K+1 Zz )\I{t

2 E E E Ky Ky 1| exp(—A;)
Ky!
keNT | \u=ty_1+1v=u+1 i=1 t=0;, 14+1

:ék o “+o00 )\Ku +oo )\K,v
=2 > > K > D - o eXp(—)\k)> (Z 1) k- 0 eXP(-x\k))]
u=~l_1+1v=u+1 Ky=1 Ky=1

Ly,

4
= Y > A

u=Cli_1+1v=u+1
Oo = Co1) (b + Ly + 1
— 2\ (ek(ek—zk_l)—(’“ i 1)(2’“ = )>

=M\ (le — l—1) (b — L—1 — 1). (114)
Thus, if k& = I, gathering (T12)), (I13) and (T14) together and after plugging the result into (I03), we finally obtain

Z Oln f(x = k|A,t =£) 0ln f(x = K|\, t =€)
8>\k a)\l

fle=r|A\t=20)
wkeNT
1
= —(ly — l—1)* + =z MO+ 1)k — Co—1) + N (b — Lo—1) (b — i1 — 1)]
k
O — U1
Ak ’

(115)



Finally, considering (T00), (TOI), (T02), (TTI) and (TI3), and after plugging them into (98], we obtain
K41l po
[Pi1]ky = / i Z

Oy — Ly Ls 1
[ 1l K joo H
eczT

)\%71 exp(—BA;)

20

. K g (116)
-l i1 o (— BAs
/K+1 Z [( > < B) Hjoo H T(a >\ exp( ,8)\0] dA
LezT
The first term in the right-hand side of (T16) can be developed as
K41 go,
e — b1 5 1 L
/RK+ Z [ Okl - K Iz, ( H /\' exp(—BA;)| dA
LczT
K} [ K+1 Ch
= k7l aifl .
7K /RK“ Z H /\' exp(—BAi) | dA
+ | \£€J0.0
5 i 1 L _o+T lp—14T K+1 0%
= k7l Otifl i
o Tk /RKJFI )\7 Z Z Z (zk_gk 1 H A exp(—ﬁ/\l) d\
+ L 1.k 2€T1:k—2,0,0 bh—1=Lr—2+1 Lpy=Lp_1+1
i Ly —o+T K+1 )
_ du 1 H(2Upa 7+ 1) [
STk /RK“ A Z Z ( 9 Tle—1 4 I‘(ak)Ai exp(—BAi) | dA
+ L 1. 2€J1:k-2,0,0 bk—1=Lr—2+1 i=1
K+1 N
. T+1 ﬂ o A 6 k _—
=0kl /RKH A "exp(—BA;) F(ak)kk exp(—fAg) dA
+ #k
_ T4+1 B a2
=iy (o) /Rfﬂ ARt exp(—fAk) dAx
T+1 g% T(ax—1)
= Ok, =
2 F(Otk) ﬁ k
_g, B+l
= 0k, 2(ay — 1) (117)

in which 0y ; denotes the Dirac delta. The second term in the right-hand side of (I16) can be developed, for k # [, as

(>

LczT

—1 ar — 1 K41 B
l( ; )( lAl —5> & 1700 ( F A”_lexp(—ﬁki)] dx
1 ap — 1
- IK <Z Iz, (£ )/K+1 K k)\k —5) <
=1

Le7T
K+1 o o
_ ﬁ ) a;—1 <D (— ) ) 6 k Oék;—l
- 1l (v /R A ep-BN) N ) /R( I

ik, il

I‘

— ﬁ) AL exp(—BAg) dAy

=1

Bm o —1 -
* T(a) /ﬂh ( N _5> AT exp(=pA) dNy

fﬂﬂ an — =2 gy 7 I(ag)
~ D(a) D) l( g 1)(/R+ A p( w"“)d/\k> B 3 ]

X [(Oél - 1)(/R+ AP eXp(ﬁ)\l)dAl) B BFB(SZI)]

I(ap — 1 IN'a TNl — 1
(BOZI ) _ /B((ykkz} . [(al—l) (6'1111 )

/Bak ﬂal
T(ar) T(w) {(a’f -1

=

K41 o
> /\‘?‘i_1 exp(—ﬂ/\i)] d\

(118)
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provided that ay, a; > 2. Conversely, if k = [, we obtain
a K+1 6
k— a —1
/]RK+1 Z l( " ) =z, (€ H Ay exp(—BAi)] d

LczT
2
/ ( — ) AL exp(—BAk) dA,
Ry

[ ay —1)? W 3exp(5)\k)d)\k) —28(ay — 1) (/R
{

T(ag —1) F(ak)}
50%—2 60%—2

B

+

AL exp(—BAr) dAk> + 52%"@)]

ak 22) - Q(Oék - 1)
% (qy — 1)2 F(ak —2) —(ag)
- F(Ozk) B °
_ B (o — 1) T(ap — 2)
(e = (e = 2)T (g — 2)
52

=~ 119
oy — 2’ (119)

provided that oy > 2.
Finally, considering (TT7), (IT8) and (T19), and after plugging them into (IT6), we retrieve (23), i.e.,

T+1 2
(P11l = <2ﬂ(kat 1)> + akﬁ— 2) Ok, (120)

C. Derivation of P15

B Oln flx =k, \t=1¢) fle=r,\t=2€+h)) fle=r,\t=2€—h))
[Plz]k,z—JEm,A,t{ D <\/ = rmat—0) —\/ (CETrS N )} (121)

Let us first derive the quantity

E Olnfle=r,A\t=¢) |[flx=r,\t=L+h;)
zAE Ok flw=rA\t=2)

/K+1Z Z@lnfm—;)\t_ \/fm_n)\t_£+hl)f( )\tzg)d)\

LeZX keNT
/ S VIR t=e+h)f(At =2
K+ 1£€ZK
« <R§T<alnf($ z;}:ll\i:e)\/f(w:'@|/\7t:£+hl)f(wZK,A,t:Z)>
+ mnf(% gTwa—ﬂlA t—£+hl)f(m:n|)\,t:£)>] dA

VIOGt=L+h)f(A\t=£)

/,ﬂz

LeZX

x(Z([ﬁk 1—€k+)\ sz ﬁt/]\/f(:c:n|)\7t=£+hl)f(:c:n)\,tzf))
KENT kt'=0,_1+1

. |:Oék)\ _5} Z Vf(E = k|, t_£—|-hl)f(x:1<;|)\,t:£)> dA. (122)

KENT

Note that the quantity >, .yr /(@ = k|X, t = £+ k) f(x = K|\, t = £) is nothing else than C(M, £, hy, 0254 1), which is

given in (60).
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In (122), we develop

t'=0_1+1

o
Z({zkl—zﬁi > Ht/]\/f(a::n|)\7t:£+hl)f(sc:mA,t:£)>
KENT

K+1 £;—08;,; max(—h;,0)

A\

0T e

i=1 t:li71+6i_1)l max(h;,,())+1 t
£;+max(h;,0)

y 11 (ArAigr)" exp{_/\z + A1 })

Ly
= (lp_1 _Ek)p‘hll()\l7)\l+1)+%k Z ([ Z ﬁt/}

reNT t'=l_1+1

Ht!
t=¢;—max(—h;,0)+1

(123)
The derivation of the second term in the right hand side of (I23) again depends upon the cases

1) I #k and [ # k — 1, case referred to as “ULT” (for “upper and lower triangles”)
2) l = k, case referred to as “D1” (for “lst diagonal”);
3)

[ =k — 1, case referred to as “D2” (for “2nd diagonal”).
Details for each case are given in the following sections

1) Case ULT (1 # k and | # k — 1): We develop the second term in the right hand side of (123)

€;—6;,; max(—h;,0 Kt £;4+max(h;,0 P
L, K+1 | ma ( 1,0) Al (_)\) 1 r[( l ) (AlAl+1) . _)\l +)\l+1
Z Z k! H H gl eXp(—A; S eXpy—————
KENT t' =l _1+1 =

Ht! 2
i=1 t=4;_1 +57;717[ max(hl ,O)+1 t=4; 7max(7hl ,0)+1

K+1 £;—6;,; max(—h;,0) At l lr A\t A
> (lH II o~ exp(—m] ) l( II 5 exp(—m) :
weNT i=1 t=¢; ’ '

i)
2} 1=t a0 max(h,0) 1 =ty 1411 M=ty 141 ¢ '
1

t£t
£;+max(h;,0)

" H (N Apg1)"e exp{)\l + A1 })

:‘it! 2
t:ll—max(—hl, )+

2
=lp_1+1 Ky = 1

(55 A o) (£ oy 22

= A (g — lx—1) P“”'()\z, Aig1)

(124)
Then, plugging (124) into (I23)), we simply find
Ly
1
> ([&H bt Y mt/} Vi@ =rM\t=LC+h)f(x=rXt= e)) =0 (125)
KENT k t'=Lly_1+1
for k£ 1, k#1+1.
2) Case DI (I = k): The writing of the second term in the right hand side of (123) depends upon whether Ay = 0.
e Let us first assume that s, > 0. In this case, the second term in the right hand side of (I23) becomes
£, K41 £ p Lp+hy,
At )\k)\k+1 Ak + Akt
(| R 1 e
wKeNT \ "t/'=f;_1+1 1=1 t=£;_ 1+5i—1,khk+1 t=lp+1
K+1 K 2% Ly K Kyt
)\_t )\ t )\ t
-s([T 0 ] S0 exp<—Ak>) o)
weNT \ L i=1 t=¢_,41 "% tr=l_1 41 M=, _ 1 T t :
i#k,k+1 t#£t
o W Ak + A o
D I e B | (T
t=lp+1 t=lpthp+1
= M (b — Li—1) p‘h”()\k, Ak+1) (126)
in the same way as in the case ULT. We then have, again, for h; > 0
1 &
> ([&v—l bty ) fw} Vi@=rXt=L€1hy)f(@=rxt= e)) = 0. (127)
KENT K r—tp 141



23

e In the converse case hy < 0, becomes

Ly, K+14i+06i khk | 4, s — | 1
oy B e )

KENT tV=Lr_1+1 i=1 t=~£; 1+1 t=Li+hr+1
Lr+hp 2" K+1 i Kt
)\i

= > omet > w||IT TI rexp(—A;)
K.
weNT \ Lt'=£,_1+1 t' =L +h+1 t

i=1 t=l; _1+1
Z?ﬁk} i—1t

Li+hp K L
Ak V(A Ag41)" Ak + A1
x H t! exp(_)\k) H K/t! exp{_ 2 }
t=l;_1+1 t=Lr+hr+1

K+1 i ot 05 N )
SN (=

o t=tioit1 Bt t=Lp+hi+1

wkeNT
L+ Lrthy )\t N\
X k_exp —)\k)>kexp — Ak ]
t/:zkz_:lﬂ |:(t_lk_1+1 Kt! ( (ke —1)! (=)
t#£t
lpthe )\t
+ k' exp(—Ax)
t=lr_1+1 Kt
L L AL AL Rt e+ A
% ) [( 11 ( '+1) exp{— k - k+1}
t'=l+hr+1 t=Lr+hp+1 Rt:
t#£t
AL Ky
o (AkAk+1) exp{_)\k+)\k+1}
(Ht/ - 1)' 2
XV DA )" e+ A T e dee ym
+1 k k+1 k
= - exp{—i} < YY) eXP(_)‘k)>

o3 [T o e (5 SO sy

2 Ky — 1)! 2
t/=C,+hy+1 L k=0 fopr=1 (ke —1)

Ly
=" s M) Me (B + e — lea) + > [p_h"_l()\k, Akt 1) V AeAk41 p( Ak, )\k+1)}

t'=lp+hr+1
= 07" (ks Akt1) [)\k(fk —lr—1) + b (A — v/ /\k)\k+1)]
A
= Ak Phk(Ak,Akﬂ)[(&f —Llk—1) + by (1 - izlﬂ (128)

Then, by plugging (I28) into (I23)), we obtain

L
Z({ek_l—eﬁik > fﬁt/]\/f(a::n|)\,t:£+hk)f(:c:n|)\,t:£)>

KENT t'=Ly_1+1

A _

- (hk)< i:l - 1>p P (A, Meg1). (129)
3) Case D2 (I =k — 1): In this case as well, we have to distinguish between the two cases hy_; 2 0.

e Let us first assume that h;_; < 0. This case can be handled by using exactly the same methodology as in the case D1 with

hr > 0 (see (126). We then find, for hr—; < 0

Ly
Z ([&cl — U + /\i Z nt/} \/f(:c =kIAt=L+hi_1)f(x=k|\t= E)) =0. (130)

weNT t' =0 _1+1

e The converse case hy_; > 0 can be handled also by using the exact same methodology as that used in the case D1 with
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hi, < 0 (see (128)), so that we obtain

Ly
1
> ({fk—l —lt Y w] Vi@ =Nt =+ hy ) (@ = RN E = e))
Ak
wkeNT /=Ll _1+1
Mo
- hk—l( f\kl - 1) Pt (e, Ag). (131)

Finally, we can merge both cases D1 and D2 (i.e., whether [ = k or | = k — 1) by writing

Ly

Z([ﬂkl—&c—i—)\l Z /it/]\/f(w:lﬂ/\,tzﬁ—i-hl)f(a::n)\,t:£)>

k t/ =l _1+1
= max(+thy,0) ((

“—7 signs if | = k.

kENT

+1/2
Al) —1)phl'(Al,Al+1) (132)
Aly1

where the “+” signs both are “+” signs if [ = k — 1, and they are
Completion of the derivation (I22) and final expression of P15: From the foregoing, we can now complete the derivation

of (122). Let us do it separately, according to the cases ULT, and D1-2.
i) Case ULT (1 # k — 1 and | # k): Carrying on the derivation started in (122), and using (123), we have

{81nf(a:n,A,tﬁ)\/f(mm,A,t£+hl)}
Ew,A,t

O flx=r,XNt=1¥)

:/RKH 3 [\/f()\,tzé—khl)f()\,tzﬂ) (a’};l —B) p"”'(Amm)} dA

VIV/A

= e ﬁai a;—1 . L
"2 /R’f“ K T (o) eXP(_ﬁM) 17,0 (0)

LETK =1 !

(o5 ) o Y

i ﬁai a;—1 . .
/Rf:l Doy PN dk}@(m)

/Bak / (Oék -1 —/6> )\gk—lexp (_ﬂ)\k) dAk
Ry

=0

=0 (133)

by using the same arguments as in (T18), for example. Of course, in (I33), when replacing h; with —h;, we obtain zero as
well. Then, by plugging (133) into (I21) twice (once with +h; and once with —h;), we obtain, for [ # k — 1 and | # k

[P12]k, = 0. (134)

ii) Cases DI and D2 (I =k — 1 or | = k): By plugging (132) into (122}, we obtain

E Olnflx=r,A\t=2£) |[fle=kr,At=L£+h)
2,8 O\ flx=r\t=24)

- /RKH > [\/f(/\,t =L+ h)f(At=10) (a’}; - b +maX(ihZaO><()\;\+ll)il/2 - 1>>P|hl|()\l7)\z+1)] dA

JIVAS
1 K+1 /Bai . ﬂal+al+1
(LS 1, e / AS T exp (—BA) A | - | =
<7-K Z;:K Thy, ( )) s ]Rf:’l F(Oéi) p( 8 ) ll“(al)l“(alﬂ)
i#£L 141

2
[ (25t e () 1) owf 0 - R |
Ri I+1

Ak
N\ E1/2
: ) - 1)><Ph,()\l;l+1) dApi41- (135)

_ Bal+0¢l+1 ap — 1
=l ) F o T /Rﬁr ( O max(EhL0) <(Az+1
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When replacing h; with —h; in (I33)), we obtain, accordingly

B Olnflx=r,\t=20) |flx=r,A\t=0—h)
zAt O\ flx=r\t=2)

B ﬂaz+az+1 / ap — 1 Al +1/2
_u(T,hl)F(al)F(alH) HEe 3 + max(Fhy, 0) (Am) 1) Jon Aagn) dhiasa. (136)

Thus, we finally obtain, by subtracting both right hand sides of (I33) and (136), we find, for [ =k —1 orl =k

ﬁaz-i-azﬂ A\ £1/2
[P12]k,l = ’U,(T, hl) W /v]R2+ maX(:l:h[, O) — maX(:Fhl,O) <()\l+1> — 1> gOhl (Al:l-‘rl) dAl;H_l

= +hyu(r, hy) WGHI/ <(>\l)il/2 - 1> @, (A1) A1 137)
I (o) I (eug1) Jrz \\ i !

where both “+” signs are “+” signs if [ = k — 1, and they are

[T

signs if | = k. More explicitly, for k =1,..., K,

[Pi2]kx = —hiu(r, hi) W%H/ ( Akl — 1) One A1) AAgk+1 (138)
’ I‘(ak)l"(akﬂ) R2 )\k k
and
ﬂak+0¢k+1 )\k;
[P12]k+1,k = h U(Ta hk) m /]R2 ( m - 1) Phy (Ak:kJrl) d)\k:k+1 (139)

Finally, considering (134) and (I37), we obtain the structure of the matrix P15 as given by (26) and its elements as given

by @7).

We have thus completed the derivation of the bound given in Section [[V]
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